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iv PREFACE. 

The methods of demonstration, in several of the Books, 
have been entirely changed. By regarding the circle as 
the limit of the inscribed and 'circumscribed polygons, the 
demonstrations in Book V. have been much simplified; 
and the same principle is made the basis of several im- 
portant demonstrations in Book VILI. 

The subjects of Plane and Spherical Trigonometry 
have been treated in a manner quite different from thai 
employed in the original work. In Plane Trigonometry, 
especially, important changes have been made. The sepa- 
ration of the part which relates to the computations of the 
sides and angles of triangles from that which is purely 
analytical, will, it is hoped, be found to be a decided im- 
provement. 

The application of Trigonometry to the measurement 
of Heights and Distances, embracing the use of the Table 
of Logarithms, and of Logarithmic Sines; and the appli- 
cation of Geometry to the mensuration of planes and 
solids, are useful exercises for the Student. Practical ex- 
amples cannot fail to point out the generality and utility 
of abstract science. 

FisHKiLL Landing, ) 
July, 1851. ) 
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OF 



GEOMETRY. 



INTEODUCTION, 



1. Space extends indefinitely in every direction and 
contains all bodies. 

2. Extension is a limited portion of space, and has 
three dimensions, length, breadth, and thickness. 

3. A Solid, or Body,, is a limited portion of space 
supposed to be occupied by matter. The difference be- 
tween the terms, extension and solid^ is simply this : the 
former denotes a limited portion of space, viewed in the 
abstract, while the latter denotes such a portion occupied 
by matter. 

The term, Solid^ is generally used in Geometry, in pre- 
ference to Extension, because the mind apprehends readily 
the forms and relations of tangible objects, while it often 
experiences much difficulty in dealing with the abstract 
notions derived from them. It is, however, important to 
observe, that the geometrical properties of solids have no con- 
nection whatever with matter, and that the demonstrations which 
establish and make known those properties, are hosed on tlie 
(Utributes of extension only. 
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4. A Solid being a limited portion of space, is neces- 
sarily divided from the indefinite space which surrounds 
it: that which so divides it, is called a Surface. Now, 
since that which bounds a solid is no part of the solid 
itself, it follows, that a surface has but two dimensions, 
jcngth and breadth. 

5. K we consider a limited portion of a suiface, that 
which separates such portion from the other parts of 
the sui'face, is called a Line. This mark of division 
forms no part of the surfaces which it separates : hence, a 
line has length only, without breadth or thickness. 

6. If we regard a limited portion of a line, that which 
separates such portion from the part, at either extremity, 
is called a Point. But this mark of division forms no 
part of the line itself: hence, a point has neither length, 
breadth, nor thickness, but place or position only. 

7. Although we use the term solid to denote a given 
portion of space, the term surface to denote the boundary 
of a solid, the term line to denote the boundary of a sur- 
face, and the term point to designate the limit of a line,, 
still, we may employ either of these terms, in an abstract 
sense, without any reference to the others. 

Thus, we may contemplate a river, as a solid, without 
considering its boundaries ; may look upon the surface and 
perceive that it has length and breadth without refering to 
its depth; or, we may regard the distance across without 
taking into account either its depth or length. So like- 
wise, we may consider a point without any reference to 
the line which it limits. 

In the definitions and reasonings of Geometry these 
terms are always used in an abstract sense; they are mere 
signs to the mind of the conceptions for which they stand. 

8. Angle is a term which designates the portion of a 
surface included by two lines meeting at a common point ; 
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and it also denotes a portion of space included by two or 
more planes. 

9. Magnitude is a general term employed to denote 
tliose quantities wHch arise from considering the dimen- 
sions of extension, and is equally applicable to lines, 
angles, surfaces, and solids. Geometry is conversant witli 
"four kinds of magnitude. 

1. Lines ; whicli have length without breadth or thickness. 

2. Angles ; bounded by straight lines, by curves, and by 
planes. 

8. Surfaces ; which have length and breadth without 
thickness: and - 

4. Solids; which have length, breadth, and thickness. 

10. Figure is a term applied to a geometrical magni- 
tude and expresses the idea of shape or form. It is that 
which is enclosed by one or more boundaries. Thus, "A 
triangle is a plane figure bounded by three straight lines." 

11. A Property of a figure is a mark or attribute 
common to all figures of the same class. 

12. The portions of extension which constitute the geo- 
metrical magnitudes, are indicated to the mind by cer- 
tain marks called lines. 

Thus, we say, the straight line AB, is the shortest dis- 
tance between the two points A and 

B. The mark AB^ on the paper, is A B 

not the geometrical line AB^ but only 

the sign or representative of it — ^the geometrical line itselfj 

having merely a mental existence. 

We also say, that the triangle 
A€B is bounded by the three straight 
lines J.^, AO, CB. Now, the triangle 
ACB^ is but the sign, to the mind, 
of a portion of a plane. That which 
the eye sees is not the geometrical 
conception on which the mind acts 

and reason? : but is, as it were, the word or sign which 
stands for and expresses the abstract idea. 
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These considerations have induced me to represent the 
geometrical magnitudes by the fewest possible lines, and to 
reject altogether the method of shading the figures. It is 
the conception of extension, in the abstract, with which 
the mind should be made conversant, and too much pains 
cannot be taken to exclude the idea that we are dealing 
with material things. 
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BOOK I. 

DEFINITIONS.* 



1. Extension has three dimensions, length, breadth, 
and thickness. 

2. Geometry is the science which has for its object : 
1st. The measurement of extension; and 2dly. To dis- 
cover, by means of such measurement, the properties and 
relations of geometrical magnitudes. 

3. A Point is that which has place, or position, but 
not magnitude. 

4. A Line is length, without breadth or thickness. 

5. A Straight Line is one which 

lies in the same direction between any 

two of its points. 

6. A Broken Line is one made up 
of straight lines, not lying in the same 
direction. 

7. A Curve Line is one which 
changes its direction at every point. 

The word line when used alone, will designate a straight 
line; and the word curve^ a curve line. 

8. A Surface is that which has length and breadth 
without thickness. 

* See Davies' l^ogic and Utility of Mathematics. S !• 
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9. A Plane is a surface, such, that if any two of its 
points be joined by a straight line, such line will be wholly 
in the surface. 

10. Every surface, which is not a plane surface, or com- 
posed of plane surfaces, is a curved surfcuce, 

11. A Solid, or Body is that which has length, breadth, 
and thickness: it therefore combines the three dimensions 
of extension. 

12. A plane Angle is the portion of a plane included 
between two -straight lines meeting at a common point. 
The two straight lines are called the sides of the angle, 
and the common point of intersection, the vertex. 

Thus, the part of the plane includ- 
ed between AB and J. (7 is called an 
angle : AB and A G are its sides, and A 
its vertex. 

An angle is sometimes designated 
simply by a letter placed at the vertex, 
as, the angle A ; but generally, by three letters, as, tne 
angle BA G or GAB, — the letter at the vertex being always 
placed in the middle. 

13. When a straight line meets an- 
other straight line, so as to make the 
adjacent angles equal to each other, 
each angle is called a right angle ; and 
the first line is said to be perpendicu- 
lar to the second. 



14. An Acute Angle is an angle 
less than a right angle. 




15. An Obtuse Angle is an angle 
greater than a right angle. 
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16. Two straight lines are said to 

be parallel^ when being situated in 

the same plane, they cannot meet, how 

far soever, either way, both of them ' 

be produced, 

17. A Plane Figure is a portion of a plane terminat- 
ed on all sides by lines, either straight or curved. 

18. A Polygon, or rectilineal fig- 
ure^ is a portion of a plane terminat- 
ed on all sides by straight lines. 

The broken line that bounds a 
polygon is called its perimeter, 

19. The polygon of three sides, the simplest of all, is 
called a triangle; that of four sides, a quadrilateral; that 
of five, a pentagon ; that of six, a heocagon ; that of seven, 
a heptagon ; that of eight, an octagon ; that of nine, an 
nonagon ; that of ten, a decagon ; and that of twelve, a 
dodecagon. 

20. An Equilateral polygon is one which has all its 
sides equal; an equiangular polygon, is one which has all 
its angles equal. 

21. Two polygons are equilateral, or mutually equilateral 
when they have their sides equal each to each, and placed 
in the same order: that is to say, when following their 
bounding lines in the same direction, the. first side of the 
one is equal to the first side of the other, the second to 
the second, the third to the third, and so on. 

22. Two polygons are equiangular, or mutually equiangu- 
lar, when every angle of the one is equal to a correspond- 
ing angle of the other, each to each. 

23. Triangles are divided into classes with reference 
both to their sides and angles. 

1. An equilateral triangle is one 
which has its three sides equal. 
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2. An 
has two of its 



triangle is one which 
equal. 




3. A scahiie triangle is one which has 
its three sides unequal. 



4. An acute-angled triangle is one 
which has its three angles acute. 

5. A right-angled triangle is one which 
has a right angle. The side opposite the 
right angle is called the hypothenuse, and 
the other two sides, the base and perperi- 
dicular. 



6. An obtuse-angled triangle is one 
which has an obtuse angle. 



24 There are three kinds of Quadrilaterals: 




1. The trapezium^ which has no two 
of its sides parallel. 




2. The trapezoid^ which has only two 
of its sides parallel. 



3. The parallelogram^ which has its 
opposite sides parallel. 
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25. There are four varieties of Parallelograms : 
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1. Tlie rhomboid^ which has no right / 7 

angle. / / 



2. The rhomhus, or lozenge^ which is 
an equilateral rhomboid. 



8. The rectangle^ which is an equian- ' 
gular parallelogram. 



4. The square^ which is both equilat- 
eral and equiangular. 



26. A Diagonal of a jBgure is a line which joins the 
vertices of two angles not adjacent. 

27. A base of a plane figure is pne of its sides on which 
it may be supposed to stand. 



DEFINITIONS OF TERMS. 



1. An axiom is a self-evident truth. 



2. A demonstration is a train of logical arguments brought 
to a conclusion. 

3. A theorem is a truth which becomes evident by means 
of a demonstration. 

4. A proUem is a question proposed, which requires a 
solution. 

5. A lemma is a subsidiary truth, employed for the 
demonstration of a theorem, or the solution of a problem. 

2 
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6. The common name, proposition^ is applied indiflferent- 
tyi to theorems, problems, and lenmias. 

7. A corolUiry is an obvious consequence, deduced from 
one or several propositions. 

8. A scholium is a remark on one or several preceding 
propositions, which tends to point out their connection, 
their use, their restriction, or their extension. 

9. A hypothesis is a supposition, made either in the 
enunciation of a proposition, or in the course of a demon- 
stration. 

10. A postal^ grants the solution of a self-evident 
problem. 

EXPLANATION OP SIGNS 

1.. The sign = is the sign of equality; thus, the ex- 
pression J. = jB, signifies that A is equal to B, 

2. To signify that A is smaller than B^ the expression 
J. < jB is used. 

8. To signify that A is greater than B^ the expression 
JL > jB is used ; the smaller quantity being always at the 
vertex of the angle. 

4. The sign + is called plus ; it indicates addition ; 

5. The sign — is called minus ; it indicates subtraction : 
Thus, A+B^ represents the sum of the quantities A 

and B] A—B represents their difference, or what remains 
after B is taken from A] and A—B-^-G^ or A-\-G—B^ sig- 
nifies that A and G are to be added together, and that B 
is to be subtracted from their sum. 

6. The sign X indicates multiplication: thus AxB re- 
presents the product of A and B. 

The expression AxiB + G—D) represents the product of 
4 by the quantity B+G—D, If A+D were to be multi- 
plied by A—B + G^ the product would be iDdicated thus; 

{A+D)X{A-B + G\ 

whatever is enclosed within the curved lines, being consid- 
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ered as a single qaantity. The same thing may also be 
indicated by a bar: thus, 



denotes that the sum of J., B and C, is to be multiplied 
by i?. 

7. A figure placed before a line, or quantity, serves 
as a multiplier to that line or quantity ; thus SAB signifies 
that the line AB is taken three times; ^A signifies the 
half of the angle A. 

8. The square of the line AB is designated by AB ; 
its cube by AB' . What is meant by the square and cube 
of a line, will be explained in its proper place. 

9. The sign V indicates a root to be extracted ; thus V2 
means the square-root of 2 ; y/AxB means the square-root 
of the product of A and B. 

AXIOMS. 

1. Things which are equal to the same thing, are equal 
to one another. 

2. If equals be added to equals, the wholes will be 
equal. 

3. If equals be taken from equals, the remainders will 
be equal. 

4. If equals be added to unequals, the wholes will be 
unequal. 

5. If equals be taken from unequals, the remainders 
will be unequal. 

6. Things which are doubles of equal things, are equal 
to each other. 

7. Things which are halves of equal things, are equal 
to each other. 

8. The yrbole is greater than any of its parts, 

9. The whole is equal to the sum of all its parts. 
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10. All right angles are equal to each other. 

11. i'rom one point to another only one straight line 
can be drawn. 

12. A straight line is the shortest distance between two 
points. 

13. Through the same point, only one straight line can 
be drawn which shall be parallel to a given line. 

14. Magnitudes, which being applied the one to the 
other, coincide throughout their whole extent, are equal. 



POSTULATES. 

1. Let it be granted, that a straight line may be drawn 
from one point to another point. 

2. That a terminated straight line may be prolonged, 
in a straight line, to any length. 

3. That if two straight lines are unequal, the length of 
the less may always be laid off on the greater. 

4. That a given straight line may be 

bisected: that is, divided into two equal 

parts. 



5. That a straight line may bisect 
a given angle. 



6. That a perpendicular may be 
drawn to a given straight line, either 
from a point without the line, or at a 
point of a line. 

7. That a straight line may be 
drawn, making with a given straight 
line, an angle equal to a given angle. 
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PEOPOSITION I. THEOKEM. 




If <ms straight line meet another sti-aight line, the mm of the 
two adjax^ent angles will be equal to tivo right angles. 

Let the straight line DC meet the straight line AB at C\ 
then will the angle A CD plus the angle DOB^ be equal to 
two right angles. 

At the point G suppose OE to 
be drawn perpendicular to AB: 
then, AOJS + EGB = two right 
angles (d. 18) * But EGB is equal 
to EGD + DGB (a. 9) : hence, 
AGE + EGD + DGB = two 

right angles. But AGE + EGD = AOD (a. 9): there- 
fore, AGD •\- DGB = two right angles. 

Got. 1. If one of the angles AGD or DGB^ is a right 
angle, the other will also be a right angla 

Obr. 2. K a straight line DE ^ 

is perpendicular to another straight 
line AB\ then, reciprocally, AB will ^, 
be perpendicular to DE. 

For, since DE is perpendicular 
to AB^ the angle AGD will be a E 

right angle (d. 13). But since AG meets DE at the point 
(7, making one angle AGD a right angle, the adjacent angle 
AGE will also be a right angle (c. 1). Therefore, AB is 
perpendicular to DE (d. 13). 

Got. 3. The sum of the succes- 
sive angles BAG, GAD, DAE, EAF, 
formed on the same side of the 
line BF, is equal to two right an- 
gles; for, their sum is equal to 
that of the two adjacent angles BAG and GAP, 



C 



-B 




♦ In the references, A. stands for Ajdom-— D. for Definition— B. for Book- -P. for 
Pipposition— 0. for Corolla27--S. for Scholium, and Prob. for Problem. 
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PROPOSITION II. THEOREM. 



Two straigKt lines, which have two points common, coincide the 
one vrith the other, throughout their whole extent, and fiyrm 
one and the same straight line. 

Let A and B be the two common points of two straight 
lines. ^ 

In the first place, the two lines 

will coincide between the points A 

and B] for, otherwise there would 

be two straight lines between A and 

' jB, which is impossible (a. 11). 

Suppose, however, that in being prolonged, these lines 
begin to separate at some point, as (7, the one becoming 
CB, the other, GE. At the point G^ suppose OF to be 
drawn, making with J.CJ the right angle AGF. 

Now, since AGD is a straight line, the angle FOD will 
be a right angle (p. I., c. 1): and since AGE is a straight 
line, the angle FGE will also be a right angle. Hence, 
the angle FGD is equal to the angle FGE (a. 10) : that is, 
a whole is equal to one of its parts, which is impossible 
(a. 8): therefore the two straig;ht lines which have two 
points, A and jB, in common, cannot separate at any point, 
when prolonged ; hence, they form one and the same 
straight line.* 

PROPOSITION III. THEOREM. 

If J when a straight line meets two other straight lines at a 
common pointy the sum of the two ojijajcent angles which it 
mxikes with them, is equal to two right angles, the two 
straight lines which are met, form one and the same straight 
line. 

Let the straight line GD meet the two lines AG, GB, at 
their common point G, and let the sum of the two adja- 
cent angles, DGA, DGB^ be equal to two right angles : then 



* See Note A. It is earnestly recommended to every pupil to read and ander- 
•taud this Note. Also, see Logic and Utility of Mathematics, § 262. 
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will CB be the prolongation of AG\ or, AG and OB will 
form one and the same straight line. 

For, if OB is not the prolonga- 
tion of AG^ let GE be that prolon- 
gation. Then the line AGE being 
straigbt, the sum of the angles A GD^ 
DGE^ will be equal to two right 
angles (p. i). But by hypothesis, 
the sum of the angles AGD^ DGB^ 
is also equal to two right angles: 
therefore (a. 1), 

AGD+DGE must be equal to AGD+DGB. 
Taking away the angle AGD from each, there remains the 
angle DGE equal to the angle DGB\ that is, a wholo 
equal to a part, which is impossible (a. 8) : therefore, AG 
and GB form one and the same straight line. 



PROPOSITION IV. THEOEEM. 

Whefa two straight lines intersect eadi other, the opposite or 
vertical angles,^ which they form, are equal. 

Let AB and DE be tWo straight lines, intersecting each 
other at G] then will the angle EGB be equal to the 
angle AGD^ and the angle AGE to the angle DGB, 

For, since the straight line DE Ax 
is met by the straight line AG^ 
the sum of the angles AGE^ AGD^ 
is equal to two right angles (p. i.); 
and since the straight line AB is 
riiet by the straight line EG^ the sum of the angles AGE^ 
and EGB^ is equal to two right angles: hence (a. 1), 

AGE + AGD is equal to AGE+EGB. 
Take away from both, the common angle AGE, there 
remains (a. 8) the angle AGD, equal to its opposite or 
vertical angle EGB. In a similar manner it may be proved 
that AGE is equal to DGB. 

Scholium, The four angles formed about a point by two 
straight lines, which intersect each other, are together equal 
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to four right angles. For, tlie sum of the two angles ACE^ 
EGB^ is equal to two right angles (p. i) ; and the sum of 
the other two, ACD^ DGB^ is also equal to two right 
angles: therefore, the sum of the four, is equal to four 
right angles. 

In general, if any nuTnber of stimght 
Unes GAj GB, C©, iScc, meet in a com- 
mon point G, the sum of all the suc- 
cessive angles, AGB, BGB, DGE, EGF, 
EGA, will be equal to four right an- 
gles. For, if four right angles were 
formed about the point CJ by two lines 
perpendicular to each other, their sum would be equal to the 
sum of the successive angles AGB, BGD, DCE, EGF, EGA. 

PKOPOSITION V. THEOEEM. 

If two triangles have two sides and the included angle of the 
one, equal to two sides and the included angle of the other, 
each to each, the two triangles vnll he equal 

In the two triangles EBE and BAG, let the side EB 
be equal to the side BA, the side BE to the side A CJ and 
the angle B to the angle A ; then wiU the triangle EBE 
be equal to the triangle BAG. 

For, if these trian- p ^ 

gles be applied the one 
to the other, they will 
exactly coincide. Let 

the side EB be placed ^ , 

on the equal side BA; ^ ^^ ^ 

then, since the angle B is equal to the angle A, the side 
BE will take the direction AG. But BE is equal to AG; 
therefore the point E will fall on (7, and the third side EE, 
will coincide with the third side BG (A. 11): consequent- 
ly, the triangle EBE is equal to the triangle BAG (a. 14). 

Gor. When two triangles have these three things equal, 
viz., the side EB^BA, the side BE=AGj and the angle 
B=A, the remaining three are also respectively equal, viz., 
the side EF=BG, the angle E=B, and the angle E==^G. 
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PROPOSITION VI. THEOREM. 

If two triangles have two angles and the included side of the 
one, equal to two angles and the included side of the other, 
each to each, the two triangles will he equal. 

Let EDF and BAO be two triangles, having the angle 
E equal to the angle By the angle F to the angle (7, and 
the included side EF to the included side BG\ then will 
the triangle EDF be equal to the triangle BAG, 

For, let the side EF 
be placed on its equal 
BO, the point E falling 
on jB, and the point F on 

G. Then, since the angle 

E is equal to the angle ^ *'^ 

jB, the side ED will take the direction BA ; and hence, 
the point D will be found somewhere in the line BA, In 
like manner, since the angle F is equal to the angle 0, 
the line FD will take the direction G4., and the point D 
will be found somewhere in the line GA, Hence, the 
point. jD, falling at the same time in the two straight lines 
BA and GA, must fall at their intersection A : hence, the 
two triangles EDF, BAG, coincide with each other, and 
consequently, are equal (a. 14). 

Got, Whenever, in two triangles, these three things are 
equal, viz.: the angle E=Bj the angle F=Gj and the 
included side EF equal to the included side jBCJ it may 
be inferred that the remaining three are also respectively 
equal, viz.: the angle D-=Ay the side ED=BAj and the 
side DF=AG 

Scholium, Two triangles which being applied to each 
other, coincide in all their parts, are equal (a. 14). The 
like parts are those which coincide with each other ; hence, 
they are also equal each to each. The converse of this 
proposition is also true; viz., if two triangles have all the 
parts of the one equal to the parts of the other, each to each, 
the triangles will be equal: for, when applied to each other, 
they will mutually coincide. 
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PROPOSITION VII. THEOBEM. 

The sum of any two sides of a triangle^ is greater than the 

third side. 

Let ABO be a triangle: then will the sum of two of 
its sides, as AB, BO, be greater than the third side AO 

B 

For the straight line AO ia the short- 
est distance between the points A and 
(a. 12); hencGj AB+BO is greater than 
AC. ^L .0 

Cbr. If from both members of the inequality 

AO<AB^-BO 

we take away either of the sides, as BO, we shall have 
(A. 5) 

AO-BO<AB: 

that is, tlie difference between any two sides of a triangle is 
less than the third side. 



PROPOSITION Vm. THEOREM. 

^ from any point within a triangle, two straight lines be drawn 
to the extremities of either side, tJieir sum will be less than 
that of the two remaining sides of the triangle. 

Let be any point within the triangle BAO, and let 
the lines OB, 00, be drawn to the extremities of either 
side, as BO] then will 

OB+00<BA+AO. 

Let BO be prolonged till it meets the 
side AO in B: then 

00<OD+I)0 (p. 7): 

add BO to each, and we have 

PO+00<BO+OB+I)0 {a. 4): 
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or, BO-¥00<BD+Da 

But, BD<BA+AD: 

add DC to each, and we have 

BD+DC<BA+AO. 
But it has been shown that 

BO+OG<BD+DG\ 
therefore, still more is 

BO+00<BA+AO. 

PROPOSITION IX. THEOEEM. 

If two triangles, have two sides of the one equal to two sides of 
the other, each to each, and the include^ angles unequal, the 
third sides will be unequal; and the greater side mill belong 
to the triangle which has the greater included angle. 

Let BAG and HBF be two triangles, having the side 
AB=DII, AG=DF, and the angle A>D\ then will the 
side BG be greater than EF. 

Make the angle GAG=D] lokQ AO=DE^ and draw GG. 

Then, the triangles GA G arid EDF wUl be equal, since 
they have two sides and an included angle in each equal, 
each to each (p. 5) ; consequently, GG is equal to EF (p. 5, o). 

There may be three cases in this proposition. 

1st. When the point G falls without the triangle BAG. 

2d. When it falls on the side BG] and 

8d. When it falls within the triangle. 

Gase L In the triangles AGG and ABG^ we have, 
GI+IG>GG] and 
AI+IB>AB] 
therefore 
AG+BG>GG+AB. b 

Taking away AG 
from the one side and 
its equal AB from the other, and there will remain BG 
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greater than QC, But we liave found that OC \a equal to 
EF] therefore, BG will be greater than EF. 

D 

Case IL If the point G 

fall on the side BG^ it is 
evident that (7(7, or its equal 
EF, will be shorter than BG 
(A. 8). B 

Gase IIL Lastly, if the point 
fall within the triangle BAG, we 
shall have 

AG + GG<AB+BG, 

taking AG from the one, and its 
equal AB from the other, there will 
remain 

GG<BG or BG>EF. 

Gor, Conversely : if two sides BA, 
AG, of a triangle BAG, are equal to 
two sides ED, DF, of a triangle EDF, 
each to each, while the third side BG 
of the first is greater than the third side EF of the second, 
then the angle BAG of the first triangle will be greater 
than the angle EDF of the second. 

For, if not greater, the angle BAG must be equal to 
EDF or less than it. In the first case, the side BG would 
be equal to EF (p. 5, c), in the second, BG would be less 
than EF] but either of these results contradicts the 
hypothesis: therefore, BAG is greater than EDF, 




PEOPOSITION X. THEOREM. 

If two triangles have Hie three sides of the one equal to the 
three sides of the other, each to each, the triangles are equal. 

Let EDF and BAG be two triangles, having the side 
ED=BA, the side EF-BG, and the side DF=AG] then 
will the angle D=A, the angle E=B, and the angle F=G, 
and consequently the triangle EDF will be equal to the 
triangle BAG. 
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For, since the sides 
SZ>, DF^ are equal to 
BAj AC^ eacli to each, if 
the angle D were greater 

than J., it would follow, 

by the last proposition, ^ ^^ ^ 

that the side EF would be greater than B0\ and if the 
angle D were less than J., the side EF would be less than 
BC. But EF is equal to BO^ by hypothesis; therefore, 
the angle D can neither be greater nor less than A ; there- 
fore it must be equal to it. In the same manner it may 
be shown that the angle E is equal to B^ and the angle 
F to 0: hence, the two triangles are equal (p. 6, s). 

Scholium, It may be observed, that when two triangles 
are equal to each other, the equal angles lie opposite the 
equal sides, and consequently, the equal sides opposite the 
equal angles: thus, the equal angles D and A, lie opposite 
the equal sides EF and BC. 

PEOPOSITION XI. THEOREM. 

In an isosceles triangle, the angles opposite the equal sides are 

equal 

Let BAG be an isosceles triangle, having the side BA 
equal to the side AC', then wiU the angle be equal to 
the angle B. 

For, join the vertex A, and the mid- 
dle point i>, of the base BO. Then, the 
triangles BAD, DAO, wiU have all the 
sides of the one equal to those of the 
other, each to each. For, BA is equal to 
J.CJ by hypothesis, AD is common, and 
BD is, equal to DG hj construction : " therefore, by the last 
proposition, the angle B is equal to the angle G. 

Got. 1. An equilateral triangle is likewise equiangular, 
that is to say, has all its angles equal. 

Got. 2. The equality of the triangles BAD, DAG, proves 
also that the angle BAD, is equal to DAG, and BDA to 
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ADG\ hence, the latter two are right angles. Therefore^ 
ike line dravm from the vertex of an isosceles triangle to tks 
middle point of the base, divides the angle at the vertex into 
two equal parts, and is perpendicular to the base. 

Scholium. In a triangle which is not isosceles, any side 
may be assumed indifferently as the base; and the vertex 
is, in that case, the vertex of the opposite angle. In an 
isosceles triangle, however, that side is generally assumed 
as the base, which is not equal to either of the other two. 

PROPOSITION Xn. THEOREM. 

Conversely: If two angles of a triangle are equal, the sides 
opposite them are also equal, or, the triangle is isosceles. 

In the triangle BAG, let the angle B be equal to the 
angle AGB\ then will the side AG he equal to the side 
AB. 

For, if these sides are not equal, sup- 
pose AB to be the greater. Then, take 
BD equal U> AG, and draw GD. Now, 
in the two triangles BDG, BAG, we have 
BD^AG, by construction; the angle B 
equal to the angle AGB, by hypothesis; 
and the side 5(7. common: therefore, the 
two triangles, BBG, BAG, have two sides and the included 
angle of the one, equal to two sides and the included 
angle of the other, each to each: hence they are equal 
(p. 5). But the part cannot be equal to the whole (a. 8); 
hence, there is no inequality between the sides BA and 
AG\ therefore, the triangle BAG is isosceles. 

PROPOSITION XIII. THEOREM. 

The greater side of every triangle is opposite to the greater angle ; 
and conversely, the greater angle is opposite to the greater side. 

First, In the triangle GAB, let the angle G be greater 
than the angle B ; then will the side AB, opposite G, bo 
greater than AG, opposite B. 
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For, make tlie angle BGD=B, 
Then, in the triangle GDB^ we shall 
have CD^BD (p. 12). 

Now, the side AG<AD+DG] 

but AD+DG=AD+DB =AB : 

therefore, AG<:AB, or, AB>AG. 

Secondly. Suppose the side AB>AG; then will the 
angle G, opposite to AB, be greater than the angle J?, 
opposite to AG. 

For, if the angle G<cB, it follows, from what has just 
been proved, that J[jB<J.(7; which is contrary to the 
hypothesis. If the angle G=B, then the side AB=AO 
(p. 12); which is also contrary to the supposition. There- 
fore, when AB>AG, the angle G cannot be less than Bj 
nor equal to it ; therefore, the angle G must be greater 
than B. 



PROPOSITION XIV. THEOREM. 

From a given point, without a straight line, only one perperi' 
dicular can be drawn to that line. 

Let A be the point, and BU the given line. 

Let us suppose that we can draw 
two perpendiculars, AB, AG. Pro- 
long either of them, as AB, till BF 
is equal to AB, and draw FG. Then 
the two triangles GAB, GBF, will be 
equal : for, the angles GBA and GBF 
are right angles, the side GB is com- 
mon, and the side AB equal to 
BF, by construction ; therefore, the two triangles are equal, 
and the angle AGB=BGF (p. 5, c). But the angle AGS 
is a right angle, by hypothesis ; therefore, BGF must like 
wise be a right angle. Now, if the adjacent angles BGA, 
BGF, are together equal to two right angles, AGF must be 
a straight line (p. 3). Whence, it follows, that between the 
same two points, A and F, two straight lines can be 
drawn, which is impossible (a. 11): therefore, only one 
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perpendicular can be drawn from the same point to the 
same straight line. 

Gov, At a given point CJ in the 
line AB^ it is also impossible to 
erect more than one perpendicular to 
that line. For, if CD, GE, were both 
perpendicular to AB, the angles 
BCD, BGE, would both be right 
angles; hence, they would' be equal (a. 10), and a part 
would be equal to the whole, which is impossible. 




PROPOSITION XV. THEOREM. 

If from a point without a straight line, a perpendicular he lei 

fall on the line, and oblique lines he dravm to different 

points: 
1st. The perpendicular vnll he shorter than any oblique line. 
2d Any two oblique lines which intersect the given line at 

points equally distant from the foot of the perpendicular, 

will he equal. 
Sd. Of two oblique lines which intersect the given line at points 

unequally distant from the perpendicular, the one which cuts 

off the greater distance will he the longer. 

Let A be the given point, DE the given Hne, AB the 
perpendicular, and AD, AG, AE, the oblique lines. 

Prolong the perpendicular AB till 
BF is equal to ABj and draw FG, 
FD. 

First The triangle BGF, is equal 
to the triangle GAB, for they have 
the right angle GBF=GBA, the side 
GB common, and the side BF=BA; 
hence, the third sides, GF and GA 
are equal (p. 5, c). But ABF, being a straight line, is 
shorter than AGF, which is a broken line (a. 12); there- 
fore, AB, the half of ABF, is shorter than AG, me half 
of AGF] hence, the perpendicular is shorter than any 
'^'^^lique line. 




BOOK 1. 88 

Secondly. Let us suppose BC^BE\ then the triasgle 
CAB will be equal to the triangle BAE] for BG==^BE^ the 
side AB is common, and the angle CBA=ABE\\i&r^Q^ 
the sides AG and AE are equal (p. 5, c): therefore, two 
oblique lines, which meet the given line at equal distances 
from the perpendicular, are equal. 

Thirdly. Since the point C is within the triangle FDA^ 
the sum of the sides FD, DA^ is greater than th« sum of 
the Hues FC, GA (p. 8) : therefore AD, the half of the 
broken line FDA, is greater than AG, the half of FGAi 
consequently, the oblique line which cuts off the greater 
distance, is the longer. 

Got. 1. The perpendicular measures the shortest distance 
of a point from a line. 

Oor. 2. From the same point to the same straight line, 
only two equal straight lines can be drawn; for, if there 
could be more, we should have at least two equal oblique 
lines on the same side of the perpendicular, which is im- 
possible. 

PEOPOSITION XVI. THEOBEM. 

If at the middle point of a given straight line, a perpendicular 
to this line be dramn: 

1st. Any point of the perpendicular will he equally distant 

from the extremities of the line: 
2d. Any point, without the perpendicular, will be unequally 

distant from the extremities. 

Let AB be the given straight line, G its middle point, 
and EGF the perpendicular. 

First Let D be any point of the per- 
pendicular, and draw I)A and DB. Then, 
since AG=GB, the two oblique lines AD, 
DBj are equal (p. 15). So, likewise, are 
the two oblique lines, AE, EB, the two 
AF, FB, and so on. Therefore, any 
point in the perpendicular is equally dis- 
tant from the extremities A and B, 

3 
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Secondly. Let / be any point out of 
the perpendicular. If lA and IB be 
drawn, one of these lines will cut the 
perpendicular in some point as D ; from 
this point, dirawing DB, we shall have 
DB=I)A. But, the straight line IB is 
less than ID+DB, .and 

ID+DB=ID+DA=^IA ; 

therefore, IB<IA\ consequently, any point out of the per- 
pendicular, is unequally distant from the extremities A and B. 

Cor, Conversely: if a straight line have two points E 
and F, each of which is equally distant from the extremi- 
ties A and B^ it will be perpendicular to AB at the middle 
point G. 




PEOPOSITION XVII. THEOEEM. 

Jf two right-angled triangles have the hypothenuse and a side 
of ilie one eqvM to the hypothenuse and a side of the other, 
each to each, the triangles are equal. 

Let BAG and EDF be two right-angled triangles, hav- 
ing the hypothenuse AG^DF^ and the side BA=^FI>: then 
will the triangle BAG be equal to the triangle FBF. 

K the sides BG and 
JEF are equal, the tri- , ^ 
angles are equal (p. 10). 
Now, suppose these two 
sides to be unequal, and 
BG to be the greater. 

On BG take BG=FF, and draw AG. Then, in the 
two triangles BAG, EDF, the angles B and F are equal, 
being right angles, the side BA=FD by hypothesis, and 
the side BG^EF by construction; consequently, AG^DF 
(p. 5, c). But by hypothesis AG^DF\ and therefore, 
AG^AG (a. 1). But the oblique line AG cannot be equal 
to AG, since BG is greater than BG (p. 15) ; consequently, 
BG and EF cannot be unequal, and hence, the triangles 
iure equal (p. 10), 
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PBOPOSITION XVIII. THEOREM, 

If two straight Unes are perpendicular to a third line, they are 
parallel to each other. 

Let the two lines -4.(7, jRZ?, be perpendicular to AB\ 
then will they be parallel. 

For, if they could meet in 
a point 0, on either side of 
AB^ there would be two per- 
pendiculars OA^ OB, let fall 
from the same point on the 
same straight line ; which is 
impossible (p. 14). 




PBOPOSITION XIX. THEOREM. 
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If two straight Unes meet a third line, making the sum of the 
interior angles on the same side equal to two right angle^f 
the two lines are parallel 

Let^the two lines KO, HD, meet the line BA, making 
the angles BAOj ABD, together equal to two right angles: 
then the lines KOj HD, will be parallel. 

From O, the middle point of 
BA, draw the straight line EGF^ 
perpendicular to KO : then, it 
will also be perpendicular to HD, 
For, the sum BAO+ABD is 
equal to two right angles, by 
hypothesis; the sum ABD+ABE is likewise equal to two 
right angles (p. 1): taking away ABD from both, there 
will remain the angle BAO=^ABE, 

Again, the angles EGB, AGF, are equal (p. 4); there- 
fore, the triangles EGB and AGFj have each a side and 
two adjacent angles equal each to each; therefore the tri- 
angles are equal, and the angle GEB is equal to GFA 
(p. 6, c). But GEB is a right angle by construction; 
therefore, QFA is a right angle ; hence, the two lines KC^ 
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flZ?, are perj>endiciilax to the same straight line, and are 
therefore parallel (p. 18). 

Scliolium. When two parallel 
straight lines AB^ CD^ are met 
by a third line FE^ the angles 
which are formed take particu- 
lar names. 

Interim angles on the same 
side, are those which lie within 
the parallels, and on the same 
side of the secant line ; thus, SOB^ OHD^ are interior 
angles on the same side ; and so also are the angles HOA^ 

ano. 

Alternate angles lie within the parallels, and on different 
sides of the secant line, but not adjacent ; AOH, GHB, are 
alternate angles ; and so also are the angles OHO, BGH. 

Alternate exterior angles lie without the parallels, and on 
different sides of the secant line, but not adjacent: EGB, 
CHF, are alternate exterior angles; so also are the angles 
AGE, FED. 

Opposite exterior and interior angles lie on the same side 
of the secant line, the one without and the other within 
the parallels, but not adjacent: thus, EGB, ^-^A ^^^ 
opposite exterior and interior angles; and so also, are the 
angles AGE, GEO. 

Chr, 1. If two straight lines meet a third line, mahing Hie 
alternate angles eqiml, the straight lines are parallel. 

Let the straight line EF meet the two straight lines CD, 
AB, making the alternate angles AGE, GED, equal to 
each other : then will AB and CD be parallel. 

For, to each of the equal 
angles, add the angle EGB; we ji 

shall then have 

A GE+EGB = GED+EGB. A ^^ 

But A GE+EGB is equal to 
two right angles (p. 1) : hence, 
GED+EGB is also equal to 
two right angles (a. 1): then 
^^ -md AB are parallel (p. 19.) 
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Cot, 2. If a Btraight line EF^ meet two straight lines 
6TD, AB^ making the exterior angle EQB^ equal to the 
interior and opposite angle QHD^ the two lines will be 
parallel. For, to each add the angle HGBi we shall then 
have, 

EGB +HGB = GHD+HGB : 

but EGB+HGB is equal to two right angles; hence, 
GHD+HGB is equal to two right angles; therefore, CD, 
and AB^ are parallel (p. 19). 



PEOPOSITION XX. THEOREM. 

If a straight line meet two parallel straight lines, the sum of 
the interior angles on the same side wUl he equal to two 
right angles. 

Let the parallels AB^ CD^ be met by the secant line 
FEi then will HGB+GHD, or HGA+GHC, be equal to 
two right angles. 

For, if HGB+GHD be 
not equal to two right an- 
gles, let IGL be drawn, 
making the sum HGL + 
GHD equal to two right an- 
gles; then IL and CD wiU 
be parallel (p. 19); and hence, 
we shall have two lines GB^ 
GL^ drawn through the same point G and parallel to CD, 
which is impossible (a. 13): hence, HGB+GHD is equal 
to two right angles. In the same manner it may be proved 
that EGA+GHG is equal to two right angles. 

Cbr. 1. If EGB is a right angle, GED will be a right 
angle also : therefore, every straight line perpendicular io OM 
of two parallels^ is perpendicular to the other. 

Cor. % If a straight line meet two parallel straight Unes, the 
abemate angles will he equal. 

Let AB^ CDy be two parallels, and FE the secant line. 
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The sum HGB+QHD is 
equal to two right angles. But 
the sum HGB+HGA is also 
equal to two right angles (p. 1). 
Taking from each the angle HOB^ 
and there remains AOH=^OHD. 
In the same manner we may- 
prove that QHG^EQB. 

Cot, S. If a straight line meet two parallel lines, the oppo- 
site exterior and interior angles will be equal. For, the sum 
HOB+GHD is .equal to two right angles. But the sum 
HOB+EOB is also equal to two right angles. Taking from 
each the angle HOB^ and there remains OHD^EOB, In the 
same n^anner we may prove that OHG^AGE. 

Scholium, We see that of the eight angles formed by a 
line cutting two parallel lines obliquely, the four acute 
angles are equal to each other, and so also are the four 
obtuse angles. 



PROPOSITION XXI. THEOREM. 
I 

If two straight lines meet a third line, making the sum of the 
interior angles on the same side less than two right angles^ 
the two lines will meet if sufficiently produced. 

Let the two lines C!D, Z&, meet the line JEF, making the 
sum of the interior angles HGL, GHD^ less than two right 
angles : then will IL and GD meet if sufficiently produced. 

For, if they do not meet 
they are parallel (d. 16). But 
they are not parallel, for if 
they were, the sum of the 
interior angles LGH^ GHD^ 
would be equal to two right 
angles (p. 20), whereas it is 
less by hypothesis : hence, the 
lines ILj GD^ will meet if sufficiently produced. 

Cbr. It is evident that the two lines /i, CD, will meet 
on that side of EF on which the sum of the two angles 
HGL, QHD^ is less than two right angles. 
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PROPOSITION XXII. THEOBEM. 

Two straight lines which are parallel to a third line, are 
parallel to each other. 

Let CD and AB be parallel to the tliird line JEF ; then 
are they parallel to each other. 

Draw PQE perpendicular to EF, ^ 

and cutting AB, CD, in the points 

P and Q, Since AB is parallel to C — 

FF, PR will be perpendicular to AB . 

(p. 20, c. 1) ; and since GD is parallel 
to EF, PR will for a like reason be 



R 

D 



B 



perpendicular to GD, Hence, AB and GD are perpendicular 
to the same straight line ; hence, they are parallel (p. 18). 

PROPOSITION XXIII. THEOREM, 

Tivo parallels are everywhere equally distant 

Let GD and AB be two parallel straight Hues. Through 
any two points of AB, as F and E, suppose FH and EG 
to be drawn perpendicular to AB, These lines will also 
be perpendicular to GD (p. 20, c. 1) ; and we are now to 
show that they will be equal to each other. 

If OF be drawn, the 
angles GFE, FGH, consid- 
ered in reference to the par- 
allels AB, GD, 1^11 be alter- 
nate angles, and therefore, 
equal to each other (p. 20, c. 2). Also, the straight lines 
FH, EG, being perpendicular to the same straight line AB, 
are parallel (p. 18) ; and the angles EGF, GFH, considered 
in referen(».e to the parallels FH, EG, will be alternate 
angles, and therefore equal. Hence, the two triangles EFG^ 
FGH, have a common side, and two adjacent angles in 
each equal; therefore, the triangles -are equal (p. 6); conse- 
quently, FH, which measures the distance of the parallels 
AB and GD at the point F, is equal to EG, which mea- 
Bures the distance of the same parallels at the point E, 
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PBOPOSITION XXIV. THEOEEM. 

If two angle$ have their sides parallel and lying in the same 
direction, they vnU be eqaoL 

Let BAO and DEF be the two angles, having AB 
parallel to ED^ and AC to EF\ then will they be equal 

For, produce DE^ if necessary, till 
it meets J. (7 in G. Then, since EF 
is parallel to ff(7, the angle DEF is 
equal to DOG (p. 20, c. 8); and since 
DG is parallel to AB, the angle DOC H- 
is equal to BAC \ hence, the angle 
DEF is equal to BAC (a. 1). 

Scholium, The restriction of this proposition to the case 
where the side EF lies in the same direction with AO^ 
and ED in the same direction with AB, is necessary, 
because if FE were prolonged towards H, the angle DEH 
would have its sides parallel to those of the angle BAC, 
but would not be equal to it. In that case, DEH and 
BAC would be together equal to two right angles. For, 
DEH+DEF is equal to two right angles (p.l); but DEF 
is equal to BAC: hence, DEH + BAC is equal to two 
right angles. 

PBOPOSITION XXV. THEOEEM. 

In every triangle the sum of the three angles is equal to txm 
right angles. 

Let ABC be any triangle : then will the sum of the 
angles C+A+B be equal to two right angles. 

For, prolong the side CA towards 
D, and at the point A, suppose AE 
to be drawn, parallel to BC Then, 
since AE, CB, are parallel, and CAD 
cuts them, the exterior angle DAE 
is equal to its interior opposite angle C (p.20, 0. 8). In 
like manner, since AE, CB, are parallel, and AB cuts them. 
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the alternate angles B and BAE^ are equal; hence, the 
three angles of the triangle BAG are equal to the three 
angles GAB^ BAEj HAD, each to each; but the sum of 
these three angles is equal to two right angles (p. 1) ; con- 
sequently, the sum of the three angles of the triangle, is 
equal to two right angles (a. 1). 

Gor. 1, Two angles of a triangle being given, or mere- 
ly their sum, the third will be found by subtracting that 
sum from two right angles. 

Gor. 2. K two angles of one triangle are respectively 
equal to two angles of another, the third angles will also 
be equal, and the two triangles will be mutually equian- 
gular. 

Gor, 3. In any triangle there can be but one right 
angle: for if there were two, the third angle must be 
nothing. Still less, can a triangle have more than one 
obtuse angle. 

Cor, 4. In every right-angled triangle, the sum of the 
two acute angles is equal to one right angle. 

Gor. 5. Since every equilateral triangle is also equian- 
gular (p. 11, 0. 1), each of its angles will be equal to the 
third part of two right angles ; so, that, if the right angle 
is expressed by imity, each angle of an equilateral triangle 
will be expressed by f . 

Gor, 6. In every triangle ABO, the exterior angle BAD 
is equal to the sum of the two interior opposite angles B 
and G. For, AE being parallel to BG, the . part BAE is 
equal to the angle J?, and the other -paxt BAE is equal to 
the angle 0. 



PROPOSITION XXVI. THEOREM. 

The sum of all the interior angles of a polygon, is equal to 
twice as many right angles, less four, as the figure has sides. 

Let ABODE be any polygon : then will the sum of itg 
interior angles 
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A+B+C+D+E 
be equal to twice as many right angles, less four, as the 
figure has sides. 

From the vertex of any angle A, 
draw diagonals AG, AD, to the ver- 
tices of the other angles. It is plain 
that the polygon will be divided 
into as many triangles, less two, as 
it has sides; for, these triangles may 
be considered as having the point A -^ fi 

for a common vertex, and for bases, the several sides of 
the polygon, excepting the two sides which form the angle 
A. It is evident, also, that the sum of all the angles in 
these triangles does not differ from the sum of all the 
angles in the polygon: hence, the sum of all the angles 
of the polygon is equal to two right angles, taken as 
many times as there are triangles in the figure ; that is, as 
many times as there are sides, less two. But this pro- 
duct is equal to twice as many right angles as the figure 
has sides, less four right angles. 

Cor. 1. The sum of the interior angles in a quad- 
rilateral is equal to two right angles multiplied by 4—2, 
which amounts to four right angles: hence, if all the 
angles of a quadrilateral are equal, each of them will be a 
right angle. Hence, each of the angles of a rectangle, and 
of a square, is a right angle (d. 25). 

Cor. 2. The sum of the interior angles of a pentagon 
is equal to two right angles multiplied by 5—2, which 
amounts to six right angles : hence, when a pentagon is 
equiangular, each angle is equal to the fifth part of six 
right angles, or to f of one right angle. 

Cor. 3. The sum of the interior angles of a hexagon is 
equal to 2X (6— 2,) or eight right angles; hence, in the 
equiangular hexagon, each angle is the sixth part of eight 
right angles, or ^ of one. 

Cor. 4. In any equiangular polygon, any interior angle 
is equal to twice as many right angles, less four, as the 
figure has sides, divided by the number of angles. 
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Scholium, When this proposition is applied 
to polygons which have re-entrant angles, each 
re-entrant angle must be regarded as greater 
than two right angles. But to avoid all ambi- 
guity, we shall henceforth limit our reasoning 
to polygons with salient angles, which ar© named convex 
polygons. Every convex polygon is such, that a straight 
line, drawn at pleasure, cannot meet the sides of the poly- 
gon in more than two points. 



PKOPOSITION XZVn. THEOREM. 

If the sides of any polygon be prolonged, in the same direction, 
the sum of the exterior angles iuill be equal to four right 
angles. 

Let the sides of the polygon ABCDFG^ be prolonged, in 
the same direction ; then will the sum of the exterior angles 

a + b + c + d+f+g^ 

be equal to four right angles. ' 

For, each interior angle, plus its 
exterior angle, as J.+a, is equal to 
two right angles (p. 1). But there 
are as many exterior as interior 
angles, and as many of each as 
there are sides of the polygon: 
hence, the sum of all the interior 
and exterior angles, is equal to twice as many right angles 
as the polygon has sides. Again, the sum of all the inte- 
rior angles is equal to twice as many right angles as the 
figure has sides, less four right angles (p. 26). Hence, the 
interior angles plus four right angles, is equal to twice as 
many right angles as the polygon has sides, and conse- 
quently, equal to the sum of the interior angles plus the 
sum of the exterior angles. Taking from each the sum of 
the interior angles, and there remains the sum of the exte- 
rior angles, equal to four right angles. 
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PROPOSITION XXVIIt THEOREM. 

In every parallelogram, the opposite sides and angles are equal 
each to each. 

Let ABGD be a parallelogram : then will AB^DG, 
AD=BOj the angle A^C, and the angle ADC=A£0. 

For, draw the diagonal BD, dividing 
the parallelogram into the two trian- 
gles, ABD, DBG. Now, since AD, BG, 
are parallel, the angle ADB=DBG (p. 
20, c. 2) ; and since AB, GD^ are parallel, 
the angle ABD=BDG : and since the 
side DB is common, the two triangles are equal (p. 6); 
therefore, the side AB, opposite the angle ADB, is equal 
to the side DGj opposite the equal angle DBG (p. 10, s.), 
and the third sides AD, BG, are equal: hence, the oppo- 
site sides of a parallelogram are equal. 

Again, since the triangles are equal, the angle A ia 
equal to the angle G (p. 10, s.) Also, the angle ADG com- 
posed of the two angles, ADBj BDG, is equal to ABG, 
composed of the correspondiog equal angles DBG, ABD 
(a, 2) : hence, the opposite angles of a parallelogram are equaL 

Got. 1. Two parallels AB, GD, included between two 
other parallels AD, BG, are equal ; and the diagonal DB 
divides the parallelogram into two equal triangles. 

Gor.'2. Two parallelograms which have two sides and 
the included angle in the one equal to two sides and the 
included angle in the other, each to each, are equal. 

Let the parallelogram ABGD, have 
the sides AB, AD, and the included 
angle BAD equal to the sides AB, AD, 
and the included angle BAD, in the 
next figure; then will they be equal. ^ 

For, in each figure, draw the diagonal DB. By the last 
corollary, the diagonal divides each parallelogram into two 
equal triangles: but the triangle BAD in one parallelo- 
gram, is equal to the triangle BAD in the other (p. 5) : 
hence, the parallelograms are equal (A. 6). 
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PKOPOSITION XXIX. THEOREM. 




Jf the opposite sides of a quadrilateral are equal, each to each^ 
the equal side^ are parallel, and the figure is a paralklograrru 

Let ABGD be a quadrilateral, having its opposite sides 
respectively equal, viz.: AB=DC, and AD=BC; then will 
these sides be parallel, and the figure a parallelogram. 

For, having drawn the diagonal BD 
the two triangles ABD, BDC, have all 
the sides of the one equal to the cor- 
responding sides of the other; there- 
fore they are equal, and the angle ADB, 
opposite the side AB, is equal to DBG, opposite CD (p. 10, 
s.) ; therefore the side AD is parallel to BG (p. 19, C. 1) 
For a like reason AB is parallel to CD : therefore, the 
quadrilateral ABCD is a parallelogram. 



PROPOSITION XXX. THEOREM. 

^ two opposite sides of a quadrilateral are equal and parallel, 
the other sides are equal and parallel, and ih.e figure is a 
parallelogram. 

Let ABCD be a quadrilateral, having the sides AB, 
CD, equal and parallel ; then will the figure be a parallel- 
ogram. 

For, draw the diagonal DB, divid- 
ing the quadrilateral into two trian- 
gles. Then, since AB is parallel to 
DC, the alternate angles ABD, BDC 
are equal (p. 20, c. 2) ; moreover, the 
side DB is common, and the side AB=DC', hence, the 
triangle ABD is equal to the triangle DBC (p. 5) ; there- 
fore, the side AD is equal to BC, the angle ADB=DBC, 
and consequently AD is parallel to BC (p. 19, c. 1) ; hence, 
the figure ABCD is a parallelogram. 
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PROPOSITION XXXI. THEOREM. 

Tlve two diagonals of a parallelogram divide each other into 
equal parts, or mutually bisect each other. 

Let ADCB be a parallelogram, AC and DB its diago- 
nals, intersecting at E\ then will AE^EO^ and DE= 
EB. 

Comparing the triangles AED^ BEC^ B_ 
we find the side AD=CB (p. 28), the 
angle ADB = CBE^ and the angle 
DAE=ECB (p. 20, c. 2); hence, these 
triangles are equal (p. 6); consequently, 
AEj the side opposite the angle ADEj is equal to EC^ 
opposite CBE, and BE opposite BAE is equal to EB 
opposite ECB. 

Scholium. In the case of the rhombus, the sides AB, 
BG^ being equal, the triangles AEB, EBO, have all the 
sides of the one equal to the corresponding sides of the 
other, and are therefore equal : whence, it follows, that the 
angles AEB, BEG, are equal, and therefore, the two diago- 
nals of a rhombus bisect each other at right angles. 




BOOK II. 

OF RATIOS AND PROPORTIONS. 



DEFINITIONS. 

1. Proportion" is the relation whicli one magnitude 
bears to another magnitude of the same kind, with respect 
to its being greater or less.* 

2. Katio is the measure of the proportion -which one 
magnitude bears to another; and is the quotient which 
arises from dividing the second by the first. Thus, if A 
and B represent magnitudes of the same kind, the ratio 
of -1 to jB is expressed by 

S. 

A and B are called the terms of the ratio; the first is 
called the antecedent^ and the second, the consequent 

8. The ratio of magnitudes may be expressed by num- 
bers, either exactly or approximatively ; and in the lartter 
case, the approximation may be brought nearer to the true 
ratio than any assignable difierence. 

Thus, of two magnitudes, one may be considered to 
be divided into some number of equal parts, each of the 
same kind as the whole, and regarding one of these 
parts as a uiiit of measure, the magnitude may be expressed 
by the number of units it contains. If the other magni- 
tude contain an exact number of these units, it also may 

* Sm DaviM^ Logic of MathomatiQB : Proportion, S S87. 
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be expressed by the number of its units, and the two 
magnitudes are then said to be commensurable^ 

If the second magnitude do not contain the measuring 
unit an exact number of times, there may perhaps be a 
smaller unit which will be contained an exact number of 
times in each of the magnitudes. But if there is no unit 
of an assignable value, which is contained an exact number 
of times in each of the magnitudes, the magnitudes are. 
said to be incommensurable. 

It is plain, however, that if the unit of measure be 
repeated as many times as it is contained in the second 
magnitude, the result will differ from the second magni- 
tude by a quantity less than the unit of measure, since 
the remainder is always less than the divisor. Now, since 
the unit of measure may be made as small as we please, 
it follows, that magnitudes may be represented by num- 
bers to any degree of exactness^ or they will differ from 
their numerical representatives by less than any assign- 
able magnitude. 

4. We will illustrate these principles by finding the 
ratio between the straight lines CI) and AB, which we will 
suppose commensurable. 

From the greater line AB, cut off a part equal A C 
to the less CD, as many times as possible; for ex- 
ample, twice, with the remainder BE. 

From the line CJD, cut off a part, CF, equal to 
the remainder BJE, as many times as possible; 
once, for example, with the remainder BF. 

From the first remainder BEj cut off a part 
equal to the second, BF, as many times as possi- L jj 
ble; once, for example, with the remainder BG. 

From the second remainder BF, cut off a part 
equal to BG, the third remainder, as many times ^ 
as possible. 

Continue this process, till a remainder occurs, which is 
contained exactly, a certain number of times, in the pre- 
ceding- one. 

Then, this last remainder will be the common measure 
of the proposed lines. Begarding this as unity, we shall 
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easily find the values of the preceding remainders; and at 
last, those of the two proposed lines, and hence, their ratio 
in numbers. 

Suppose, for instance, we find QB to be contained 
exactly twice in FD] BG will be the common measure of 
the two proposed lines. Put BQ=^1 ; we shall then have, 
FD=^2\ but EB contains FD once, plus OB] therefore, 
we have FB=3: CD contains FB once, plus FD\ there- 
fore, we have 0I)=5 : and lastly, AB contains CD twice, 
plus EB ; therefore, we have AB^IZ ; hence, the ratio of 
the lines is that of 5 to 13. If the line CD were taken 
for unity, the line AB would be V' ; if AB were taken 
for unity, CD would be ^. 

5. What has been shown, in respect to the straight 
lines, CD and AB^ is equally true of any two magnitiades, 
A and B, 

For, we may conceive A to be divided into a numbeiif 
of units, each equal to A' \ then A=MxA' i let £ be 
divided into a number N of equal units, each equal to- A' ; 
then B=^NxA^ \ M and N being integer numbers^ Now 
the ratio of J. to -B, wiU be the same as the ratio of 
MxA! to NxA! \ that is, the same as the iratio of the 
numerical quantities M and N^ since -4' is a common unit 

6. K there be four magnitudes, -4, jB, Cy and Dy having 
such values that 

B D 

then A is said to have the same ratio to jB, that C has to 
D\ or, the ratio of J. to -B is said to be equal to the 
ratio of C to D, When four quantities have this relation 
to each other, they are said to be in proportion. 

To indicate that the ratio of -1 to jB is equal to the 
ratio of O^.to i?, the quantities are usually written thus, 

A : B : : C : D, 

and read, J. is to J5 as C is to D. The quantities which 
are compared together are called the terms of the propor- 
tion. The first and last terms are called the two exfyremea^ 
and the second and third terms, the two means. 

4 
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7. Of four proportional quantities, tlie last is said to be 
a fourth proportional to tlie other three, taken in order. 
The first and second terms, are called the first couplet oi 
the proportion ; and the third and fourth terms, the second 
couplet: the first and third terms are called the antecedents^ 
and the second and fourth terms, the consequents. 

8. Three quantities are in proportion, when the first 
has the same ratio to the second, that the second has to 
the third; and then the middle term is said to be a mean 
proportional between the other two. 

9. Magnitudes are in proportion by aUemation^ or alter- 
nately, when antecedent is compared with antecedent, and 
consequent with consequent. 

10. Magnitudes are in proportion by inversion^ or in* 
versely, when the consequents are taken as antecedents, and 
the antecedents as consequents. 

11. Magnitudes are in proportion by composition, when 
the sum of the antecedent and consequent is compared 
either with antecedent or consequent. 

12. Magnitudes are in proportion by division^ when the 
difference of the antecedent and consequent is compared 
either with antecedent or consequent. 

13. Equimultiples of two quantities are the products 
which arise from multiplying the quantities by the same 
number; thus, mXA, mXB, are equimultiples of A and B^ 
the common multiplier being rru 

14. Two varying quantities, A and B, are said to be 
reciprocally proportional, or inversely 2)roportional, when their 
values are so changed that one is increased as many times 
as the other is diminished. In such case, either of them 
is always equal to a constant quantity divided by the 
ither, and their product is constant. 
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PROPOSITION I. THEOREM. 

When four magnitudes are in proportion, the prodv/d of the 
two extremes is equaj, to the product of the two means. 

Let A^ ^ (7, Df be any four magnitudes, and -MJ iVJ P, 
§, their numerical representatives; 

then, if M \ N i i P : Q, 

we shall have Mx Q=NxP. 

For, since the magnitudes are in proportion, we have 
(D.6), 

^ = |-; therefore, 

Q 
N=ifX^'y whence, NxP=MxQ. 

Cor. If there are three proportional quantities, the 
product of the extremes wUl be equal to the square of 
the mean (d. 8). For, if N=Py we have 

MxQ=n\t P\ 

PROPOSITION n. THEOREM. 

If the product of two magnitudes be equal to the product of 
two other magnitudes^ two of them may he made the eX' 
tremes and the other two the means of a proportion, 

K we have MxQ^NxP] then wUl M : N : : P : Q, 
For, if P have not to §, the ratio which M has to i^ 

let P have to Q\ (a number greater or less than §,) the 

same ratio which M has to N: that is, let 

M : N : I P I q-, 
then (p. 1), MxQ'^NxP] 

. _, NxP\ , ^ NxP 

hence, © =— g^ '^ but, (?= -m~'' 

Consequently, §'= §, and the supposition that it is either 
greater or less, is absurd ; hence, the four magnitudes Jf, 
N^ P, §, are proportional. ^ : 
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FBOPosinoN m. theojeusm. 

If four nuvgnitudes are in proportion^ they will he in pro- 
portion when taken altemately. 

Let Ifj JNf, Pj Q, be four quantities in proportion ; so that 
M : If :: P : ,Q', thQu mR M : P :: N : Q. 
For, since M : N : \ P \ Q: yre have MxQ=NxP\ 
therefore M and Q may be made the extremes, and N and 
P the means of a proportion (p. 2) ; 

hence, M : P : : N : Q. 

PROPOSITION IV. THEOREM. 

If there be four proportional magnitudes, and four other pro- 
portio7ial magnitudes, having the antecedents the same in 
hoth^ the consequents wiU he proportional. 



Let M : 


N 


:: P : 


Q, 


giving MX Q = NxP, 


{md M : 


B 


: : P : 


s, 


giving BxP=MxS, 


thenwilliV : 


Q 


:: B : 


iS. 





For, multiplying the equations member by member, 

MX QxIixP=MxSxJSrxP ; 

cancelling MxP in both members, we have, 
QxR=SxN: hence (p. 2), 
N : Q : : a : S. 

Cor. If there be two sets of proportionals, in which 
the ratio of an antecedent and consequent of the one is 
equal to the ratio of an antecedent and consequent of the 
other, the remaining terms will be proportional 

For, if we had the two proportions, 

M : P : : N : Q ejid E : S : : T : Fj 
we shall also have 

M N B T 

Novr. if J=|, then |=^ 
and ire shall have N : Q : : T : V. 
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PBOPOSITION V. THEOREM. 



If four magnitudes are in proportion, they will he in proportion 
when taken inversely. 

If M : N : : P : Q, then will N : M : : Q : P. 
For, from the given proportion, we have 

MxQ=NxP, or, NXP^MXQ. 

Now, i\r and P may be made the extremes, and M and Q 
the means of a proportion (p. 2) : hence 

N z M : : Q : P. 

PBOPOSITION VL THEOEEM. 

If four magnitudes are in proportion, they v^ll he in propor* 
tion by composition or division. 

IS we have M : N : : P : Q^ 
we shall also have M±:N' : M : : P±C : P. 

For, from the first proportion, we have 

MxQ=NxP, or NxP^MxQ. 

Add each of the members of the last equation to, and 
subtract it from JfxP, and we shall have, 

MxP^NxP^MxP^MxQ] or 
{M:^N)xP={P^Q) XK 

But Mdblf and P, laay be considered the two extremes, 
and P^Q and M, the two means of a proportion (p. 2): 
hence, 

{M±N). : M : : {P±Q) : P. 

PROPOSITION Vn. THEOREM. 

Equimultiples of any two magnitudes, have the same ratio as 
the magnitudes th&nselves. 

Let M and N be any two magnitudes, and m any num- 
ber whatever; then will mXM, and mXN, be equil mul- 
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tiples of M and N\ then my.M will be to mXiVJ in the 
ratio of if to iV; ' 

For, MxN=-NxMx 

multiplying each member by m, and we have 
mXMxN^mxNxM: then (p. 2), 
* • mXM : mXN : : M : K 

PSOPOSITION VIII. THEOEEM. 

Of four proportional magnitudes , if there he taken any equimul' 
tiples of the two antecedents^ and any equimultiples of the two 
conseqtients, such equimultiples will be proportional. 

Let Mf Nj P, Q, be four magnitudes in proportion ; and 
let m and n be any numbers whatever, then will 
mXJf : nXN : : mXP : nXQ. 

For, since ' M : JV : : P : Q, 
we have MxQ=NxP\ 

hence, mXMXnXQ=nXN'XmxPj 

by multiplyinjg both members of the equation by mXn. 
But mXM and nxQ, may be regarded as the two extremes, 
and nX2f and m XP, as the means of a proportion ; hence, 
mXM : nXN :: mXP : nxQ. 

PROPOSITION IX. THEOREM. 

Of four proportional magnitudes, if the two consequents be 
either augmented or diminished by magnitudes which have 
the same ratio as the antecedents, the resulting magnitudes 
and the antecedents will be proportional. 



Let 


M.: N : 


. P : Q, . 


and let 


M : P \ 


: m : n; 


then will 


M : P • 


: N±m : Q±n. 


For, since 


M: N 


:: P : Q, MxQ=NxP. 


and since 


M : P 


: : m : n^ MXn=Pxm, 


therefore, 


MX Q±MX n=NxP±PX m, 


or 


Mx{Q±n)=PX{N±m): 


henoe (p. 2), 


M : P 


: : iV±m : Q±n. 
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PROPOSITION X. THEOREM. 

If any nuTnber of magnitudes are proportionals, any one ante- 
cedent mill be to its consequent, as the sum of all tlie ante- 
cedents to the sum of the consequents. 

Let M I N :: P : Q :i R : S, k(^. 

Then since, 
M : N :: P : Q, we haxe MxQ^N'xP, 
and, if : N : : R : z^, we have MxS=NxR, 
add to each MxN=^MxN', 

then, MxN+MxQ+MxS=MxN+NxP+NxR, 
or, Mx{N+Q+S)=lfx{M+P+Ry, 

therefore (p. 2), if : N :: M+P+R : HT+Q+S. 

PROPOSITION XI. THEOREM. 

If two magnitudes be each increased or diminished by like 
parts of eachf the resulting magnitudes will have the same 
ratio as the magnitudes themselves, 

like parts of each. 

We have MxN=MxN 

1, 1 1 1 MxN MxN , , , 

add to both, or subt. = » member by member 

' mm •^ 

MxN MxN 

and we have (a. 2), MxN:^ —-— =MxN± -— — ' 
^ -" m m 

or, . - if(i^±^)=i^(if±J), 

that is (p. 2), if : N :: Mdb— : iV^=fc^- 
^ '' mm 



PROPOSITION XII. THEOREM. 

Jf four magnitudes are proportional, their squares or cubes wiU 
also be proportional. . 

Let M : N : P : Q, 

Then wUl, if X Q=NxP. 
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By squaring both members, M^X ^=-N^XP > 

and by cubing both members, M^X Q^^N^XP^ ; 

therefore, Jd : N^ : : P^ : Q , 

aad M^ : N^ :: P^ : g'- 

Cor. In a similar way it may be shown that like powers 
or roots of proportional magnitudes are proportionals. 

PKOPOSITION Xm. THEOREM. 

If there be two sets of proportional magnitudes, the products of 
the corresponding terms will he proporticmals. 



:: P : 


Q, 


: T : 


V. 


NXS ; 


: PxT 



Let M \ N 

and R \ S 

then will MxR : 

For, since MxQ=NxP, 

and RxV=-SxT, » 

we shall have if X CX i2 X F=iV^X P X /^ X 7; 



QXY. 



or, MxRxQxV=NxSxPxT', 



therefore, MxR : NxS :: PxT : QxV. 



PKOPOSITION XIV. THEOBEM. 

J^ any number of magnitudes are continue proportionals ; ihen^ 
the ratio of the first to the third will be duplicate of the 
commxm ratio ; and the ratio of the first to the fourth unO 
be triplicate of the common ratio ; and so on. 

For, let A be the first term, and m the common ratio: 
the proportional magnitudes will then be represented by 

J., m^xA^ 7n^xA, rr^xA, m^xA, &c.: 

Now, the ratio of the first to any one of the following 
terms exactly corresponds with the enunciation. 
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THE CIRCLE, AND THE MEASUREMENT OF ANGLES. 
DEFINITIONS. 

1. The Circumference of a Circle 
is a curve line, all the points of which 
are equally distant from a point within, 
called the centre. 

The circle is the portion of the plane 
terminated by the circumference. 

2. Every straight line, drawn from the centre to the 
circumference, is called a radius^ or, BemMmmekr. Every 
line which passes through the centre, and is terminated, on 
both sides, by the circumference, is called a diameter. 

From the definition of a circle, it follows, that all the 
radii are equal; that all the diameters are also equal, and 
each double the radius. 

8, Any part of the circumference is called an arc, A 
straight line joining the extremities of an arc, and not passing 
through the centre, is called a chords or subtense of the arc* 

4. A Segment is the part of a circle included between 
an arc and its chord. 

5. A Sector is the part of the circle included between 
an arc, and the two radii drawn to the extremities of the 
arc. 



* In all cases, the same chord belongs to two arcs, and consequently, also to tiro 
segments : but the smaller one is always meant, unless the contrary Is expressed* 
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6. A Straight Line is said to be 
inscribed in a circle^ when its extremities 
are in the circumference. 

An inscribed angle is one which has 
its vertex in the circumference, and is 
included by two chords of the circle. 

7. An inscribed triangle is one which 
has the vertices of its three angles in the 
circumference. 

And generally, a polygon is said to 
be inscribed in a circle, when the vertices 
of all its angles are in the circumfer- 
ence. The circumference of the circle 
is then said to circumscribe the polygon. 

8. A Secant is a line which meets 
the circumference in two points, and lies 
partly within, and partly without the circle. 

9. A Tangent is a line which has 
but one point in common with the cir- 
cumference. 

The point where the tangent touches the circumference, 
is called the point of contact. 

10. Two circumferences touch each 
other when they have but one point in 
common. The common point is called 
the point of tangency. 



11. A polygon is circumscribed about a 
circle^ when each of its sides is tangent to 
the circumference. In the same case, the 
circle is said to be inscribed in the poly- 
gon. 





postulate. 



12. Let it be granted that the circumference of a circle 
ay be described from any centre, and with any radius. 
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PROPOSITION I. THEOREM. 

Every diameter divides the circle and its circumference each into 
two equal parts. 

Let AEBF,'bei a circle, and AB a diameter. Now, if 
the figure AEB be applied to AFB, 
their common base AB retaining its 
position, the curve line AEB must 
fall exactly on the curve line AFB^ 
otherwise there would, in the one or 
the other, be points unequally dis- 
tant from the centre, which is con- ^^"^f" 
trary to the definition of a circle. Hence, the diameter 
divides the circle and its circumference, each into two 
equal parts. 

PROPOSITION n. THEOREM. 

Every chord is less than a diameter. 

Let AD be any chord. Draw the 
radii CA, CO, to its extremities. We 
shall then have (b. i., p. 7)* 
. AJD<AC+CI), 

but AG plus CD is equal to AB; 
hence, AD<,AB. 

Cor. Hence, the greatest line which can be inscribed in 
a circle is a diameter. 

PROPOSITION III. THEOREM. 

A straight line cannot meet the circumference of a circle vi 
mxyre than two points. 

For, if it could meet it in three, those three points 
would be equally distant from the centre ; and there would 
be three equal straight lines drawn from the same point to 
the same straight line^ which is impossible (b. i., p. 15, c. 2). 

* When reference is made from one Proposition to suother, in the iomeJ^ooky the 
nnmber of the Proposition referred to is alone given ; bnt when the Proposition ia 
found in a different Book, the nnmber of the Book is also given. 
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PROPOSITION IV. THEOBEM. 




In ike same circle^ or in equal circles, equal arcs are subtended by 

equal dicrds: and conversely^ equxil chords subtend equal arcs. 

Let G and be tlie centres of two equal circles, and 
suppose the arc AMD equal to the arc UNG : then will 
the chord AD be equal to the chord EG. 

For, since the diam- 
eters AB, EF^ are equal, "^ ^ ^ 
the semi-circle AMDB n/\ \ U 
may be applied to the 
semi-circle ENQF^ and 
the curve line AMDB 
will coincide with the 
curve line ENQF. But the part AMD is equal to the part 
ENQ^ by hypothesis ; hence, the point D will fall on ; 
therefore, the chord AD will coincide with EQ (b. l, a. 11), 
and hence, is equal to it (b. i., a. 14). 

Conversely: If the chord AD is equal to the chord EG^ 
the subtended arcs AMD^ ENG, will also be equal. 

For, drawing the radii CD, OG, the triangles ACD, EOG^ 
will have their sides equal, each to each, namely, AO=EOj 
CD=^OG, and, AD=EG] hence, the triangles are them- 
selves equal; and, consequently, the angle A CD is equal 
to EOG (b. l, p. 10.) 

Now, place the semi-circle ADB on its equal EGF, so 
that the radius AC may fall on the equal radius EO. 
Then, since the angle A CD is equal to the angle EOG, the 
radius CD will fall on OG, and the sector AMDC will 
coincide with the sector ENGO, and the arc AMD with 
the arc ENG : therefore, the arc AMD, is equal to the arc 
ENG (b. I., A. 14). 

PROPOSITION v. THEOREM. 

In equal circleSj or in the same circle, a greater arc is subtends 
ed by a greater chord: and conversely, the greater chord 
subtends the greater arc. 
Let C be the common centre of two equal circles : then, 

if the arc ADS is greater than the arc AD, the chord AH 

will be greater than the chord AD. 
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For, draw the radii GA^ CD^ 
OH^ and the chords AD^ AH. 
Now, the two sides AO^ OH^ of 
the triangle AGH are equal to 
the two sides -4(7, (ZD, of the tri- 
angle AGD^ and the angle AGH^ 
is greater than AGD\ hence, the 
third side AH is greater than the 
third side AT) (b. i., p. 9); there 
fore the chord which subtends the greater arc is the greater. 

Gonversely: If the chord AH is greater than J.2?, the 
arc ADH will be greater than the arc AD. 

For, if ADH were equal to AD^ the chord AH would 
be equal to the chord AD (p. 4), which is contrary to the 
hypothesis: and if the arc ADH were less than AD^ the 
chord AH would be less than AD^ which is also contrary 
to the hypothesis. Then, since the arc ADH^ subtended by 
the greater chord, cannot be equal to, nor less than AD^ it 
must be greater. 

JScholium. The arcs here treated of are each less than 
the semi-circumference. K they were greater, the reverse 
property would have place; for, as the arcs increase, the 
chords will diminish, and conversely. 



PROPOSITION VI., THEOREM. 

TJie radius which is perpendicular to a chord^ bisects the chord, 
and bisects also the subtended arc of the chord. 

Let AB be any chord, and GQ a radius perpendicu- 
lar to it: then wiU AD be equal to DB, and the arc AO 
to the arc GB, 

For, draw the radii GA, GB. 
Then the two right-angled trian- 
gles ADG, GDB, wi^l have AG 
equal to GB, and CD common; 
hence, AD is equal to DB (b. l, 
P. 17). 

Again, since AD, DB, are 
equal, GG is a perpendicular 
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erected from the middle of AB; 

and since ff is a point of this 

perpendicular, the chords AG 

and GB -are equal (b. l, p. 16). 

But if the chord AG is equal 

to the chord GB, the axQ AG 

is equal to the arc GB (p. 4) ; 

hence, the radius CGj at right 

angles to the chord AB, divides 

the arc subtended by that chord into two equal parts. 

Scholium. The centre 0, the middle point* I) of the 
chord ABj and the middle point G of the subtended arc^ 
are three points of the same straight line perpendicular to 
the chord. But two points determine the position of a 
straight line (a. 11) ; hence, every straight line which passes 
through two of these points, will necessarily pass through 
the third, and be perpendicular to the chord. 

It follows, also, that the perpendicular raised at the middle 
point of a chord passes through the centre of the circle^ and 
through the middle point of the subtended arc. 

For, the perpendicular to the chord, drawn from the 
centre of the circle, passes through the middle point of the 
chord, and only one perpendicular can be drawn from the 
same point to the same straight line (b. l, p. 14, c). 



, PROPOSITION VII. THEOREM. 

Through three given points, not in the same straight line, one 
circumference may always be made to pass, and but one. 

Let A, B, and 0, be the given points. 

Join the points A and B by 
the straight line AB, and the 
points B and by the straight 
line BO, and then bisect these 
lines by the perpendiculars B^ 
FG: we say first, that DE and 
FG, will intersect in some point 0. 

For, they intersect each other 
tmless they are parallel (b. I., D. 16). Now, if they are 
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parallel, the line AB which is perpendicular to DE^ is also 
perpendicular to FO^ and the angle JT is a right angle 
(b. I., p, 20, c. 1). But jBZ; the prolongation of AB, is a 
differeut line from BF^ because the three points A, jB, CJ 
are not in the same straight line ; hence, there would be 
two perpendiculars, BF, BK, let fall from the same point 
jB, on the same straight line, which is impossible (b. i., p. 
14); hence, DE, FG^ are not parallel, and consequently, 
will intersect in some point 0, 

Moreover, since the point lies in the perpendicular DE^ 
it is equally distant from the two points, A and B (b. l, 
P. 16) ; and since the same point lies in the perpendicu- 
lar FQ^ it is also equally distant from the two points B 
and G: hence, the three distances OA^ OBy 00^ are equal; 
therefore, the circumference described from the centre 0, 
with the radius OB, will pass through the three given 
points, -4, B, G. 

We have now shown that one circumference can always 
be nade to pass through three given points, not in the 
same straight line : we say far;ther, that but one can be 
described through them. 

For, if there were a second circumference passing through, 
the three given points A, B, (7, its centre could not be out 
of the line DE, for any point out of this line is unequally 
distant from A and B (b. i., p. 16) ; neither could it be out 
of the line FQ, for a like reason; therefore, it would be 
in both the lines DE, FG. But two straight lines cannot 
cut each other in more than one point ; hence, there is but 
one circumference which can pass through three given 
points. 

Oor. Two circumferences cannot meet in more than two 
points ; for, if they have three common points, there will 
be two circumferences passing through the same three 
points; which has been shown, by the proposition, to be 
impossible. 
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PROPOSITION Vm. THEOBEM. 

Two eqvxd chords are equally distant fr(ym the centre; and of 
two unequal chords^ the less is at the greater distance from 
the centre. 

Suppose tlie chord AB to be equal to the chord DE, 
From G the centre of the circle, draw CF^ and CG res- 
pectively perpendicular to the chords: then will CF be 
equal to OQ, 

Draw the radii G4, CD ; then 
in the right-angled triangles CAF^ 
DCQ, the hypothenuses OA, CD, 
.are equal (d. 2) ; and the ^side 
AFy the half of AB (p. 6), is 
equal to the side DO, the half 
of DE\ hence, the triangles are 
equal, and CF is equal to- CO- 
(b. l, p. 17) ; consequently, the 
two equal chords AB, DE, are equally distant from the 
centre. 

Secondly. Let the chord AH be greater than DEi then 
will DE be furthest ^om the centre C Since the chord 
AH is greater than DE the arc AKH is greater than DME 
(p. 5). Cut off from the former, a part ANB, equal to 
DME\ draw the chord AB, and draw CF perpendicular 
to this chord, and CI perpendicular to AH. It is evident 
that CF is' greater than CO (b. l, a. 8), and CO than CI 
(b. I., p. 15) ; therefore, CF is still greater than CI. But 
CF is equal to CQ, because the chords AB, DE, are equal : 
hence, CQ is greater than CI; therefore, of two unequal 
chords, the less is the farther from the centre "of the circle. 

PEOPOSITION IX. THEOBEM. 

A straight line perpendicular to a radius, at its extremity, is 
tangent to the circumference. 

Let the line BD be perpendicular to the radius CA at 
its extremity A ; then will it be tangent to the circumfer- 
ence. 
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For, every oblique line CS, B_ [ ^A E D 

is longer than the perpendicular 
CA (b. I., p. 15) ; hence, the point 
JS is without the circle; there- 
fore, the line BD has no point 
but A in common with the cir- 

camference; consequently, the line BD is a tangent (d. 9). 

Oor. 1. Conversely, if a straight line be tangent to a 
circle, it will be perpendicular to the radius drawn to 
the point of contact. 

Let BAB be a tangent, and CA a radius drawn 
through the point of contact A : then will BB be perpen- 
dicular to CA. For, through the centre OJ suppose any 
other line, as COF, to be drawn. Then, since BD is a 
tangent, the point E will lie without the circle, and conse- 
quently CB will be greater than the radius CO or CA; 
therefore, the radius C4, measures the shortest distance 
from the centre (7, to the tangent BD: hence, it is per- 
pendicular to the tangent (b. i., p. 15, c. 1). 

Cor. 2. At a given point of the circumference only one 
tangent .can be drawn to the circle. For, let A be the 
given point, BD a tangent, and CA the radius drawn 
through the point of contact A, Now, if another tangent 
could be drawn, it would also be perpendicular to CA at 
. the point A, by the last corollary : that is, we should have 
two lines perpendicular to CA, at the same point; which 
is impossible (b. i., p. 14, c). 



PROPOSITION X. THEOREM. 
Two parallels intercept equal arcs of the drcumferenoe. 

There may be three cases. 

First, When the two parallels 
are secants. Let AB and DE be 
two parallels : draw the radius CH 
perpendicular to the chord MP. 
It will, at the same time, oe per- 
pendicular to NQ (b. I., p. 20, c. 1) ; 
therefore, the point H will be at 

5 




66 



GEOMETEY. 



once the middle of the axo MHP, 
and of the axe NHQ (p. 6) ; conse- 
quently, we shall have the arc 
MH=HP, and the arc NH^HQ) 
and therefore 

MH-NH^HP-EQ', 
in ©ther words, MN=^PQ. 

Second. When, of the two par- 
allels ABy DE^ one is a secant, and 
the other a tangent, draw the radius 
CH to the point of contact H] it 
will be perpendicular to the tan- 
gent DE (p. 9, c. 1), and also to 
its parallel MP (b. l, p. 20, c. 1). 
But since OH is perpendicular to 
the chord MP^ the point H must 
be the middle of the arc MHP (p. 6) ; therefore, the arcs 
MH^ EP^ , included between the parallels AB^ DE^ are 
equal. 

Third. If the two parallels DE^ IL^ are tangents, the 
one at JBJ the other at K^ draw the parallel secant AB] 
and, from what has just been shown, we shall have 

ME=EP, MK=KP: 
and hence, the whole are EMK^EPK, It is further evi- 
dent that each of these arcs is a semi-circumference. 

Car, Conversely: K the arc EM is equal to the arc 
jffP, it is plain that the chord MP will be parallel to the 
tangent DE. 




PROPOSITION XI. THEOREM. 

If two circumferences have one point common, out of the straight 
line which joins their centres, they vnll also have a second 
point in common ; and the two points will he situated in a 
line perpendicular to the line joining the centres^ and ai 
equal distances from it. 

Let the two circumferences described about the centres 
C and D intersect each other at the point A ; draw AF 
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perpendicular to CD, and prolong it till BF is equal to 
AF] then will the circumferences also intersect each other 
at JS. 





For, since AF is equal to FB^ CF common and the 
'angles at F right angles, the hypothenuses GB and OA are 
equal (b. I., P. 5) : hence, the circumference described about 
the centre C, with the radius C!A, will pass through B. 
In the same manner it may be shown, that the circumfer- 
ence described about thd centre J), with the radius DA^ 
will also pass through B. 

Oar. If two circumferences intersect each other, they 
will intersect in two points, and the line which joins the 
centres will be perpendicular to the common chord at the 
middle point. 



PEOPOSITION Xn. THEOKEM. 



If the circumferences of two circles intersect each other^ the dis- 
tance between their centres will be less than the sum of their 
radiij and greater than the difference. . 



Let two circumferences be 
described about the centres G 
and I), with the radii GA and 
BA : then, if these circumfer- 
ences intersect each other, the 
triangle GAD can always be 
Now, in this triangle. 



formed. 
GAB, 

also. 




GD<GA+AB (b. I., r. 7), 
GD>DA-AG (b. l, p. 7, c.) 
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PBOPOSITION Xm. THEOREM. 

^ ike distance between the centres of two circles is equal to 
the sum of their radi% the cvrcumferences will touch each 
other externally. 

Let C and D be tlie centres of two circles at a distance 
from each other equal to GA+AD, 

The circles will evidently have 
the point A common, and they will 
have no other ; because if they have 
two points common, the distance 
between their centres must be less 
than the sum of their radii, which 
is contrary to the supposition. 

Cor, If the distance between the centres of two circles 
is greater than the sum of their radii, the two circumfer- 
ences will be exterior the one to the other. 




PROPOSITION XIV. THEOREM. 



If the distance between the centres of two circles is equal to tlve 
difference of their radii, the two circumferences vnll touch 
each other internally. 

Let G and D be the centres of two circles at a distance 
from each other equal to AB—GA, 

It is evident, as before, that the 
two circumferences will have the 
point A coromon: they can have 
no other ; because if they had, the 
distance between the centres would 
be greater than AD— GA (p. 12) ; 
which is contrary to the supposition. 

Gor. 1. Hence, if two circles touch each other, either 
externally or internally, their centres and the point of con*- 
tact will be in the same straight line. 

Oor, 2. If the distance between the centres of two 
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Jjaicles is less than th^ difference of their radii, one oirde 
will be entirely within the other. 

Scholium 1. All circles which have their centres on the 
right line AD^ and which pass through the point -4, are 
tangent to each other at the point A, For, they have only 
the point A common, and if through 4, AE be drawn 
perpendicular to AD^ it will be a common tangent to all 
the circles. 

Scholium, 2. Two circumferences must occupy with res- 
pect to each other, one of the five positions above indi- 
cated. 

IsU They may intersect each other in two points : 
2d, They may touch each other externally: 
Zd, They may be external, the one to the other: 
4:ih, They may touch each other internally : 
bth. The one may be entirely within the other. 

PBOPOSITION XV. TBEOEEM. 

In the sam^e circle^ or in equal circles^ radii making equal 
angles at the centre, intercept eqvxil arcs on the circumference. 
And conversely : If ike arcs intercepted are equal^ ther angles 
contained hy the radii are also equal. 

Let G and G be the centres of equal circles, and the 
angle AGB^DCK 

First. Since the angles 
AGB, DGE, are equal, one of 
them may be placed upon 
the other. Let the "angle -A CB 
be placed on DGE, Then 
since their sides are equal, 
the point A will evidently fall oh 2?, and the point B on 
JE The arc AB will also fall on the arc DE\ for, if the 
arcs did not exactly coincide, there would, in the one or 
the other, be points unequally distant from the centre; 
which is impossible : hence, the arc AB is equal to BE 
(A. U). 

Second, If the arc AB^JDE, the angle AGB is equal 
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to DGE. For, if these angles are not equal, suppose 
one of them, as AGB^ to be the greater, and let AGI hQ 
taken equal to DGE. From what has just been shown, 
we shall then have AI=DE] but, by hypothesis, AB is 
equal to DE\ hence, AI must be equal to AB^ or a part 
equal to the whole, which is absurd (a. 8); hence, the 
angle 'J. CS is equal to DGE, 

PROPOSITION XVI. THEOREM. 

In the same circle^ or in equal circles^ if tioo angles at the 
centre have to each other the ratio of two whole numbers^ 
the intercepted arcs will have to each other the sq^me ratio: 
or, we shall have the angle to the angle, as ilie correspond- 
ing arc to the corresponding arc. 

Suppose, for example, that the angles AGB, DGE, are 
to each other as 7 is to 4; or, what is the same thing, 
suppose that the angle M, which may serve as a common 
measure, is contained 7 times in the angle AGB, and 4 




times in DGE, The seven partial angles AGm, mGn, nGp, 
&c., into which AGB is divided, are each equal to any of 
the four partial angles into which DGE is divided; ahS 
each of the partial arcs, Am, mn, np, &.C., is equal to each 
of the partial arcs Dx, xy, &c. (p. 15). Therefore, the whole 
arc AB will be to the whole arc DE, as 7 is to 4. But 
the same reasoning would evidently apply, if in place of 
7 and 4 any numbers whatever were employed ; hence, if 
the angles AGB, DGE, are to each other as two whole 
numbers, they will also be to each other as the arcs AB, 
DE. 

Cor. Conversely : If the arcs AB, DE, are to each other 
as two whole numbers, the angles AGB, DGE will be to 



BOOK III. 71 

each other as the same whole numbers, and we shall have 

AB : DE :: AGB : DOR 
For, the paitial arcs, Am, mn^ &c., and Zte, xy, &c., being 
equal, the partial angles A Cm, mCn, kc, and DGx, xCy, &c., 
will also be equal, and the entire arcs will be to each 
other as the entire angles. 

PROPOSITION XVn. THEOREM. 

In the sam^ circle, or in eqiml circles, any iwo angles at the 
centre are to each other as the intercepted arcs. 

Let ACB and A CI) be two angles at the centres of 
equal circles : then will 

ACB : ACD 

For, if the angles are 
equal, the arcs will be equal 
(p. 15). If they are unequal, 
let the less be placed on 
the greater. Then, if the 
proposition is not true, the 
angle ACB will be to the angle ACB as the arc AB is to an 
arc greater or less than AB, Suppose such arc to be 
greater, and let it be represented hj AO] we shall thus 
have, 
the angle ACB : angle AGB : : arc AB : arc AO, 
Next conceive the arc AB to be divided into equal parts, each 
of which is less than BO] there' will be at least one point 
of division between B and 0; let / be that point; and 
draw CI. Then the arcs AB, AI, will be to each other 
as two whole numbers, and by the preceding theorem, we 
shall have, 

angle AGB : angle AGI : : arc AB : arc AI. 
Comparing the two proportions with each other, we see 
that the antecedents in each are the same: hence, the con- 
sequents are proportional (b. ii., p. 4) ; and thus we find, 

the angle ACB : angle AGI : : arc J.0 : arc AT. 
But the arc -40 is greater than the arc AI\ hence, if this 
proportion is true, the angle AGB must be greater than the 
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angle AGJ: on the contrary, however, i: is less; hence, 
the angle AGB cannot be to the angle ACD as the ai'C AB 
is to an arc greater than AD. 

By a process of reasoning entirely similar, it may be 
shown that the fourth term of the proportion cannot be 
ess than AD] hence, it is AD itself; therefore, we have 
angle ACB : angle AGD : : arc AB : arc AD. 

Scholium 1. Since the angle at the centre of a circle, 
and the arc intercepted by its sides, have such a connec- 
tion, that if the one be augmented or diminished, the other 
will be augmented or diminished in the same ratio, we are 
authorized to assume the one of these magnitudes as the 
measure of the other; and we shall henceforth assume the 
arc AB as the measure of Hie angle ACB. It is only neces- 
sary, in the comparison of angles with each other, that the 
arcs which serve to measure them, be described with equal 
radii. 

Scholium 2. An angle less than a right angle will be 
measured by an arc less than a quarter of the circumfer- 
ence: a right angle, by a quarter of the circumference: 
and an obtuse angle by an arc greater than a quarter, and 
less than half the circumference. 

Scholium 3. It appears most natural to measure a quan- 
tity by a quantity of the same species; and upon this 
principle it would be convenient to refer all angles to the 
right angle. This being made the unit of measure, an 
acute angle would be expressed by some number between 
and 1 ; an obtuse angle by some number between 1 and 2. 
This mode of expressing angles would not, however, be 
the most convenient in practice. It has been found more 
simple to measure them by the arcs of a circle, on account 
of the facility with which arcs can be made to correspond 
to angles, and for various other reasons. At all events, if 
the measurement of angles by the arcs of a circle is in 
any degree indirect, it is still very easy to obtain the direct 
and absolute measure by this method; since, by comparing 
the foui^h part of the circumference with the arc which 
serves as a measure of any angle, we find the ratio of a 
right angle to the given angle, which is the absolute measure. 
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Scholium 4. All that has been demonstrated in the last 
three propositions, concerning the comparison of angles 
with arcs, holds true equally, if applied to the comparison 
of sectors with arcs. For, sectors are not only equal when 
their angles are so, but are in all respects proportional to 
heir angles; hence, two sectors AOB^ ACD^ taken in the 
same circle^ or in equal circles^ are to each other as tJie arcs 
AB, AD, the bases of those sectors. Hence, it is evident that 
the arcs of equal circles, which serve as a measure of cor- 
responding angles, are proportional to their sectors. 



PROPOSITION XVm. THEOEEM. 

Any inscribed angle is measured by half the arc included 
between its sides. 

Let BAD be an inscribed angle, and let us first sup-* 
pose the ceiitre of the circle to lie within the angle BAD. 
Draw the diameter AGE^ and the radii Cff, CD. 

The angle BCE, being exterior to 
the triangle ABC, is equal to the sum 
of the two interior angles CAB, ABC 
(b. I., p. 25, c. 6) : but the triangle BA C 
being isosceles, the angle CAB is equal 
to ABO] hence, the angle BCE is double 
BAC Since BCE is at the centre, 
it is measured by the arc BE (p. 17, s. 1); 
hence, BAC will be measured by the 
half of BE, For a like reason, the angle CAD will be 
measured by the half of ED; hence, BAC + CAD, or BAD 
will be measured by half of BE+ED, or half of BED. 

Secondly. Suppose the centre C to 
lie without the angle BAD. Then, draw- 
ing the diameter ACE, the angle BAE 
will be measured by the half of BE] 
the angle DAE by the half of DE: 
hence, their difference, BAD, will be 
measured by the half of BE minus the 
half of ED, or by the half of BD, 
Hence, every inscribed ^angle is measured 
by half the arc included between its sides. 
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Cor. 1. All the angles AlC, jBjDC; 
BEC^ inscribed in the same segment 
are equal; because they are each 
measured by half of the same arc 
BOO. 

Cor. 2. Every angle BAD, inscrib- 
ed in a semicircle is a right angle; 
because it is measured by half the 
semicircumference BOD, that is, by 
the fourth part of the whole circum- 
ference (p. 17, s. 2). 

Cor. 3. Every angle BAO, inscrib- 
ed in a segment greater than a semi- 
circle, is an acute angle; for it is 
measured by half the arc BOO, less 
than a semicircumference (p. 17, s. 2). 

And every angle BOO, inscribed 
in a segment less than a semicircle, is 
an obtuse angle ; for it is measured by half the arc BA CJ 
greater than a semicircumference. 

Cor. 4. The opposite angles A and 
Cj of an inscribed quadrilateral ABOD, 
xre together equal to two right angles : 
for, the angle BAD is measured by 
half the arc BOD, the angle BCD is 
measured by half the arc BAD ; hence, 
the two angles BAD, BOD, taken together, are measured 
by half the circumference; hence, their sum is equal to 
two right angles (p. 17, s. 2). 





PROPOSITION XIX. THEOREM. 

The angh formed by two chords, which intersect each other, is 
measured by half the sum of the arcs included between its sides. 

Let AB, CD, be two chords intersecting each other at 
E: then will the angle AEC, or DEB, be measured by 
half of AO+DB. 
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Drsiw'AF parallel to DC: the 
arc DF will be equal to 4C (p. 10), 
and the angle FAB equal to the 
angle DFB (b. i., p. 20, c. 8). But the 
angle FAB is measured by half the 
arc FDB (p. 18) ; therefore, DEB is 
measured by half ofFDB; that 
is, by half of DB+DF, or half of 
J)B-\-Aa 

To prove the same for the angle DFA, or its equa^ 
BFC. Draw the chord AC. Then, the angle DCA will 
be measured by half the arc DFA ; and the angle BA C 
by half the arc CB (p. 18). But the outward angle AFD, 
of the triangle FAC, is equal to the sum of the angles 
A and C (b. i., p. 25, c. 6) ; hence, this angle is measured 
by one-half of BC plus one-half of AFB ; that is, by half 
the sum of the intercepted arcs. By drawing a chord 
BC, similar reasoning would apply to the angle AFC or 
DFB. 



PROPOSITION XX. THEOREM. 



The angle formed by two secants, is measured by half the 
difference of the arcs included between its sides. 



Let AB, AC, he two secants : then will the angle BA C 
be measured by half the difference of the arcs BFC and 
BF. 

Draw BF parallel to AC: the 
arc FC will be equal to DF (p. 
10), and the angle BBF equal to 
the angle BAC (b. i., p. 20, c. 3). 
But BBF is measured by half the 
arc BF (p. 18) ; hence, BAC ia also 
measured by half the arc BF] 
that is, by half the difference of BFC 
and FC, and consequently, by half 
the difference of BFC and BF. 
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PBOPoernoN xxr. theorem. 

Any angle formed by a tangent and a chord passing through 
the point of contact, is measured by half the arc included 
bettveen its sides. 

Let BUI be a tangent, and AC b, chord* 

From Aj the point of contact, draw 
the diameter AD, The angle BAD is 
a right angle (p. 9), and is measured by 
half the semicircumference AMD (p. 17, 
s. 2) ; the SLagle^DAC is measured by the 
half otDC] hence, BAD+DA (7, or BA G, 
is measured by the half of AMD plus 
the half of DG^ or by half the whole 
arc AMDG. 

It may be shown, by taking the difference of the 
angles DAE, DAG, that the angle GAE is measured by 
half the arc AG, included between its sides. 




PROBLEMS 
RELATING TO THE FIRST AND THIRD BOOKS 

PROBLEM I. 

To bisect a given straight line. 



D 



Let AB be the given straight line. 

From the points A and B as cen- 
tres, with a radius greater than the half 
of AB, describe two arcs cutting each 
other in D', the point D will be equal- 
ly distant from A and J5. Find, in like ^ 
manner, above or beneath the line AB, 
a second point E, equally distant from 
the points A and B] through the two 
points D and E, draw the line DE, 
and the point C, where this line meets AB, will be equally 
distant from A and B, 
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i*or, the two points D and E^ being each equally dis- 
tant from the extremities A and J5, must both lie in the 
perpendicular raised at the middle point of AB (b. l, p. 16, c). 
But only one straight line can be drawn through two 
given points (a. 11) ; hence, the line DE must itself be that 
perpendicular, which divides AB into two equal parts. 

PROBLEM II. 

At a given pointy in a given straight line, to erect a perpendio 
ular to that line. 

Let BO be the given line, and A the given point. 

Take the points B and at equal 
distances from A; then from the points /^ 

B and C as centres, with a radius great- 
er than BAj describe two arcs inter- 
secting each other at I) ; draw AD and —^ 
it will be the perpendiculiar required. 

For, the point I), being equally distant from B and (7, 
must be in the perpendicular raised at the middle of BO 
(b. I., p. 16) ; and since two points determine a line, AB is 
that perpendicular. 

Scholium, The same construction serves for making a 
right angle BAD^ at a given point -4, on a given straight 
line BO. 

PEOBLEM III. 

From a given point, without a straight line, to let fall a per- 
pendicular on that line. 

Let A be the point, and BD the given straight line. 

From the point A as a centre, and 
with a radius sufficiently great, des- 
cribe an arc cutting the line BD in 
two points B and D] then mark a 
point E, equally distant from the 
points B and D, and draw AE: it 
will be the perpendicular required. 

For, the two points A and E are each equally distant 
from the points B and D ; hence, the line AE is a perpen- 
dicula^r passing through the middle of BD (b. i., p. 16, o). 
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PBOBLEM IV. 

At a point in a given line, to construct an angle egual to a 

given angle. 

Let A be the given point, AB the given line, and IKL^ 
the given angle. 

From the vertex Z", as a 
centre, with any radius, -£7j 
describe the arc IL, termina- 
ting in the sides of the angle. 
From the point J. as a centre, with a distance AB, equal 
to KI, descinbe the indefinite arc B0\ then take a radius 
equal to the chord LI, with which, from the point j5 as a 
centre, describe an arc cutting the indefinite arc BO, in D\ 
draw AD] and the angle BAD will be equal to the given 
angle K. 

For, the two arcs BD, LI, have equal radii, and equal 
chords ; hence, they are equal (p. 4) ; therefore, the angles 
BAD, IKL, measured by them, are also equal (p. 15). 

PROBLEM V. 

To bisect a given arc, or a given angle. 

First Let it be required to divide the arc AJEB into 
two equal parts. From the points A and B, as centres, 
Wxth equal radii, describe two arcs cutting each other in 
D] through the point D and the centre C, draw CD: it 
will bisect the arc AB in the point E. 

For, the two points C and D are 
each equally distant from the extremi- 
ties A and B of the chord AB] hence, 
the line CD bisects the chord at right 
angles (b. l, p. 16, c) ; and consequent- 
ly, it bisects the arc AEB in the point 
JE (p. 6). 

Sec(mdly. Let it be required to divide the angle ACB 
into two equal parts. We begin by describing, from the 
vertex CJ aa a centre, the arc AEB] which is tlien bisect- 
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ed as above. It is plain that the line CB will divide the 
angle ACB into two equal parts (p. 17, S. 1). 

Scholium. By the same construction, each of the halves 
AE^ BBy may be divided into two equal parts ; and thus, 
by successive subdivisions, a given angle, or a given arc, 
may be divided into four equal parts, into eight, into six- 
teen, and so on. 

PKOBLEM VI. 

Thrcmgh a given painty to draw a line parallel to a given 
straight line. 

Let A be the given point, and BO the given line. 

From the point ^ as a centre, 
with a radius ^jEJ greater than the 
shortest distance from A to BO^ 
describe the indefinite arc EO ; 
from the point ^ as a centre, 
with the same radius, describe the arc AF] lay off ED=^ 
AF, and draw AD: this is the parallel required. 

For, drawing AEy the angles AEF, EAD, axC equal 
(p. 15) ; therefore, the lines AD, ^F, are parallel (b. i., 
P. 19, c. 1). 

PROBLEM VII. 
Two angles of a triangle being given, to find the third. 

Let A and B be the given angles. 

Draw the indefinite line DEF\ 
at any point as E, make the angle 
DEC equal to the angle A, and 
the angle GEH equal to the other 
angle B\ the remaining angle HEF 
will be the third angle required ; because, these three angles 
are together equal to two right angles (b. i., p. 1, c. 3), and 
so are the three angles of a triangle (b. I., p. 25) ; conse- 
quently, HEF is equal to the third angle of the triangle 
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PROBLEM Vni. 

Two sides of a triangle, and the angle which Hiey ccmtain^ being 
Qiven, to construct the triangle. 

Let the lines B and G be equal to the given sides, and 
A the given angle. 

Having drawn the indefinite 
line DF, make at the point D, 
the angle FDB equal to the given 
angle JL; then take i>G^=^,i)5'= 
C; and draw Off : DGff will be 
the triangle required (b. l, p. 5). 



B 
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PROBLEM IX. 

A side and two angles of a triangle being given, to construct 

tJie triangle. 

The two angles will either be 
both adjacent to the given side, 
or one will be adjacent, and the 

other opposite: in the latter case 

find the third angle (prob. 7), ^ E 

and the two adjacent angles will be known. Then draw 
the straight line DF, and make it equal to the given side: 
at the point i), make an angle FDF, equal to one of the 
adjacent angles, and at F, an angle DFG equal to the 
other ; the two lines DF, FG, will intersect each other in 
ff] and BFff will be the triangle required (b. I., P. 6). 




PROBLEM X. 
The three sides of a triangle being given, to construct the triangle. 

Let A, B, and 0, denote the three given sides. 

Draw DF, and make it equal 
to the side A ; from the point JJ 
as a centre, with a radius equal 
to the second side B, describe an 
arc; from jS' as a centre, with a 
radius equal to the third side CJ 
describe another arc intersecting the former in F; draw 
DF, EF] and DEF will be the triangle required (b. I., P. 10). 




AJ- 
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Scholium, If one of ^ the sides were greater than the 
sum of the other two, the arcs would not intersect each 
6ther, for no such triangle could exist (b. I., p. 7) : but the 
solution will always be possible, when the sum of any two 
of the lines, is greater than the third. 




PBOBLEM XL 

Tu)0 sides of a triangle, and the angle opposite one of them, 
being given, to constnict the triangle. 

Let A and B be the given sides, and the given angle. 
There are two cases. 

First. When the angle G is 
a right angle, or when it is ob- 
tuse. Draw DF and make the 
angle FDE=C\ take i)^=ul : 
from the point ^ as a centre, 
with a radius equal to the given 
side B^ describe an arc cutting 
DF in F] draw EF] then DEF 
will be the triangle required. 

In this case, the side B must 
be greater than A ; for the angle C being a right angle, or 
an obtuse angle, is the greatest angle of the triangle (b. I., 
p. 25, c. 3), and the side opposite to it must, therefore, also 
be the greatest (b. i., p. 13). 

Secondly. If the angle is 
acute, and B greater than A, the 
same construction will again ap- 
ply, and DEF will be the trian- 
gle required. 

But if the angle C is acute, 
and the side B less than A^ then 
the arc described from the centre 
jE> with the radius EF=B^ will 
cut the side DF in two points 
F and (?, lying on the same side 
of D : hence, there will be two 

triangles DEF, DEG, either of which will satisfy all the 
conditions of the problem. 
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Scholium. If the arc described with JSr as a centre, should 
be taDgent to the line DO, the triangle would be right 
angled, and there would be but one solution. The pro- 
blem will be impossible in all cases, when the side B is less 
tlian the perpendicular let fall jfrom JS on the line DF. 

PBOBLEM XII. 

The adjacent sides of a parallelogram and their included angle 
being given, to construct the parallelogram. 

Let A and B be the given sides, and C the given angle. 

Draw the line DH, and 
lay off DE equal to A : at 
the point D, make the angle 
EDF=G] takeI)F=B] des- 
cribe two arcs, the one from D^ g --H 

^ as a centre, with a radius * _^ I 

FQ^DE, the other from E ^^ , [C 

as a centre, with a radius E& 

^DF', to the point G, where these arcs intersect each other, 

draw FO, EG ; DEGF will be the parallelogram required. 

For, the opposite sides are equal, by construction; 
hence, the figure is a parallelogram (b. i., p. 29) ; and it is 
formed with the given sides and the given angle. 

Cor, If the given angle is a right angle, the figure will 
be a rectangle ; if, in addition to this, the sides are equal, 
it will be a square. 

PROBLEM XIII. 

To find the centre of a given circle or arc 

Take three points. A, B, 
C, anywhere in the circum- 
ference, or in the arc; draw 
AB, BCj or suppose them to 
be drawn; bisect these two 
lines by the perpendiculars 
BE, FG (PROB. 1) : the point 
0, where these perpendicu- 
lars meet, will be the centre 
nought (p. 6, s). 
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Sclwlium, The same construction serves for making a 
circumference pass through three given points -4, -B, C\ 
and also for describing a circumference, which shall cir- 
cumscribe a given triangle ABC. 



PEOBLEM XIV. 

Through a given pointy to draw a tangent to a given circle. 

Let A be the given point, and C the centre of the 
given circle. 

A D 

If the given point A lies in the 
circumference, draw the radius CM, and 
erect AD perpendicular to it : AD will 
be the tangent required (p. 9). 

If the point A lies without the cir- 
cle, join J. and the centre, by the 
straight line CA : bisect CM in ; 
from as a centre, with the radius 
OCJ describe a circumference intersect- 
ing the given circumference in J5; 
draw AB : this will be the tangent 
required. 

For, drawing CS, the angle CBA 
being inscribed in a semicircle is a 
right angle (p. 18, c. 2) ; therefore, AB is a perpendicular at 
the extremity of the radius CB ; hence, it is a tangent (p. 9). 

Scholium 1. When the point A lies without the circle, 
there will be two equal tangents, AB, AD, passing through 
the point A : for, there will be two right-angled triangles, 
CBAj GDA, having the hypothenuse CA common, and the 
side CB^CD] hence, there will be two equal tangents, 
AB, AD, The angles CAD, CAB, are also equal (b. 1., p. 17). 

Scholium 2. As there can be but one line bisecting the 
angle BAD, it follows, that the line which bisects the angle 
formed by two tangents, must pass through the centre of 
tho circle. 
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PROBLEM XV. 

To inscribe a circle in a given triangle. 

Let ABO be tlie given triangle. — 

Bisect the angles A and B, 
by tbe lines AO aDd j50, 
meeting in the point (prob. 
5); from the point 0, let fall 
the perpendiculars OjD, OE, OF 
(PEOB. 3), on the three sides of 
the triangle : these perpendic- . 
nlars will all be equal. 

For, by construction, we have the angle DAO=OAF^ 
the right angle ADO=AFO ; hence, the third angle AOD 
is equal to the third A OF (b. i., P. 25, c. 2). Moreover, 
the side -4.0 is common to the two triangles -4. OZ^, A OF] 
and the angles adjacent to the equal side are equal : hence, 
the triangles themselves are equal (b. l, p. 6); and DO la 
equal to OF. In the same manner it may be shown that 
the two triangles BOD, BOE, are equal ; therefore OD is 
equal to OF ; hence, the three perpendiculars OD, OF, OF, 
are all equal. 

Now, if from the point as a centre, with the radius 
OD, a circle be described, this circle will be inscribed in 
the triangle ABC (d. 11) ; for, the side AB, being perpen- 
dicular to the radius at its extremity, is a tangent (p. 9) ; 
and the same thing is true of the sides BO, AC. 

Scholium, The three lines which bisect the three angles 
/>f a triangle meet in the same point. 

PROBLEM XVI. 

On a given straight line to describe a segment that shall contain 
a given angle; that is to say, a segment smh, that any 
angle inscribed in it shall be equal to a given angle. 

Let AB be the given straight line, and C the given angle. 
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Produce AB towards D, At the point B^ make the 
angle I)BE=C\ draw BO perpendicular to BE, and at 
the middle point (?, draw 00 perpendicular to AB: from 
the point 0, where these perpendiculars meet, as a centre, 
with the distance OB, describe a circumference : the re- 
quired segment will be AMB. 

For, since BF is perpendicular to the radius OB at its 
extremity, it is a tangent (p. 9), and the angle ABF is 
measured by half the arc AEB (p. 21). Also, the angle 
AMB, being an inscribed angle, is measured by half the 
arc AKB (p. 18): hence, we have AMB^ABF-=^EBD^C\ 
hence, any. angle inscribed in the segment AMB is equal 
to the given angle G, 

Scholium. If the given angle were a right angle, the 
required segment would be a semicircle described on AB as 
a diameter. 



PKOBLEM xvn. 



Two angles being given, to find their common measure, if ihxy 
have one, and by means of it, their ratio in numbers. 

Let GAD and EBFhe the given angles. With A and B 
as centres, and with equal radii 
describe the arcs GB, EF, to 
serve as measures for the angles. 
Afterwards, proceed in the com- 
parison of the arcs GB, EF^ in 
the same manner as in the 
comparison of two straight lines (b. il., D. 4) ; since an arc 
may be cut off from an arc of the same radius, as a straight 
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line from a straiglit line. We 
shall thus arrive at the com- 
mon measure of the arcs CD, 
EF^ if they have one, and 

thereby at their ratio in num- 

bers. This ratio will be the ^ 

same as that of the given angles (p. 17) ; and if -DO is the 
common measure of the arcs, the angle DAO will be that 
of the angles. 

Scholium, According to this method, the absolute value 
of an angle may be found by comparing the arc which 
measures it, with a quarter circumference. For example, if a 
quarter circumference is to the arc GD as 8 to 1, then, 
the angle A will be J of one right angle, or ^^ of four 
right angles. 

It may also happen, that the arcs compared have no 
common measure; in which case, the numerical ratios of 
the angles will only be found approximatively with more 
or less correctness, according as the operation is continued 
a greater or less number of times. 



BOOK IV. 

FKOPORXrONS OF FIGURES— MEASUREMENT OF AREAS. 



DEFINITIONS. 

^.": ^-^\. '// 

1. Similar Figures are those whicli are mutually equi- 
angular (b. I., D. 22), and have their sides about the equal 
angles, taken in the same order, proportional. 

2. In figures which are mutually equiangular, the angles 
which are equal, each to each, are called homologous angles : 
and the sides which are like situated, in respect to the 
equal angles, are called homologous sides. 

3. Area, denotes the superficial contents of a figure. 
The area of a figure is expressed numerically by the num- 
ber of times which the figure contains some other figure 
regarded as a unit of measure. 

4. Equivalent Figures are those which have equal 
areas. The term equal^ when applied to quantity in gen- 
eral, denotes an equality of measures; but when applied 
to geometrical figures it denotes an equality in every re- 
spect; and such figures when applied the one to the other, 
coincide in all their parts (a. 14). The term equivalent^ 
denotes an equality in one respect only; viz.: an equality 
between the measures of figures. The sign o, denotes 
equivalency, and is read, is equivalent to, 

5. Two sides of one figure are sa^d to be reciprocally 
proportional to two sides of another, when one of the sides 
of the first is to one of the sides of the second, as the 
remaining side of the second is to the remaining side of 
the first. 
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6. Similar Arcs, Sectors, or, Segments, are 
which in different circles, correspond to equal angles 
centre. 

• Thus, if the angles A and are 
equal, the arc BFG will be similar to 
DQE^ the sector BAG to the sector 
DOE^ and the segment BCF^ to the 
segment BEG, 

7. The Altitude of a triangle is the 
perpendicular let fall from the vertex of 
an angle on the opposite side, or on that 
side produced : such side is then called 
a hojse. 

8. The altitude of a parallelogram 
is the perpendicular distance between 
two opposite sides. These sides are 
called hoses, 

9. The altitude of a trapezoid is the 
perpendicular distance between its two 
parallel sides. 
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at the 




El^ 



PROPOSITION I. THEOREM. 

Parallelograms which have equal loses and equal altitudes^ art 

equivalent 

Since the two parallelograms have equal bases, those 
bases may be placed the one on the other. Therefore, let 
AB be the common base of the two parallelograms ABOD^ 
ABEF^ which have the same altitude: then will they be 
equivalent. 

For, in the parallelogram D OF E D_F_C_E 
ABGD^ we have 

AB =D C; and AD^BG (b. l, p. 28) ; 

and in the parallelogram ABEF^ 
we have, 

AB=EF, and AF=BE: 
hence, I)G=EF (a. 1). 

Now, if from the line BE, we take away 2>CJ there will 




B 
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• remain GE\ and if from the same line we take away EF^ 
there will remain DF] 
hence, GE^DF (a. 3) ; 

therefore, the triangles ADF and BCE are mutually equi- 
lateral, and consequently, equal (b. i., p, 10). 

But if from the quadrilateral ABED^ we take away the 
triangle ADF^ there will remain the parallelogram ABEF] 
and if from the same quadrilateral, we take away the equal 
triangle BCE^ there will remain the parallelogram ABGD. 
Hence, any two parallelograms, which have equal bases and 
equal altitudes, are equivalent. 

Scholium, Since the rectangle and square are parallelo- 
grams (b. I., D. 25), it follows that either is equivalent to 
any parallelogram having* an equal base and an equal 
altitude. And generally, whatever property is proved afl 
belonging to a parallelogram, belongs equally to every 
variety of parallelogram. 

PKOPOSITION n. THEOREM, 

If a triangle and a parallelogram have equal ba^es and equai 

alt^udesj the triangle will he equivalent to half the par* 

allefogram. 

Place the base of the triangle on that of the parallelo- 
gram ABFDi then will they have a common base AB. 

Now, since the triangle and the j) F E 

parallelogram have equal altitudes, 
the vertex CJ of the triangle, will 
be in the upper base of the par- 
allelogram, or in that base pro- A B 
longed (b. l, p. 23). Through A^ draw AE parallel to BG^ 
forming the parallelogram ABGE. 

Now, the parallelograms ABFD^ ABGE^ are equivalent, 
having the same base and the same altitude (p. 1). But the 
triangle ABG\& half the parallelogram BE(^. i., P. 28, c, 1): 
therefore, it is equivalent to half the parallelogram BD 
(A. 7). 

Got. All triangles which have equal bases and equal 
altitudes are equivalent, being halves of equivalent paral- 
lelograms. 
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PfiOPOSlTION m. THEOBKM, 

Ihw rectangles having equal altitudes are to each other as their 

bases. 



D 



E 



B 



Let ABCI), AEFD, be two rectangles having tlie com 
mon altitude AD: they are to each other as their bases 
AB, AK 

First. Suppose that the bases 
are commensurable, and are to 
each other, for example, as the 
numbers 7 and 4. K AB be di- 
vided into 7 equal parts, AE 
will contain 4 of those parts. *At each point of division 
erect a perpendicular to the base ; seven partial rectangles 
will thus be formed, all equal to each other, because they 
have equal bases and the same altitude (p. 1, s). The rec^ 
tangle ABCD will contain seven partial rectangles, while 
AEFD will contain four: hence, the rectangle 

ABCD : AEFD :: 7 : 4:, or eis AB : AR 

The same reasoning may be applied to any other ratio 
equally with that of 7 to 4 : hence, whatever be the ratio, 
we have, when its terms are commensurable, 

ABCD : AEFD : : AB : AM 

Second. Suppose that the bases AB^ 
AEj are incommensurable: we shall still 
have 



ABCD 



AEFD 



AB 



AE 




EIOB 



For, if the rectangles are not to each 
other in the ratio o{ AB to AE, they are to each other in 
a ratio greater or less: that is, the fourth term must be 
greater or less than AE. Suppose it to be greater, and 
that we have 



ABCD : AEFD 



AB : AO. 



Divide the line AB into equal parts, each less than EO. 
There will be at least one point l of division between E 
and 0: from this point draw IK perpendicular to -4/, 
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forming the new rectangle AK: then, since the bases AB^ 
AI, are commensurable, we have, 

ABOD : AIKD :: AB : AL 
But by hypothesis we have 

ABOD : AEFD : : AB : AO. 

In these two proportions the antecedents are equal; 
hence, the consequents are proportional (b. Ii., P. 4), that is, 
AIKD : AEFD : : AI : AO. 

But AO is greater than AI; which requires that the 
rectangle AEFD be greater than AIKD: on the contrary, 
however, it is less (a. 8); hence, the proportion is not true; 
therefore ABCD cannot be to AEFD^ as AB is to a line 
greater than AE. » 

In the same manner, it may be shown that the fourth 
term of the proportion cannot be less than AE] therefore, 
being neither greater nor less, it is equal to AE, Hence, 
any two rectangles having equal altitudes, are to each other 
as their bases. 

PROPOSITION IV. THEOREM. 

Any two rectangles are to each other as the products of their 
bases and altitudes. 

Let ABGD, AEOF^ be two rectangles; then will the 
rectangle, 

ABOD : AEGF :: ABxAD : AExAF 

Having placed the two rect- 
angles, so that the angles at A 

are opposite, produce the sides ^, j ,„ 

GE, CD, tiU they meet in K ' ^"^ 

Then, the two rectangles ABCD, 

AEIIDy having the same altitude 

AD, are to each other as their bases AB, AE: in like 

manner the two rectangles AEHD, AEOF, having the same 

altitude AE, are to each other as their bases AD, AF^ 

thus we have, 

ABCD : AEHD : : AB : AE, 
AEHD : AEQF : : AD : AF. 
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Multiplying the corresponding terms of these propor- 
tions together (b. il, p. 13), a^d omitting the fector AEHD, 
which is common to both the antecedent and consequent 
(b. il, p. 7), we have 

ABCD : AEQF :: ABxAD : AExAF. 

Scholium 1. If we take a line of a given length, as one 
inch, one foot, one yard, &c., and regard it as the linear 
unit of measure, and find how many times this unit is 
contained in the base of any rectangle, and also, how many 
times it is contained in the altitude : then, the product of 
these two ratios may be assumed as the measure of the 
rectangle. 

For example, if the base 
of the rectangle A contains 
ten units and its altitude three, 
the rectangle will be repre- 
sented by the number 10x3 

=30; a number which is entirely abstract, so long as we 
regard the numbers 10 and 3 as ratios. 

But if we assume the squaxe constructed on the linear 
unit, as the unit of surface, then, the product will give 
the number of superficial units in the surface ; because, for 
one unit in height, there are as many superficial units as 
there are linear units in the base; for two units in height, 
twice as many ; for three units in height, three times as 
many, &c. 

In this case, the measurement which before was merely 
relative, becomes absolute: the number 30, for example, 
by which the rectangle was measured, now represents 30 
superficial units, or 30 of those equal squares described on 
the unit of linear measure : this is called the Area of the 
rectangle. 

Scholium 2. In geometry, the product of two lines fre- 
quently means the same thing as their recton^fe, and this 
expression has passed into arithmetic, where it serves to 
designate the product of two unequal numbers. The term 
square is employed to designate the product of a nurabei 
multiplied by itsel£ 
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The squares of tlie numbers 1, 2, 3, 
&c., are 1, 4, 9, &c. So likewise, the 
geometrical square constructed on a 
double line is evidently four times as 
great as the square on a single one ; on 
a triple line it is nine times as great, 
&c. 




PROPOSITION V. THEOREM. 

The area of a parallelogram is equal to the product of its hose 
and altitude. 

Let ABGD be any parallelogram, and BE its altitude: 
then will its area be equal to ABxBE. Draw BE -per" 
pendicular to AB^ and complete the rectangle ABEF. 

The parallelogram ABOD is equiv- ? ^B ^ ^ 

alent to the rectangle ABEF (p.l,s.); 
but this rectangle is measured by ABx 
BE (p. 4, s. 1); therefore, ABxBE is 
equal to the area of the parallelogram ABGD, 

Oor, Parallelograms of equal bases are to each other as 
their altitudes ; and parallelograms of equal altitudes are to 
each other as their bases. For, let and D denote the 
altitudes of two parallelograms, and B the base of each : > 

then, BxO : BxD :: : i? (b. ii., p. 7), 

If A and B are the bases, and G the altitude of each, we 
shall have, 

AxG : BxG :: A : B: 

and parallelograms, generally, are to each other as the pro- 
ducts of their bases and altitudes. 



PROPOSITION VI. THEOREM. 

The area of a triangle is equal to half the product of its Ixise 
and altitude. 

Let BAG be a triangle, and AD perpendicular to the 
base: then will its area be equal to one-half of BGxAD, 
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For, draw GE parallel to BA^ and A -g 




/ 



AE parallel to BOy completing the par* 
allelogram BE. Then, the triangle ABG 

is half the parallelogram ABGE, which -5 ^ff^r 

has the same base BG, and the same 
altitude AD (p. 2) ; but the area of the parallelogram is 
equal to BGxAD (p. 5); hence, that of the triangle must 
be i-BGxAD, or BGx^AB. 

Gor, Two triangles of equal altitudes are to each other 
as their bases, and two triangles of equal bases are to each 
other as their altitudes. And triangles generally, are to 
each other, as the products of their bases and altitudes. 

PEOPOSITION Vn. THEOREM. 

The area of a trapezoid is equal to the product of its altitude^ 
hy half the sum of its parallel bases. 

Let ABGD be a trapezoid, EF its altitude, AB and GD 
its parallel bases: then will its area be equal to EFx 
\{AB+GD). 

Through I, the middle point of the 
side BG^ draw KL parallel to the op- 
posite side AD] and produce DG till 
it meets KL. 

In the triangles IBL^ IGK^ we have A F L B 

the side IB=IG, by construction; the angle LIB=GIK 
(b. I., P. 4) ; and since GK and BL are parallel, the angle 
IBL—IGK (b. I., p. 20, c. 2) ; hence, the triangles are equal 
(b. I., p. 6) ; therefore, the trapezoid ABGD is equivalent to 
the parallelogram ALKD^ and consequently, is measured by 
EFXAL (p. 5). 

But we have AL=^DK] and since the triangles IBL 
and KGI are equal, the side 5i=(7ir: hence AB+CD^ 
AL-{-DK^2AL ; hence, AL is the half sum of the bases 
AB^ GD ; hence, the area of the trapezoid ABGD^ is equal 
to the altitude EF multiplied by the half sum of the bases 
AB^ CD^ a result which is expressed thus: 

AB-\-GD 
ABGD=EFx^^^ 
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Scholium, If throtigli I, the middle point of BG, the 
line IH be drawn parallel to the base AB, it will bisect 
AD at K For, since the figure ALIH is a parallelogram, 
as also, HIKD^ their opposite sides are parallel, and we 
have^5'=/i, smi BH^^IK; but since the triangles ifi7, 
IKG, are equal, we have IL^IK] therefore, AH—HD. 

But since the line HI^AL^ it is also equal to ; 

hepce, the area of the trapezoid may also be expressed 
by EFxHI] consequently, the area of a trapezoid is eqvxd 
to its altitude multiplied by the line which connects the middle 
points of its inclined sides. 



PBOPOSITION Vin. THEOBEM. 

The square described on the sum of two lines is equivalent to 
the sum of the squares described on the lines, together with 
twice the rectangle contained by the lines. 

Let AB^ BO, be any two lines, and AC their sum; 
then 

AO^ OT {AB+BOfr^AB^ + BG^ + 2ABX BO. 

On AG describe the square AGDE] take AF—AB\ 
draw FO parallel to -4(7, and BH parallel to AE. 

The square AGDE is made up of j; H D 

four parts; the first ABIF is the square 
described on AB^ since .we made AF = 
AB: the second IGDH is the square 
described on 10^ or BG\ for, since we 
have AG=AE and AB=AF, the dif- 



G 



ference, AG— AB- must be equal to the ^ B C 

difierence AE—AF, which gives BG = EF; but IG is 
equal to BG^ and DG to EF, because of the parallels; 
therefore, lODH is equal to a square described on BG. 
Kow, if these two squares be taken away from the large 
square, there will remain the two rectangles BGGI^ 
FIHE^ each of which is measured by ABxBG: hence, 
the square on the sum of two lines is equivalent to 
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the sum of the squares on the lines, together with twice 
the rectangle contained by the lines. 

Cor, If the line AC were divided into two equal parts, 
the two rectangles FH, BQ, would become squares, and the 
square described on the whole line would be equivalent ^to 
four times the square described on half the line. 

Scholium, This property is the same as the property 
demonstrated in algebra, in obtaining the square of a 
binomial ; which is expressed thus : 

{a+bf=a^+2ab-ht^. 



PROPOSITION IX. THEOBEM. 

T?ie square described on the difference of two lines, is equivalent 
to the sum of the squares described on the lines, diminished 
by twice the rectangle contained by the lines. 

Let AB, BOy be two lines, and AC *heir difference; 
then, 2^', or {AB-BCfoA]^+B(f-2ABxBC 
On AB describe the square ABIF\ LF Q_I 



take AE=^AO\ through C draw CQ 

parallel to BI, and through E draw K' — ^ g 

^^ parallel to AB, and prolong it 
to K, making EK=CB, and then 

complete the square KEFL. ~ — — _ — 

Since iri?=4^, and 5C^=ZZ, the ^ 

two rectangles CI, KO, are each measured by ABxBG: 

the whole figure ABILKEA, is equivalent to AB +BC' ; 
take from each the two rectangles CI, KG, and there will 
remain the square ACDE, equivalent to AB +BC^ dimin- 
ished by twice the rectangle of ABxBG. 

Scholium. This property is expressed by the algebraical 
formula, 
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PBOPOSITION X. THEOEEK. 

The rectangle contained ly the sum and the difference of two 
lines, is equivalent to the difference of their squares. 

Let AB^ BOj be two lines ; then 

{AB+BG)X{AB-BG)^>^AB^-W. 

Upon AB and AG, describe the 
squares ABIF, AODE\ prolong AB 
till BK is equal to BG\ and com- 
plete tlie rectangle AKLE, and pro- 
long GD to G. 

The base AK of the rectangle 
AL is the sum of the two lines AB 
BG] and its altitude AlE is their difiference; therefore, the 
rectangle AKLE is equivalent to 

{AB+BG)X{AB-BO), 

Again, DHIG is equal to a square described on CB\ 
and since BE is equal to ED^ and BE to EF^ the rect- 
angle BL is equal to the rectangle EG\ hence, the rect- 
angle AKLE. is equivalent to ABHE plus EDGE, which 
is precisely the difference between the two squares AI and 
Z>/ described on the lines AB^ GB\ hence, we have (a.1.), 

{AB^-BG)X{AB-BG)^^AB^-B^. 

Scholium. This property is expressed by the algebraical 
formula, 

(a+6)X(a-6)=a2-63. 



PEOPOSITION XL THEOREM. 

The square described on the hypothenuse of a right-angled tri" 
angle is equivalent to the sum of the squares described on the 
other two sides. 

Let BGA be a right-angled triangle, right-angled at A: 
then will the square described on the hypothenuse BG be 
equivalent to the sum of the squares described on the other 
two sides, BA, AG, 

1 
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Having descryDed a square 
on each of the three sides, 
let fall from A, on the hy- 
pothenuse, the perpendicular 
AD, and prolong it to ^; 
and draw the diagonals AF^ 
Gil 

The angle ABF is made 
up of the angle ABC^ to- 
gether with the right angle 
CBF\ the angle CBJTis made 
up of the same angle ABC^ 
together with the right-angle ABE] hence, the angle ABF is 
equal to HBC (a. 2). But we have AB=BH, being sides of 
the same square ; and BF^BG^ for the same reason : there- 
fore, the triangles ABF^ HBG^ have two sides and the in- 
cluded angle equal, each to each ; therefore, they are them- 
selves equal (b. l, p. 5). 

But the triangle ABF is equivalent to half the rectangle 
BE^ because they have the same base jSF, and the same 
altitude BD (p. 2). The triangle HBO^ in like manner is 
equivalent to half the square AH: for, the angles BAG^ 
BAL^ being both right angles, AG and AL form*one and 
the same straight line parallel to EB (b. i., p. 3) ; hence, 
the triangle and square have equal altitudes (b. I., P. 23) ; 
they also have the common base BE] consequently, ■ the 
triangle is half the square (p. 2). 

The triangle ABF has already been proved equal to the 
triangle EBG\ hence, the rectangle BDEF^ which is double 
the triangle ABF^ must be equivalent to the square AE^ 
which is double the equal triangle EBG. In the same 
manner it may be proved, that the rectangle EOGD is equiva- 
lent to the square AL But the two rectangles FEDB^ EOGD^ 
taken together, make up the square FOGB: therefore, the 
square FOGB^ described on the hypothenuse, is equivalent 
to the sum of the squares BALE^ GIKA^ described on the 
two other sides; that is, 

BO^oAB'+AG\ 



Cor. 1. Hence, the square of one of the sides of a right- 
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angled triangle is equivalent to the square of the hypothe- 
nuae diminished by the square of the other side; thus, 

Cor. % If from the vertex of the right angle, a perpen 
dicular be let fall on the hypothenuse, the parts of tha 
hypothenuse are called segments: we shall then have, 

The square of the hypothenuse is to tiie square of either side 
about the right angle^ as the hypothenuse to the segment adjacent 
to thai side. 

For, by reason of the common altitude BF^ the square 
B& is to the rectangle BE, as BC to BD (p. 3) : but the 
square BL is equivalent to the rectangle BE\ hence 

BQ" I BA" :: BO '. BD. 

We may show, in like manner, that 

BO" : AG^ :-. BO I Da 

Oor. 3. The squares of the two sides containing the right 
angle, are to each other as the adjacent segments of the hypothe- 
nuse. 

For, the rectangles BDEF, DOGE^ having the same 
altitude, are to each other as their bases BD, CD (p. 3). 
But these rectangles are equivalent to the squares AH^ AI] 
therefore, we have 



AB" : AG^ :: BD : DC 



Oor. 4. The square described on the diagonal of a squar* 
is equivalent to double the square described on a side. 

Let ABOD be a square described on H D O 
AB, and EFGH a square described on 
the diagonal AC. The triangle ABO 
being right-angled and isosceles, we shall 
have 

AG'^o^AB'+BC'^o^iAB'. 

It is plain, that of the eight equal right-angled triangles 
which compose the square EO^ four will lie without the 
square ABGD, and four within it: hence, the square on the 
diagonal is equivalent to double the square on the side. 
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Cbr. 5. By the last corollary, we have 

i:^' : Zb' :: 2 : 1; 

hence, by extracting the square root (b. il., P. 12, c), 

AC : AB V^ : 1 : 

that is, tlie diagonal of a square is to the side as the square 
root of two to one : consequently, the diagonal and side of a 
square are incommensurable. 



PKOPOSITION XII. THEOBEM, 

In any triangle^ the square of a side opposite an acute angle is 
equivalent to the sum of the squares of the base and the 
other side^ diminished by twice the rectangle contained by the 
base and the distance from the vertex of the acute angle to 
the foot of the perpendicular let fall from the vertex of the 
opposite angle on the base, or on the base produced. 

Let ABC be a triangle, C one of the acute angles, and 
AD perpendicular to the base BC] then will 

AB^^<:>=BC^+AG'-2B0x OB. 

First. When the perpendicular falls 
within the triangle ABC, we have BB= 
BC—CD, and consequently, 

Bff=o=W+Clf-2BCx CD (p. 9). 

Adding Aff to each, and observing that 

the right-angled triangles ABD, ADC, ^ 

give Aff-^Bff^oA^, and Iff+W^oAC^, 

we have , A^^c>^B^+AG'-2BCxCD. 

Secondly. When the perpendicular AD 
falls without the triangle ABC^ we have 
BD^CD—BC] and consequently, 

55'=o= CD" hBO'-iCDxBC (p. 9). 

Adding AD^ to both, we find, as before, 

AB^^<:^BG^+AG^-2BCx CD. 
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PBOPOSITION Xm. THEOREM. 

Tn any obtuse-angled triangle, the square of the side opposite the 
obtuse angle is equivalent to the sum of the squares of the 
base and the other side, augmented by twice the rectangle 
contained^ by the base and the distance from the vertex of the 
obtuse angle to the foot of the perpendicular let fall from the 
vertex of the opposite angle, on the base produced. 

Let ACB be a triangle, C the obtuse angle, and AD 
perpendicular to BG produced; then 

I^=0=l^'+5^%25(7x CD. 
For, we have, BD=BG-^GD ; 
consequently (p. 8), 

BffoBG^+Gff+2BGx GD. 

Adding ALP to both members, and reducing as in the last 
theorem, and we have 

AB^oBG^+A^+2BGx GD. 

Scholium. The right-angled triangle is the only one in 
which the sum of the squares described on two sides is 
equivalent to the square described on the third ; for, if the 
angle contained by the two sides is acute, the sum of their 
squares is greater than the square of the opposite side; ii 
obtuse, it is less. 

PROPOSITION XIV. THEOREM. 

In any triangle, the sum of the squares described on two stdes 
is equivalent to twice the square of half the third side, plus 
twice the square of the line drawn from the middle point of 
that side to the vertex of the opposite angle. 

Let ABG be any triangle, and AS a line drawn to the 
middle of the base BG] then 

AB''+AG^o2M'''h2AB''^ 
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For, on BC^ let fall the perpendic- 
ular AD. Then, 

ACf^o^AE'+EC'-2ECxER (p. 12). 
And, 

AB'oAE'+EB''^2EBxED (p. 13). 

Hence, by adding and observing that EB and EC are 
equal, we have 

AB^^AG^O 2E^+2A^. 

Cor, 1. In any quadrilateral^ the sum of the squares of the 
four sides is equivalent to the sum of the sqvxires of tJie two 
diagonals,, plus four times the square of the line joining the 
middle points of the diagonals. 

Let ABCD be a quadrilateral, AC^ 
BDj the diagonals, and EF a line join- IV-— ^G 
ing their middle points E and F. f\ \/\\ 

From the theorem, we have 

CO V CB^=c^ 2BF^+2 CF^, 
Aff+AB^o2BI^+2AF^' 
and from the same theorem, by multiplying by 2, 

2CP+2APo4A:^+4^EF^ : 
hence, by addition, 

CD^+CB^+AD^+AB^<>4M^+U^''+^eP : 
whence (p. 8, c), 

GJ^+ W+lff+AB^'^o Blf+Aa'+4: EF". 

Cor. 2. In the case of the parallelogram the points E and 
F will coincide, and the sum of the squares described on the 
sides will be equivalent to the sum of the squares describ- 
ed on the diagonals. 
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PEOPOSITION XV. THEOKEM. 

Jf^ in. any triangle^ a line be drawn parallel to the base, ii 
vdU divide the two other sides proportionally. 

Let ABG be a triangle, and DE a oCraight line drawn 
parallel to the base JBO] then 

AJD : DB :: AS : 

Draw the lines BE and CD. Then, 
the triangles ABJE, BBJEJ, having a 
commou vertex, JS, have the same alti- 
tude, and are to each other as their 
bases (p. 6, c.) ; hence we have 

ADJS : BDE : : AD : DB. ^^ 

The triangles ADE, DEO, with a ^ C 

common vertex D, also have the same altitude, and are to 
each other as their bases; hence, 

ADE : DEC : : AE : EC. 

But the triangles BDE, DEC, are equivalent, having the 
same base DE, and their vertices B and C^ in a line paral- 
lel to the base : and therefore, we have (b. ii., p. 4, c.) 
AD : DB :: AE : EC. 

Cor. 1. Hence, by composition, we have (b. ii., p. 6), 
AD+DB :AD:: AE+EC : AE, ov AB : AD:: AC: AE; 
and also, AB : BD : : AC : CE. 

Cor. 2. If any number of . parallels AC, EF, GH, BD, 
be drawn between two straight lines AB, CD,- those 
straight lines will be cut proportionally, and we shall have 
AE : CF :: EG : FH : QB : HD. 
For, let be the point where AB 
and CD meet. In the triangle OEF, 
the line AC being drawn parallel to 
the base EF, we shall have 

OE : AE :: OF : CF, 
In the triangle OGH, we shall like- 
wise have 

OE : EG i: OF : FH. 




104 



GEOMETRY. 



And, by reason of the common ante- 
cedents OE, OF (b. n., p. 4), we have 

AE : OF :: EG I FK 

It may be proved in the same manner, 
hat 

EG : FH :-. GB : ED, 

and so on; hence, the lines AB, CD, 
are cut proportionally by the parallels 
AG, EF, GH, &c. 




PKOPOSITION XVI. THEOREM. 

If two sides of a triangle are cut proportionally hy a straight 
line, this straight line will he parallel to the third side. 

In the triangle BAC, let the line DE be drawn, cutting 
the sides BA and GA proportionally in the points D and E] 
that is, so that 

BD I DA i: CE \ EA : 
then will DE be parallel to BG. 

Having drawn the lines BE and 
DG, we have (p. 6, c), 

DA, 
EA: 



BDJS : DAE : : 


BD 


DEO : DAE :: 


CE 


but, by hypothesis, 




BD : DA :: 


CE 


hence (b, ii., p. 4, c), 




BDE : DAE : : 


DEC 




EA: 



DAE, 

and since BDE and DEG have the same ratio to DAE, 
they have the same area, and hence are equivalent (d. 4). 
They also have a common base DE; hence, they have the 
same altitude (p. 6, c.) ; and consequently, their vertices B 
and 67 lie in a parallel to the base DE (b. i., p. 23) : hence, 
DE is parallel to BG. 
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PKOPOSITION XVn. THEOREM. 



The line which bisects the vertical angle of a triangle, divides 
the hose into two segments, which are proportional to the 
adjacent sides. 



AC. 




In the triangle AGB, let AD be drawn, bisecting the 
angle CAB\ then 

BD : CD :: AB 

Through the point C draw 
CE parallel to AD, and prolong 
it till it meets BA produced in E. 

In the triangle BGE, the line 

AD is parallel to the base CE] 

hence, we have the proportion 

(p. 15), 

BD : DO i\ BA \ AR 

But the triangle ACE is isosceles: for, since AD, CE, 
are parallel, we have the angle ACE ^ DAG, and the angle 
AEC=BAD (b. l, p. 20, c. 2, 3) ; but,, by hypothesis, DAO 
^DAB\ hence, the angle ACE=^AEC, and consequently, 
AE=^AO (b. I., p. 12). In place of AE in the above pro- 
portion, substitute AC, and we shall have, 

BD I DC :-. AB I AC. 

Cor. If the line J.2) bisects the exterior angle CAE of 
the triangle BAC, we shall have, 

BD : CD : AB 

For, through C draw CF par- 
allel to AD. 

Then, the angle CAD=ACF, 
and, the angle EAD=AFO] 

hence, (a. 1), the angle ACF=AFC; 

consequently, AF is equal to J. 67. 
But, since FC is parallel to 
the base AD, 

BD : DC : AB : AF; 
hence, BD : DO : AB : AC. 



AC. 
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PBOPOSITION XVIII. THEOKEM. 




Equiangular IsnangJes have their homologous sides proportional, 
and are similar. 

Let £CA and OED be two equi- 
angular triangles, having the angle 
BAG=CDE, ABC = DOE, and ACE 
=-BEG \ then, the homologous sides 
will be proportional, viz.: 

BC : CE :: BA X CD :; 

Place the homologous sides BG^ GE in the same straight 
line; and prolong the sides BA^ ED^ till they meet in F, 

Since BGE is a straight line, and the angle BGA equal 
to GED, it follows that AG is parallel to DE (b. l, p. 19, 
0. 2). In like manner, since the angle ABG is equal to 
DGE^ the line AB is parallel to DG, Hence, the figure 
AGDF is a parallelogram, and has its opposite sides equal 
(B. I., P. 28). 

In the triangle BEF^ the line AG \s parallel to the base 
FE\ hence, we have (p. 15,) 

BG : GE :: BA i AF\ 

or putting GD in the place of its equal AF^ 

BG : GE :: BA : GD. 

In the same triangle BEF, GD is parallel to BF] and 
hence, • 

BO : GE :: FD : DE; 

or putting AG ia the place of its equal FD, 

BG I GE :: AG : DE. 

And finally, since both' these proportions have an ante- 
cedent and consequent common, we have (b. ii., P. 4, c), 

BA \ GD I : AG : DE. 

Thus, the equiangular triangles GAB, GED, have their 
homologous sides proportional. But two figures are similar 
when they have their angles equal, each to each, and their 
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homologous sides proportional (d. 1, 2); consequently, the 
two equiangular triangles BAO^ GED^ are similar figures. 

Cor. Two triangles which have two angles of the one 
equal to two angles of the other, are similar ; for, the third 
angles are then equal, and the two triangles are equian 
gular (b. I., P. 25, 0. 2.) 

Scholium, Observe, that in similar triangles, the homolo- 
gous sides in each are opposite to the equal angles; thus, 
the angle BCA being equal to CED^ the side AB is homo- 
logous to DC] in like manner -4(7 and DE are homologous, 
because opposite to the equal angles ABG^ DCE. 

PROPOSITION XIX. THEOREM. 

Conversely : Triangles^ which have their sides proportional^ are 
equiangular and similar. 

I 
If, in the two triangles BAG^ EDF^ we have, 

BC : EF :: BA : ED :x AC : DF\ 

then will the triangles BAC^ EDF, have their angles equal, 
uamely, 

A-^D, B^E, C^F. 

At the point E^ make the angle 
FEQ^B, and at F, the angle EFQ 
= (7; the third angle C will then 
be equal to the third angle A (b. 
I., P. 25, c. 2). Therefore, by the 
last theorem, we shall have 

• BC : EF i\ AB : EG: 

but, by hypothesis, we have 

BC I EF II AB : DE] 
hence, EQ=DE. By the same theorem, we shall also have 

BG : EF :: AG : FG] 
and by hypothesis, we have 

BG : EF :: AC : DF; 
hence, FG=DF. Hence, the triangles EOF^ FED, having 
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their three sides equal, each to 
each, are themselves equal (b. i., 
p. 10). But, by construction, the 
triangles EQF and ABC are equi- 
angular: hence, DEF and ABQ 
are also equiangular and similar 

(A. 1). 

Scholium 1. By the last two propositions, it appears that 
triangles which are equiangular are similar : and conversely : 
if triangles have their sides proportional, they are equiangu- 
lar, and consequently, similar. 

The case is different with regard to figures of more than 
three sides: even in quadrilaterals, the proportion between 
the sides may be altered without changing the angles, or 
the angles may be changed without altering the proportion 
between the sides. Thus, in quadrilaterals, equality between 
the corresponding angles does not insure proportionality 
among the sides: and reciprocally: proportionality among 
the sides does not insure equality among the corresponding 
angles. It is evident, for example, that 
if in the quadrilateral ABCD^ we draw 
EF parallel to BC^ the angles of the 
quadrilateral AEFD, are made equal to 
those of ABOD\ though the proportion 
between their sides is different; and in 
like manner, without changing the four 
sides AB^ BOy CD^ AD, we can change the angles by 
making the point B approach to Z), or recede from it. 

Scholium 2. The two preceding propositions, are in strict- 
ness but one, and these, together with that relating to the 
square of the hypothenuse, are the most important and 
fertile in results of any in geometry. They are almost 
sufficient of themselves for every application to subsequent 
reasoning, and for solving every problem. The reason is, 
that all figures may be divided into triangles, and any tri- 
angle into two right-angled triangles. Thus, the properties 
of triangles include, by implication, those of all figures. 
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PKOPOSITION XX. THEOEEM. 

Tioo triangles, which have an angle of the one equal to an angle 
of the other, and the sides containing those angles proportionaif 
are similar. 

Let ABG, DUFj be two triangles, haying the angle A 
equal to D; then, if 

AB : DE \: AG : DF, 
the two triangles will be similar. 

Make AG=^DE, and draw GH a 
parallel to BG. The angle AGE will 
be equal to the angle ABG (b. i., p. 
20, c. 3); and the triangles AGH^ 
ABG, will be equiangular: hence, we 
shall have, 

AB : AG : AG 



G 



\E 



D 



B 
AK 



E F 



But, by hypothesis, we have, 

AB : BE :: AG : DF\ 
and by construction, AG—DE: hence AH^BF, There- 
fore, the two triangles AGH, DEF^ have two sides and the 
included angle of the one equal to twd sides and the in- 
cluded angle of the other: hence, they are equal (b.i.,p.6); 
but the triangle AGH is similar to ABG: therefore, DEF 
is also similar to ABG, 



PBOPOSITION XXI. THEOREM. 

Two triangles^ which have their sides, two and two, either par- 
allel or perpendicular to each other, are similar. 

Let BAG, EDF, be two triangles, having their sides re- 
spectively parallel to each other ; then will they be similar. 

First. If the side BA is parallel to 
ED, and BG to EF, the angle ABO 
is equal to DEF (b. l, p. 24) : if GA 
is parallel to FD, the angle BGA 
is equal to EFD, and also, BAG to 
EDF', hence, the triangles GBA, 
FED, are equiangular ; consequently 
they are similar (p. 18). 
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Secondly. If the side DE is per- 
pendicular to BA^ and the side FD 
to C4, the two angles / and H 
of the quadrilateral DHAI are right 
angles; and since all the four angles 

Are together equal to four right 

angles (b. l, p. 26, C. 1), the remain- B G C 

ing two lAH^ IDHj are together equal to two right 
angles. But the sum of the angles EDF^ IDH^ is also equal 
to two right angles (b. l, p. 1): hence, the angle EDFis equal 
to IAS, or BA G (a. 3). In like manner, if the third side FF ' 
is perpendicular to the third side BG, it may be shown 
that the angle BFF is equal to (7, and BFF to B: hence, 
the triangles ABG, BFF, which have the sides of the one 
perpendicular to the corresponding sides of the other, are 
equiangular and similar (p. 18). 

Scholium. In the case of the sides being parallel, the 
homologous sides are the parallel ones : in the case of their 
being perpendicular, the homologous sides are the perpen- 
dicular ones. Thus, in the latter case, DE is homologous 
with BA, DF with AG, and EF with BG. 

The case of the perpendicular sides may present a rela- 
tive position of the two triangles different from that exhi- 
bited in the diagram. But we can always conceive a tri- 
angle FED to be constructed within the triangle ABG, and 
such that its sides shall be parallel to those of the triangle 
compared with BAG; and then the demonstration given in 
the text will apply. 



PROPOSITION XXII. THEOREM. 

In any triangle, if a line he drawn parallel to the base, nU 
lines draion from the vertex will divide the base and the 
parallel into proportional parts. 

Let BAG be a triangle, DE parallel to the base BO, 
and the other lines drawn as in the figure; then 

DI : BF :: IK : FG :: KL : QH. 
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IK : FO. 



For, since JDI is parallel to BFj 
the triangles IDA and FBA are 
equiangular; and we liave 

DI : BF :: AI : AF] 

and, since IK is parallel to FG^ 
we have, in like manner, 

AI : AF II IK I FQ\ 

hence (b. il, p. 4, c), DI : jBF : 

In the same manner, we may prove that 

IK : FG :: KL : GS] 

and so with the other segments: hence, the line DF is 
divided at the points /, K, L, in the same proportion, as 
the base BG is divided, at the points F, G, H. 

Oor, Therefore, if BG were divided into equal parts at 
the points F, G^ JST, the parallel DE would be divided also 
into equal parts at the points I^ K^ L. 



PKOPOSITION XXin. THEOKEM. 

In a right-angled triangle, if a perpendicular is drawn from 
the vertex of the right angle to the hypoihenuse. 

\st The triangles on each side of the perpendicular are similar 
to the given triangle, and to each oilier: 

2d, Either side about the right angle is a mean proportional 
between the hypoihenuse and the adjacent segment: 

8d. The perpendicular is a mean proportional between the seg- 
ments of the hypothenuse. 

Let BAG be a right-angled triangle, and AD perpen- 
dicular to the hypothenuse BG. 

First The triangles BAD and 
BAG have the common angle J5, 
the right angle BDA=BAG, and 
therefore, the third angle BAD of 
the one, equal to the third angle 
G, of the other (b. l, p. 25, c. 2) : 
hence, these two triangles are similar (p. 18), In the same 
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manner it may be shown that the 
triangles DAG and BAG are simi- 
lar; hence, the three triangles are 
all equiangular and similar. 

Secondly. The triangles BAD^ .^ 

BAG, being similar, their homolo- 

gous sides are proportional. But BD in the small triangle, 
and BA in the large one, are homologous sides, because 
they lie opposite the equal angles BAD^ BGA (f. 18, s.) ; the 
hypothenuse BA of the small triangle is homologous with the 
hypothenuse BG o{ the large triangle : hence, the proportion, 

BD : BA :: BA : BC. 
By the same reasoning we have 

DG : AG :: AG : BG] 
hence, each of the sides AB^ J.C! is a mean proportional 
between the hypothenuse and the adjacent segment. 

Thirdly. Since the triangles DBA, DAG^ are similar, we 
have, by comparing their homologous sides, 

BD : AD :: AD : DC] 
hence, the perpendicular AD is a mean proportional between 
the segments BD^ DG, of the hypothenuse. 

Scholium. Since BD -. AB : i AB : BG, 

we have (b. il, p. 1, c), AB^oBDxBG. 

For a like reason, AG^oDGxBG] 

therefore, A&+Ad^^<:>=BDxBG+DGxBGo{BD+DC)X 

BGoBGxBG=a=BG^] 

that is, the square described on the hypothenuse BG is equiva- 
lent to the sum of the squares described mi the two sides BA, A G. 
Thus, we again arrive at this property of the right-angled 
triangle, and by a path very different from that which for- 
merly conducted us to it: and thus it appears that, strictly 
speaking, this property is a consequence of the more gen- 
eral property, that the sides of equiangular triangles are 
proportional. Thus, the fundamental propositions of geom- 
etry are reduced, as it were, to this single one, that equi* 
amgul/ir triangles have tiieir homologous sides proportional 
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It happens frequently, as in this instance, that by 
deducing consequences from one or more propositions, we 
are led back to some proposition already proved. In fact, 
the chief characteristic of geometrical theorems, and one 
indubitable proof of their certainty is, that, however we 
combine them together, provided that our reasoning be 
correct, the results we obtain always agree with each other. 
The case would be different, if any proposition Avere false 
or only approximately true: it would frequently happen 
that on combining the propositions together, the error 
would increase and become perceptible. Examples in which 
the conclusions do not agree with each other, are to be seen 
in all the demonstrations, in which the reductio ad absurdum 
is employed. In such demonstrations, if the hypothesis is 
untrue, a train of accurate reasoning leads to a manifest 
absurdity : that is, to a conclusion in contradiction to a 
principle previously established : and from this we conclude 
that the hypothesis is false. 

Cor. If from the point -4, in the 
circumference of a circle, two chords 
BA^ AG^ be drawn to the extremi- 
ties of a diameter BC^ the triangle jg — g- 
BAC will be right-angled at A (b. 
III., p. 18, C. 2) ; hence, first, the perpendiculobr AD is a mean 
proportional between the two segments BD^ DC^ of the diameter^ 

hence, AD^=a=BDxDG 

Furthermore, by the proposition, the chord BA is a wean 
proportional between the diameter BOj and the adjacent segment 
BD, that is, 

BA^oBGxBD, and Aif=<^BCxOD. 

PROPOSITION XXIV. THEOREM. 

Two triangles having an angle in each equal, are to each other 
as the rectangles of the adjacent sides. 

Let ABC, ADE, be two triangles having the equal angles 
4, placed, the one on the other ; then the triangle 
ABG : ADE :: ABxAG : ADxAE. 
8 
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AE. 



Draw BE. Then, the triangles ABE, 
ADEy having the common vertex E^ and 
their bases in the same straight line, are to 
each other as their bases, (p. 6, c.) that is 

BAE : DAE :: BA : DA. 

In like manner, since £ is a common 
vertex, the triangle 

BAO : BAE :: AO 

Multiply together the corresponding terms of these propor- 
tions, omitting the common factor BAE; and we have (b. il, 
F. 18), 

BAG : DAE : BAxAO : ADxAE. 

Chr, If the two triangles are equiva- 
lent, we have, 

BAxAG^DAxAE: 

hence (b. ii., p. 2), 

BA : DA : AE : AG: 

consequently, DG and BE are parallel 
(P,16). 




PROPOSITION XXV. THEOBEBi. 

Similar triangles are to each other as the squares described on 
their homologous sides. 

Let ABG, DEF^ be two similar triangles, having the 
angle A equal to J9, and the angle B=E: then will the 
triangle BAG be to the triangle EDF, as a square describ- 
ed on any side of BAG to a square described on the 
homologous side of EDF. 

First, by reason of the equal an- 
gles A and /?, we have (p. 24), 

BAG : DEF : : BAxAG : DExDF. 

Also, because the triangles are similar 
(p. 18), 

BA : DE :: AG : DF, 




G £ F 
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And multiplying the terms of this proportion by the 
corresponding terms of the identical proportion, 

AO : DF :: AC : DF, 
there will result 

BAXAO : DEXDF :: AC'' : DF^ 
Consequently (b. ii., p. 4, C), 

BAO : DEF :: AG^ : DF^. 

Therefore, the similar triangles BAO^ EDF^ are to each 
other as the squares described on their homologous sides 
AOj DFy or as the squares described on any other two 
homologous sides, 

PEOPOSITION XXVI. THEOREM. 

Two similar polygons may be divided into the same number of 
trianghs^ similar each to each, and similarly placed. 

Let AEBCB, FKIHO^ be two similar polygons. 

From the vertex of 
any angle A^ in the poly- -p^ — "y^^^^ ^^-^^ 

gon AEDCB, draw di- \ / \ ^\ 
agonals, AB^ AC. From 
the vertex of the homo- 
logous angle F^ in the 
other polygon, draw the 
diagonals Fl^ FH^ to the vertices of the other angles. 

The polygons being similar, the homologous angles, 
ABG^ FGH^ are equal, and the sides AB^ BC, proportional 
to FQ, QH^ that is, 

AB : FG :: BG : GH (d. 1). 
Wherefore, the triangles ABGj FGH^ have an angle in each 
equal, and the adjacent sides proportional: hence, they are 
similar (p. 20) ; consequently, the angle BGA is equal to 
GHF. Taking away these equal angles from the equal 
angles BGD, GHI, and there remains AGD^FHL But 
since the triangles ABGy FGH^ are similar, we have 

AG : FH :: BG : GR] 
and since the polygons are similar, 
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BG : GH, :: OD : HI; 
hence, AC :. FH \\ CD : EL 

The angle J.CZ?, we already know, is equal to FHI\ 
hence, the triangles AGD^ FHI^ are similar (p. 20). In the 
same manner, it may be shown that all the remaining tri- 
angles are similar, whatever be the number of sides in the 
polygons proposed: therefore, two similar polygons may be 
divided into the same number of triangles, similar, and 
similarly placed. 

Scholium. The converse of the proposition is equally 
true: If two polygons are composed of the same number of 
triangles similar and similarly situated, the two polygons are 
similar. 

For, the similarity of the respective triangles will give 
the angles, 

ABG^FOH, BGA^GHF, AGD=FHI: 
hence, BGD^GHI, likewise, CBE^HIK, &c. 
Moreover, we have, 
AB : FG :: BG : GH :: GD i HI : : DE i IK, &c., 

hence, the two polygons have their angles equal each to each, 
and their sides proportional; consequently, they are similar. 

PROPOSITION XXVII. THEOREM, 

The perimeters of similar polygons are to each other as their 
homologous sides : and tlie polygons are to each other as the 
squares described on these sides. 

Let AEDGB and FKIHG^ be two similar polygons: 
then 

per. AEDGB : per. FKIHG : : AE i FK. 

First. Since the fig- 
ures are similar, we 
have 

AB : FG :: BG : 
GH :: op : HI, &c., 
hence, the sum of the 
antecedents AB + BG-{- 
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CO, &c., whicli makes up the perimeter of the first poly- 
gon, is to the sum of the consequents FO+OH+HI^ &c., 
which mates up the perimeter of the second polygon, as 
any one antecedent is to its consequent (b. ii.^ p. 10); that 
is, as AB to FG^ or as any other two homologous sides. 

Secondly. Since the triangles ABO, FOH, are similar, 
we have (p. 25), 

ABC : FGH :: AG" : FH^] 
and from the similar triangles AGD^ FHI^ 

AOD : FBI : : AC" : FH^ \ 

therefore, by reason of the common ratio, AG to FH , we 
have (b. il, p. 4, c.) 

. ABG : FGE : : AGD : FEZ 

By the same reasoning, we should find 

AGD : FHI :: ADE : FIK] 

and so on, if there were more triangles. And from this 
series of equal ratios, we conclude that the sum of the 
antecedents ABG +AGD+ADEy which makes up the poly- 
gon AFDGBj is to the sum of the consequents FGH+ 
FHI+FIK^ which makes up the polygon FKIHG, as one 
antecedent ABG^ is to its consequent FGH (b. ii., p. 10), or 
as AB is to FG (p. 25) ; hence, similar polygons are io 
each other as the squares described on their homologous sides. 

Cor. If three similar figures are described on the ffiree 
sides of a right-angled triangle, the fijgure on the hypoihenuse is 
equivalent to the sum of ilw other two. 

Let A, j5, (7, denote three similar figures described on 
the hypothenuse and sides of a right-angled triangle, and a, 
J, c, the corresponding squares; then, 

A I B I G :\ a \ h X c\ 
and, A : B+ G :: a : b + c {b. il, p. 9) : 
but, a is equivalent to b + c (p. 11); 

hence, A is equivalent B+G. 
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PROPOSITION XXVIII. THEOREM. 

Tf two ch/rds intersect each other in a circle, the segments are 
reciprocally proportional. 

Let the chords AB and CD intersect at 0: then 

AO : DO i: OG : OB. 
Draw AG and BD. In the triangles 
AOG^ DOB, the angles at are equal, 
being vertical angles (b. i., P. 4) : the angle 
A is equal to the angle D, because both are 
inscribed in the same segment (b. ill., P. 18, 
c. 1) ; for the same reason the angle (7=5; 
the triangles are therefore similar (p. 18), and the homologous 
sides give the proportion 

AO : DO :: CO : OB. 
Cor. Therefore, 

AOxOB^o^DOxCO: 
ince, the rectangle of the two segments of one chord is 
Equivalent to the rectangle of the two segments of the 
other. 




1^1 



PROPOSITION XXIX. THEOREM. 

If from a point vnthout a circle, two secants he drawn termi- 
noting in the concave arc, the whole secants will he redpro- 
cally proportional to their external segments. 

Let the secants OB, 00, he drawn from the point 0- 
then 

OB : OC :: OD : OA. 
For, drawing AC, BD, the triangles 
AOC, BOD have the angle common; 
likewise the angle B=C {b. hi., p. 18, 0. 1) ; 
these triangles are therefore similar (p. 18), 
and their homologous sides give the pro- 
portion, 

OB : OC :: OD : OA. 
Cor. Hence, the rectangle 

OBxOAo^OCxOD. 
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&JioUum. This proposition, it may be observed, bears a 
close analogy to the preceding, and differs from it only as 
the two chords AB, CJD, instead of intersecting each other 
within, cut each other without the circle. The following 
proposition may be regarded as a particular case of the 
proposition ju3t demonstrated. ^ 

PKOPOSITION XXX. THEOREM. 

If from a point without a circle, a tangent and a secant be 
drawn^ the tangent will he a mean proportional between the 
secant and its external segment 

From the point 0, let the tangent OA^ and the secant 
OG be drawn, then 

00 : OA :: OA : OD, 
or, oToOOxOD. 

For, drawing AD and AG, the trian- 
gles DAO^ GAO^ have the angle com- 
mon; also, the angle OAD^ formed by a 
tangent and a chord, is measured by half 
the arc AD (b. hi., p. 21) ; and the an- 
gle has the same measure (b. hi., p. 18); 
hence, the angle OAD=^ (a. 1) : there- 
fore, the two triangles are rimilar, and 
we have the proportion 

00 : OA II OA : OD. 
which gives OA^ o OGX OD. 

PROPOSITION XXXI. THEOREM. 

If either angle of a triangle is bisected by a line terminating %h 
the opposite side^ the rectangle of the sides about tJie bisected 
angle, is equivalent to the square of the bisecting line, together 
with the rectangle contained by the segments of the third 
side. 

In the triangle BAG, let AD bisect the angle A] then 
ABxAGolff+BDxDO. 
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Describe a circle through the three 
points ^,5, C (b.iii.,piiob.13,s.); prolong 
AD till it meets the circumference in E, 
and draw GE. 

The triangle BAD is similar to the 
triangle EAG\ for, by hypothesis, the 
angle BAD—EAC\ also, the angle B=^E^ 
since they are both measured by half the arc A (b. in., p. 
18); hence, these triangles are similar, and the homolo- 
gous sides give the proportion 

BA : AE w AD X AC\ 
hence, BAxAGoAExAD\ but ^^= J.jD+JD^, 
and multiplying each of these equals by AD^ we have 

AExAD^oA&^ADxDE\ 
now (p. 28, c), ADxDEoBDxDG] 
hence, finaUy, BAxAGoAD^+BDxDG. 



PKOPOSITION XXXII. THEOREM. 

In any triangle^ the rectangle contained by two sides is equiva- 
lent to the rectangle contained hy the diameter of the drcum^ 
scribed circle^ and the perpendicular let fall on the third side. 

In the triangle BAG, let AD be drawn perpendicular to 
BG] and let EG be the diameter of the circumscribed 
circle: then will 

ABxAGoADxGE 

For, drawing AE, the triangles 
DBA, GAEj are right-angled, the one 
at 2>, the other at A : also, the angle 
B=E (b. III., p. 18, c. 1) ; these tri- 
angles are therefore similar, and we 
have 

AB : GE :: AD : 

and hence, ABxA Go GExAD. 

Got. K these equal quantities be multiplied by J?(7, there 
will result 

ABxAGxBG=GExADxBG] 
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now, ADXBC \a double the area of the triangle (p. 6); 
therefore, the product of the three sides of a triangle is equal 
to its area multiplied by twice the diameier of the circumscribed 
circle. 

The product of three lines is sometimes represented 
by a solid^ for a reason that will be seen hereafter. Its 
value is easily conceived, by supposing the lines to be 
reduced to numbers,. and then multiplying these numbers* 
together. 

Scholium. It may also be demonstrated, that the area of 
a triangle is equal to its penmeter multiplied by hcdf the radius 
of the inscribed circle. 

For, the triangles A OB, 
BOC, AOO, which have a 
common vertex at 0, have 
for their common altitude the 
radius of the inscribed circle; 
hence, the sum of these ^tri- 
angles will be equal to the 
sum of the bases AB, BO, AO, multiplied by half the 
radius OD] hence, the area of the triangle ABO is equal 
to its perimeter multiplied by half the radius of the inscribed 
circle. 




PKOPOSITION XXXIII. THEOBEM. 

In every quadrilaterai inscribed in a circle, the rectangle of Hie 
two diagonals is equivalent to the sum of the rectangles of 
the opposite sides. 

Let ABGD be a quadrilateral inscribed in a circle, and 
AG, BD, its diagonals: the;a we shall have 

AOxBD=oABX OD+ADxBO 

Take the arc 00=AD, and draw 
BO, meeting the diagonal AO in I. 

The angle ABD=OBI, since the 
one has for its measure half of the arc 
AD (b. III., p. 18), and the 'other, half 
of CO, equal to AD ; the angle ADB 
=BCI, because they are subtended by 
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the same arc ; hence, the triangle 
ABD is similar to the triangle IBG^ 
and we have the proportion 

AD : CI i: BD I BG\ 

and consequently, 

ADy^BGoCIxBD. 
Again, the triangle ABI is similar to the triangle BDC*^ 
for the arc AD being equal to (70, if OD be added to 
each of them, we shall have the arc AO=DC] hence, the 
angle ABI ia equal to DBG; also, the angle jS4/ to BDC^ 
because they stand on the same arc; hence, the triangles 
ABI, DBG, are similar, and the homologous sides give the 
proportion 

AB : BD :: AI : GD; 
hence, ABxGDoAIxBD. 

Adding the two results obtaiijed, and observing that 
AIxBD+GIxBD=^{AI+GI)xBD=AOxBD, 
we shall have 

ADxBG+ABxGD=o=AGxBD. 



PROBLEMS 
RELATING TO THE FOURTH BOOK. 

PROBLEM I. 

To divide a given straight line into any number of equal parts, 
or into parts proportional to given lines. 

First Let it be proposed to divide the 
line AB into five equal parts. Through 
the extremity A, draw the indefinite straight 
line AG: take AG of any magnitude, and 
apply it five times upon AG; join the last 
point of division G, and the extremity B 
of the given line, by the straight line GB; 
then through (7, draw GI parallel to GB: 





BOOK IV. 128 

At will be tlie fifth part of the line AB ; and by apply- 
ing AI five times upon AB^ the line AB will be divided 
into five equal parts. 

For, since CI is parallel to OB, the sides AG^ AB^ 
are cut proportionally in G and / (p. 15). But AC Sa 
the fifth part of AG, hence, AI is the fifth part of AB. 

Secondly. Let it be 
proposed to divide the 
line AB into parts pro- 
portional to the given 
lines P, Q, R. Through 
A, draw the indefinite 
]mQAG\ make^(7=P, 
CD=§,jD^=^; join the 

extremities E and B] and through the points and J9, 
draw CI, DF, parallel to EB ; the line AB will be divided 
into parts AI, IF, FB, proportional to the given lines P, Q, R. 

For, by reason of the parallels CZJ DF, EB, the parts 
AI, IF, FB, are proportional to the parts AC, CD, DE (p. 
15, c. 2) ; and by construction, these are equal to the given 
lines P, Q, R. 

PEOBLEM n. 

To find a fourth proportional to three given lines, A, B, 0. 

Draw the two indefi- 
nite lines BE, DF, form- 
ing any angle with each 
other. Upon DE take 
DA^A, and DB^B-, 
upon DF take DC^C, 
draw J. (7; and through ^ 

the point B, draw BX parallel to A0\ and DX will bd 
the fourth proportional required. For, since BX is parallel 
to -4(7, we have the proportion (p, 15,0. 1), 

DA \ DB \\ DC \ DX', 
now, the first three terms of this proportion are equal to 
the three given lines : consequently, DX is the fourth pro- 
portional required. 
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Cot. a tliird proportional to two given lines, J., jB, may 
be found in the same manner, for it will be the same as a 
fourth proportional .to the three lines, A, B, B. 



PBOBLEM in. 
To find a mean proportional between tiuQ given lines A wnd B, 

Upon the indefinite line DF, 
take DE=A, and UF=B] and 
upon the whole line JDF, as a 
diameter, describe the semicircum- 
ference JDGF; at the point F, 
erect, upon the diameter, the per- 
pendicular FG meeting the semicircumference in G; EG 
will be the mean proportional required. 

For, the perpendicular EG^ let fall from a point in the 
oircumferei]ice upon the diameter, is a mean proportional 
between the two segments of the diameter DE^ EF (p, 23, 
0.) ; and these segments are equal to the given lines A and B, 




PROBLEM IV. 



To divide a given line into two such parts^ thai the greater 
part shall be a mean proportional between the whole line 
and the other part. 



Let AB be the given line. 

At the extremity B, erect the 
perpendicular BO, equal to the 
half of AB ; from the point (7, 
as a centre, with the radius CB, 
describe a semicircle; draw J. (7 
cutting the circumference in jD; 
and take AF=AI) 
and we shall have, 

AB : AF :: AF 




A r 

then F will be the point of di^^sion, 

FB. 

For, AB being perpendicular to the radius at its ex- 
tremity, is a tangent (b. ni., p. 9) ; and if -4.(7 be prolonged 
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till it again meets the cixcumference, in E, we sluill have 
(P. 30), 

AE : AB i: AB I AD, 

hence, by division, 

AE-AB : AB :: AB-AD : AD. 

But, since tlie radius is the half of AB^ the diameter DE 
is equal to AB^ and consequently, AE—AB^AD=^AF\ 
also, because AF^AD, we have AB—AD^FB: hence, 

AF : AB :: FB : AD, oi AF] 

whence, by inversion, 

AB : AF :: AF : FB. 

Scholium. This sort of division of the line AB, viz., so 
that the whole line shall be to the greater part as the greater part 
is to the less, is called division in extreme and mean ratio. 
It may further be observed, that the secant AE is divided 
in extreme and mean ratio at the point D; for, since AB-= 
DEj we have, 

AE : DE :: DE : AD. 

PKOBLEM V. 

Through a given point, in a given angle, to draw a line so 
that the segments comprehended between the point and the 
- two sides of the angle, shall be equal. 

Let BCD be the given angle, and A the given point. 

Through the point A, draw AE 
parallel to CD, make BE=CE, and 
through the points B and A, draw 
BAD ; this will be the line required. 

For, AE being parallel to CD, we 
have, 

BE : EC :: BA : AD; 
but BE- EC', therefore, BA=AD. 




126 



GEOMETRY. 




PROBLEM VI. 

To describe a square that shall be equivalent to a given pcard^ 
lehgram, or to a given triangle. 

First Let ABCB be 
the given parallelogram, 
AB its base, and DB 
its altitude : between AB 
and DB find a mean 
proportional XT] then 
will the square described upon XT be equivalent to the 
parallelogram ABGD. 

For, by construction, 

AB : XY :: XT : DE, 
therefore, XT^oABxDE] 

but ABxDE is the measure of the parallelogram (p. 5), 
and XT that of the square ; consequently, they are equiv- 
alent. 

Secondly. Let BAG 
be the given triangle, 
BG its base, AD its al- 
titude : find a mean pro- 
portional between BG 

and the half of ^i), and ^ ^ ^ 

let XT be that mean ; the square described upon XT 

will be equivalent to the triangle ABG. 

For, since 

BG X XT .X XT : ^AD, 
it follows, that 

XT^=^BGxlAD] 
hence, the square described upon XT is equivalent to the 
triangle BAG, 

PROBLEM VII. 

Upon a given line, to describe a rectangle that shall be equivo^ 
lent to a given rectangle. 

Let AD be the line, and ABFG the given rectangle. 
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Find a fourth pro- X ^E 

portional to the three Oi iF 



lines, J.jD, AB^ AQ, and 
let AX be that fourth 

proportional ; a rectan- ^ ^ A D 

gle constructed with the 

sides AD and AX will be equivalent to the rectangle ABFC. 
For, since 

AD : AB IX AC : AX, 
it follows, that ADxAX^o-ABxAG] 

hence, the rectangle ADEX is equivalent to the rectangle 
ABFa 

PKOBLEM VIII. 

To find two lines whose ratio shall be the same as the ratio of 
two rectangles contained by given lines. 

Let AxBj CxDj be the rectangles contained by the 
given lines A, B, (7, and D. 

Find X, a fourth proportional to the 
three lines, B, 0, D; then will the two ^ " ' 

lines A and X have the same ratio to 



C- 



each other as the rectangles AxB and j^^, 

CxD. X. ■ 

For since, 

B : C :: D : X, 

it follows that OxD=oBxX] hence, 

AxB ; OxD :: AxB : BxX : : A : X. 

Cor. Hence, to obtain the ratio of the squares described 
upon the given lines A and CJ find a third proportional X^ 
to the lines A and CJ so that 

A : C :: (7 : X; 

you will then have 

AxXoCf, OT A^xXoAxC^] hence, 
^' : (7* :: ^ : X. 
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PROBLEM IX. 
To Jind a triangle that shall be equivalent to a given polygon^ 

Let AJSDCB be the given polygon. 

First Draw the diagonal CE 
cutting oS the triangle CDE] 
through the point D, draw DF 
parallel to GF, meeting AE pro- 
longed, in F; draw OF: the poly- 
■ gon AEDCB is equivalent to 
the polygon AFOB^ which has one side less than the 
given polygon. 

For the triangles GDE^ CFE^ have the base GE com- 
mon, they have also equal altitudes, since their vertices D 
and F^ are situated in a line DF parallel to the base: 
these triangles are therefore equivalent (p. 2, c.) Add to 
each of them the figure AEGB, and there will result the 
polygon AEDGBy equivalent to the polygon AFGB. 

The angle B may in like manner be cut ofi^, by sub- 
stituting for the triangle ABG, the equivalent triangle AQG, 
and thus the pentagon AEDGB will be changed into an 
equivalent triangle OGF, 

The same process may be applied to every other figure; 
for, by successively diminishing the number of its sides, 
one being retrenched at each step of the process, the equiv- 
alent triangle will at last be found. 

Scholium, We have already seen that every triangle may 
be changed into an equivalent square (prob. 6) ; and thus 
a square may always be found equivalent to a given recti- 
lineal figure, which operation is called squaring the recti 
lineal figure, or the quadrature of it. 

The problem of the quadrature of the circle consists in 
finding a square equivalent to a circle whose diameter is 
given. 
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PEOBLEM X. 

To find the side of, a square which shall be equivalent to the 
sum or the difference of two given squares. 

Let A and B be the sides of the given squares. 

First. If it is required to find „ 

a square equivalent to the sum 
of these squares, draw the two 
indefinite lines, UD, EF, at right 
angles to each other ; take ED= 
A^ and FG=B] and draw DG: 
this will be the required side of the square. 

For the triangle DFG being right-angled, the square 
described upon the hypothenuse DG, is equivalent to the 
sum of the squares upon FD and FG (p. 11). 

Secondly. If it is required to find a square equivalent 
to ,the difference of the given squares, form, as before, 
the right angle FFH\ take GF equal to the shorter 
of the sides A and B] from the point ^ as a centre, with 
a radius GH^ equal to the other side, describe an arc 
cutting FH in H: the square described upon FH will be 
equivalent to the differ^jice of the squares described upon 
the lines A and B. 

For, the triangle GFH is right-angled, the hypothenuse 
GII^A^ and the side GF=B ; hence, the square described 
upon FH, is equivalent to the difference of the squares A 
and B (p. 11, c. 1). 

Scholium. A square may thus be found, equivalenrto the 
sum of any number of squares ; for a construction similar 
to that which reduces two of them to one, will reduce 
three, of them to two, and these two to one, and so of 
others. It would be the same, if any of the squares were 
to be subtracted from the sum of the others. 

9 




B 
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PEOBLEM XI. 

To find a square which shcdl be to a given square as one given 
line is to another given line. 

Let AC ho the givfen square, and M and N the givea 
lines. 

Upon the indefi- p C 

nite line EG, take EF 
=i/; and FG==]Sr; up- 
on EG as a diameter 
describe a semicircum- 
ference, and at the 
point F erect the per- 
pendicular Fff. From the point JSJ draw the chords HGj 
HE, which produce indefinitely: upon the first, take HK 
equal to the side AB of the given square, and through the 
point K draw KI parallel to EG ; HI will be the side of 
the required square. 

For, by reason of the parallels KT, GE, we have 

HI : HK :: HE i HG -, 

hence, 57' : HK^ :: HE^ : HG"" : 

but in the right-angled triangle GHE, the square of HE 
is to the square of HG as the segment EF is to the seg- 
ment FG (p. 11, c. 3), or as if is to iV^; hence, 

Hi'' : HK"" :: M : K 

But HK=AB ; therefore, the square described upon HI is 
to the square described upon AB as if is to iV. 



PROBLEM XII. 

Upon a given line, to describe a polygon similar to a given 

polygon. 

Let FG be the given line, and AEDCB the given 
polygon. 
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In the given poly- 
gon, draw the diago- 
nals AC^ AD\ at the 
point F make the angle 
GFH^BA G, and at the 
point 0, the angle FQH 
=ABG] the lines i<B; 

OH will intersect each other in H, and the triangle FQH 
will be similar to ABG (p. 18). In the same manner upon 
FH, homologous to AG, describe the triangle FIH similar 
to ADG] and upon FI, homologous to AD, describe the 
triangle FIK similar to ADR The polygon FGHIK will 
be similar to ABGDF, as required. 

For, these two polygons are composed of the same 
number of similar triangles, similarly placed (p. 26,* s.) 

PROBLEM XIII. 

Two similar figures being given, to describe a similar figure 
which shall be equivalent to their sum or difference. 

Let A and B be homologous sides of the given figures. 

Find a square equivalent 
to the sum or difference of 
the squares described upon A 
and B; let X be the side of 
that square ; then will X be 
that side in the figure required, 
which is homologous to the 
sides A and B in the given figures. Let the figure itself, 
then, be constructed on the side X, as in the last problem. 
This figure will be equivalent to the sum or difference of 
the figures described on A and B (p. 27, c.) 

PROBLEM XIV. 

To desaibe a figure similar to a given figure, and bearing to 
it the given ratio of M to N, 

Let JL be a side of the given figure, X the homologous 
side of the required figure. 
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Find the value of X, such, that its 
square shall be to the square of Jl, as if to 
N (PROB. 11). Then upon X describe a fig- 
ure similar to the given figure (prob.12): 
this will be the figure required. 





PROBLEM XV. 

To amstruct a figure similar to tlie figure P, and equivalent to 
the figure Q, 

Find Mj the side of a 
square equivalent to the fig- 
ure P, and N the side of a 
square equivalent to the figure 
Q (PROB. 9, s.) Let X be a 
fourth proportional to the 

three given lines, M, N, AB ; upon the side X, homologous 
to AB^ describe a figure similar to the figure P ; it will also 
be equivalent to the figure Q. 

For, calling Y the figure described upon the side X, 
we have, 

P : F :: AS^ : X'; 
but by construction, 

^5 : X :: if : iV; or, ZB* : X* :: M^ : A^; 
hence, P : T :i M^ : N^. 

But, by construction also, 

if'^^o^P, and N^oQ- 
therefore, P : T : : P : §; 

consequently, Fo Q ; hence, the figure T is similar to 
the figure P, and equivalent to the figure Q. 

PROBLEM XVI. 

To construct a rectangle equivalent to a given square^ and hav- 
ing the sum of its adjacent sides equal to a given line. 

Let C be the square, and the line AB equal to the 
sum of the sides of the required rectangle. 
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CJpon AB as a diam- 
eter, describe a semicir- 
cumference; at J., draw 
AD perpendicular to AB^ 
and make it equal to the 
side of the square (7; 
then draw the line DE parallel to the diameter AB ; from the 
point E^ where the parallel cuts the circumference, draw 
EF perpendicular to the diameter; AF and FB will be 
the sides of the required rectangle. 

For, their sum is equal to AB] and their rectangle 
AFxFB is equivalent to the square of EF, or to the square 
of AD] hence, this rectangle is equivalent to the given 
square C. 

Scholium, The problem is impossible, if the distance AB 
exceeds the radius ; that is, the side of the square must 
not exceed half the line AB. 



PROBLEM XVII. 

To construct a rectangle that shall be equivalent to a given 
square, and the difference of whose adjacent sides shall be 
equal to a given line. 

Let denote the given square, and AB the difference 
of the sides of the rectangle. 

Upon the given line AB, as a 
diameter, describe a circumference. 
At the extremity of the diameter, 
draw the tangent AD, and make it 
equal to the side of the square (7; 
through the point D and the cen- 
tre draw the secant DOF, inter- 
secting the circumference in E and 
F] then will DE and DF be the 
adjacent sides of the required rectangle. 

For, the difference of these hues is equal to the diame 
ter EF or AB; and the rectangle DE, DF is equivalent tc 
AD^ (p. SO); hence, the rectangle DFxDE, is equivalent 
to the given square C 
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TROBLEM XVIII. 

To find the common measure, between the side and diagonal of 

a square. 

Let ABCG be any square, and AC its diagonal. 

We first apply CB upon CA. 
For this purpose let the semicir- 
cumference DBE be' described, from 
the centre C, with the radius CB, 
and produce AG to K It is evident 
that CB is contained once in AC, 
with the remainder AD, The result 
of the first operation is, therefore, a 
quotient 1, with the remainder AB. 
This remainder must now be compared with BC, or its equal 
AB. 

Since the angle ABC is a right angle, AB is a tangent, 
and since AJE is a secant drawn from the same point, we 
have (p. 30), 

AD : AB :: AB : AM 
Hence, in the second operation, where AD is compared 
with ABj the equal ratio of AB to AJE may be taken insteaH : 
but AB, or its equal CD, is contained twice in AB, with 
the remainder AD; the result of the second operation is 
therefore a quotient 2 with the remainder AD, and this must 
be again compared with AB. 

Thus, the third operation consists in comparing again 
AD with AB, and may be reduced in the same manner to 
the comparison of AB or its equal CD with AJE] from 
which there will again be obtained a quotient 2, and the 
remainder AD. 

Hence, it is evident that the process will never termi- 
nate, and consequently that no remainder is contained in 
its divisor an exact number of times ; therefore, there is 
no common measure between the side and the diagonal of 
a square. This property has already been shown, since (p. 
11, c. 5), 

AB : AG :: 1 : V% 
but it acquires a greater degree of clearness by the geo- 
metrical investigation. 
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REGULAR POLYGONS— MEASUREMENT OF THE' CIRCLE, 
DEFINITION. 

A Regular Polygon is one which is both equilateral 
and equiangular. 

A regular polygon may have any number of sides. 
The equilateral triangle is one of three sides; the square, 
is one of four, 

PROPOSITION I. THEOREM. 
Regular polygons of the same number of sides are similar figures. 

Let ABCDEF^ abcedf be two such polygons. 

Then, either angle, 
as -4, of the polygon 
ABGDEF, is equal to 
twice as many right an- 
gles less four, as the fig- 
ure has sides, divided by A B 
the number of sides ; and the same is true of either angle 
of the other polygon (b. i., p. 26, c. 4) ; hence (A. 1), the 
angles of the polygons are equal. 

Again, since the polygons are regular, the sides AB^ BG^ 
CD^ &c., are equal, and so likewise the sides aJ, ftc, cd 
(d.), &c. ; hence 

AB : ah w BG : he :: GD \ cd, &c.; 

therefore, the two polygons have their angles equal, and 
their sides taken in the same order proportional ; conse- 
quently, they are similar (b. iv., d. 1). 

Gor, 1. The perimeters of two regular polygons of the 
same number of sides, are to each other as their homolo- 
gous sides, and their surfaces are to each other as the 
squares of those sides (b. iv., p. 27). 
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Cor. 2. The angle of a regular polygon, like the angle 
of an equiangular polygon, is determined by the number 
of its sides (b. l, p. 26, o. 4). 

PROPOSITION II. THEOREM. 

4 regular polygon may be circumscribed by the circumfereTice 
of a circle, and a circle may be inscribed within it 

Let HOFE^ &c., be any regular polygon. 

Through the three points A^ B, (7, 
describe the circumference of a circle : 
the centre will lie in the line OP, 
drawn perpendicular to BO at the 
middle point P (b. hi., p. 6, s.) Then 
draw OB and 00. 

If the quadrilateral OPOD be 
placed upon the quadrilateral OPBA, 
they will coincide ; for, the side OP is common ; the angle 
OPG=OPB, each being a right angle; hence, the side 
PG will apply to its equal PB, and the point will 
fall on B : besides, the polygon being regular, the angle 
PGD=PBA (d.); hence, CD will take the direction BA\ 
and since CD=BA, the point D will fall, on A, and the 
two quadrilaterals will coincide. Hence, OD is equal to 
A0\ and consequently, the circumference which passes 
through the three points A, B, C, will also pass through 
the point D. In the same manner it may be shown, that 
the circumference which passes through the three points 
B^ (7, 2?, will also pass through the point H', and so of all 
the other vertices; hence, the circumference which passes 
through the points A, B, (7, passes also, through the vertices 
of all the angles of the polygon, consequently, the circum- 
ference of the circle circumscribes the polygon (b. iii., d. 7). 

Again, in reference to this circle, all the sides AB, BC^ 
CD, &c., of the polygon, are equal chords ; they are there- 
fore equally distant from the centre (b. hi., p. 8) : hence, if 
from the point as a centre, with the distance OP, a cir- 
cumference be described, it will touch the side BO, and all 
the other sides of the polygon, each in its middle point, and 
the circle will be inscribed in the polygon (b. m., D. 11). 
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Scholium, The point 0, the common centre of the in- 
scribed and circumscribed circles, may also be regarded as 
the centre of the polygon; and the angle AOB is called 
iJ}£ angle at the centre^ being formed by two lines drawn 
from the centre to the extremities of the same side AB. 
The perpendicular OP, is called the apothem of the polygon. 

Cor. 1. Since all the chords AB, BOy CD, kc, are equal, 
all the angles at the centre are likewise equal (b. hi,, p. 4) ; and 
therefore, the value of any angle will be found by dividing 
four right angles by the number of sides of the polygon. 

Cor, 2. To inscribe a regular 
polygon of any number of sides 
in a given circle, we have only 
to divide the cirfeumference into 
as many equal parts as the poly- 
gon has sides ; for, when the arcs 
are equal, the chords AB, BC, CD, 
&c., are also equal (b. hi., p. 4) ; 
hence, likewise the triangles AOB, BOC, COD, must be 
equal, because their sides are equal each to each (b. i., p. 10) ; 
therefore, by addition, all the angles ABC, BCD, CDE, &c., are 
equal (A. 2); hence, the figure ABCDEH, is a regular polygon. 




PROPOSITION ra. PROBLEM. 
To inscribe a square in a given circle. 

Draw two diameters AC, BD, intersecting each other 
at right angles ; join their extremities A, B, C, D ^ the 
figure ABCD will be a square. 

For, the angles AOB, BOO, &c., 
being equal, the chords AB, BC, 
&c., are also equal (b. hi., p. 4) : 
and the angles ABC, BCD, &c., 
being inscribed in semicircles, are 
right angles (b. hi., p. 18, c. 2). 

Scholium. Since the triangle 
BCO is right-angled and isosceles, 
we have (b. iv., p. 11, c. 5), BC : BO : : V2 : 1 , 
hence, the side of the inscribed square is to the radiv^^ as tht 
square root of two, to unity. 
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PBOPOSITION IV. THEOEEM. 

If a regular hexagon he inscribed in a circle^ its side will he 
eqiuzl to the radms. 

Let ABGDEH^ be a regular hexagon, inscribed in a 
circle: then will its side AB be equal to the radius OA. 

For, the angle A OB is equal 
to one-sixth of four right angles, 
(p. 2, 0. 1), or one-third of two 
right angles : hence, the sum 
of the remaining angles OAB^ 
OBAj is equal to two-thirds of 
two right angles (b. I., p. 25). 
But the triangle A OB is isos- 
celes, hence, the angles at the 

base are equal (b. i., p. 11) : therefore each is one-third ol 
two right angles: hence, the triangle A OB is equiangu- 
lar: hence, AB=AO (b.i., p. 12). 




PROPOSITION V. PBOBLEM. 
To inscribe in a given circle, a regular hexagon. 

Let be the centre, and OB the radius of the given 
circle. 

Beginning at any point, as 
B, apply the radius jBO, six 
times as a chord to the circum- 
ference, and we shall form the 
regular hexagon BODEFA (p. 
4). Hence, to inscribe a regu- 
lar hexagon in a given circle, 
the radius must be applied six 
times as a chord, to the cir- 
cumference; which will bring 
us round to the point of begin- 
ning. 

Cor. 1 If the vertices of the alternate angles be joined 




BOOK V. 



189 



by the lines AC^ OB, EA, there will be inscribed in the 
circle an equilateral triangle AGE, since each of its angles 
will be measured by one-sixth of four right angles, or one- 
third of two (b. I., P. 25, c. 5). 

Chr. 2. K we draw the radii OA, 00, the figure OOBA 
will be a rhombus : for, we have 

00=0B=BA=^AO. 
Hence, the sum of the squares of the diagonals is equiva- 
lent to the sum of the squares of the sides (b. iv., p. 14, c. 2): 

that is, 



A0\0B^- 



-AAB 



AOB 



and by taking away OB , we have, 

J^oSO^; hence, 

AG^^ : OB^ : 3 : 1 ; or, 

AO : OB :: ^/% I 1: 

JLcnce, the side of the inscribed equilateral triangle is to Ae 
radius, as the square root of three, to unity, , 



PROPOSITION VI. PROBLEM. 

In a given circle to inscribe a regular decagon. 

Let be the centre, and OA the radius of the given 
circle. 

Divide the radius OA in 
extreme and mean ratio at 
the point 3£ (b. IV., PROB. 4) : 
Take OM, the greater seg- 
ment, and lay it off from A 
to B] the chord AB will 
be the side of the regu- 
lar decagon, and by apply- 
ing it ten times to the cir- 
cumference, the decagon will 
be inscribed in the circle. 

For, drawing MB, we have by construction, 
AO : OM :: OM : AM\ 
or, since AB=OM, 

AO I AB :: AB : AM. 
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But since the triangles ABO, 
AMBj have a common angle 
Aj included between propor- 
tional sides, they are similar 
(b. IV., P. 20). Now the triangle i^ 
BAO being isosceles, AMB 
must be isosceles also, and 
AB=^BM] but AB = OM] 
hence, also MB=MO ; hence, 
the triangle BMO is isosceles. 

Again, in the isosceles tri- 
angle BMO^ the angle AMB 
being exterior, is double the interior angle (b.' l, p. 
25, c. 6): but the angle AMB^MAB] hence, the triangle 
OAB is such, that each of the angles OAB or OBA^ at its 
base, is double the angle 0, at its vertex ; hence, the three 
angles of the triangle are together equal to five times the an- 
gle 0, which consequently, is the fifth part of two right angles,' 
or the tenth part of four; hence, the arc AB is the tentli 
part of the circumference, and the chord AB is the side 
of the regular decagon. 

Cor. 1. By joining the vertices of the alternate angles 
of the decagon, a regular pentagon AGEOI will be in- 
scribed. 

Cor, 2. Any regular polygon being inscribed, if the arcs 
which the sides subtend be severally bisected, the chords of 
those semi-arcs will form a new regular polygon of double 
the number of sides : thus it is plain, that the square will 
enable us to inscribe, successively, regular polygons of 8, 
16, 82, &c., sides. And in like manner, by means of the 
hexagon, regular polygons of 12, 24, 48, &c., sides may be 
inscribed; and by means of the decagon, polygons of 20, 
40, 80, &c., sides. 

Cor, 8. It is further evident, that any of the inscribed 
polygons will be less than the inscribed polygon of double 
the number of sides, since a part is less than the' whole. 
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PKOPOSmON VII. PROBLEM. 



A regular inscribed polygon being given, to circumscribe a sim- 
ilar polygon about the same circle. 

Let be the centre of the circle, and GDEFAB 
regular inscribed polygon. 

At r, the middle 
point of tlie arc AB^ 
draw a tangent OH^ 
and do the same at the 
middle point of each of 

the arcs BC^ CD^ &c. ; j / y ^^^^^ >j\|^ 

these tangents will be 
parallel to the chords 
AB,BG, CD, &c. (B.III., 
•p. 10, c.) ; and will, by 
their intersections, form 
the regular circumscrib- 



H T G 




^vV\ 




/\ 


ps\ / \ /A 


\/^~~~-- -— '■^\/ 



K 



Q 



ed polygon GHIK &o,, similar to the one inscribed. 

For, since T is the middle point of the arc BTA, and 
N the middle point of the equal arc BNG, it follows, that 
BT=^BN] or that the vertex B of the inscribed polygon, 
is at the middle point of the arc NBT. Draw OH. The 
line OH will pass through the point B. 

For, the right-angled triangles OTH^ NOH, having the 
common hypothenuse OH, and the side OT=ON, are equal 
(b. I., P. 17), and consequently the angle TOH=HON, where- 
fore the line OH passes through the middle point B of the 
arc 2W (b. iil, p. 15). In the same manner it may be 
shown that 01 passes through G; and similarly for the 
other vertices. 

But since GH is parallel to AB, and HI to BG, the 
angle GHI=ABG (b. i., p. 24) ; in Uke manner, HIK^BGD 
and so for the other angles: hence, the angles of the cir 
cumscribed polygon are equal to those of the inscribed* 
And further, by reason of these same parallels, we have 

GH : AB :: OH : OB, and HI : BG :: OH : OB; 
therefore, GH : AB : : HI : BG. 
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But AB^BC, 
therefore OH^HL 
For a like reason, 
fl7= IK^ &LQ,, ; hence, 
the sides of the circum- 
scribed polygon are all 
equal ; hence, this poly- 
gon is regular and simi- 
lar to the inscribed 
polygon. 

Cor. 1. Eeciprocal- 
ly : if the circumscribed polygon OHIK &c., be given, and 
the inscribed one ABC &c., be required, it will only be 
necessary to draw from the vertices of the angles 6^, H^ I, 
&c., of the given polygon, straight lines OG, OH, i&c, meet- 
ing the circumference in the points A, B, C, &c. ; then to 
join these points by the chords AB, BC, &c. ; this will 
form the inscribed polygon. An easier solution of this 
problem would be, simply to join the points of contact 7", 
iVJ P, &c., by chords TN, JVP, &c., which likewise would 
form an inscribed polygon similar to the circumscribed one 

Cor. 2. Hence, we may circumscribe about a circle any 
regular polygon similar to an inscribed one, and con- 
versely- 

Cor. 8. It is plain that Nff+IIT=ffT+TG:==HG, one 
of the equal sides of the polygon. 

Cor. 4. If through B, A, F, &c., the middle points of 
the arcs NBT, TAS, SFR, &c., we draw tangent lines, we 
shall thus form a new regular circumscribed polygon having 
double the number of sides: and this process may be re- 
peated as often as we please. The new polygon will be 
regular, because it will be similar to a new inscribed poly- 
gon which may be formed (p. 6, c. 2) of double the number 
of sides of the first. It is plain, that each new circumscribed 
polygon will be less than the one from which it was derived, 
since a part is less than the whole. 
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PKOPOSITION VIII. THEOREM. 

The area of a regular polygon is equal to its perimeter muUif 
plied hy half the radius of the inscribed circle. 

Let there be the regular polygon GHIK^ and ON^ OT^ 
radii of the inscribed circle drawn to the points of tan- 
gency: then will its area be equal to the perimeter mul- 
tiplied by one-half of OT. 

For, the triangle OOH is 
measured by OHx\OT\ the trian- 
gle OHI, by HIXiON: but 0N= 
OT] hence, the two triangles taken 
together are measured by 
{GH-\-HI)XiOT 
And, by finding the measures of 
the other triangles, it will appear 
that the sum of them all, or the 
whole polygon, is measured by the sum of the bases GS, 
HI, &c., or, the perimeter of the polygon, multiplied by 
one-half of OT] that is, the area of the polygon is equal 
to its perimeter multiplied by half the radius of the in- 
scribed circle. 




PROPOSITION IX. THEOREM. 

The perimeters of regular polygons, having the same number of 
sideSj are to each otJier as the radii of the circumscribed 
circles; and also, as the radii of the inscribed circles; and 
ih^r areas are to each other as the squares of those radii. 

Let AB be the side of one polygon, the centre, and 
consequently OA the radius of the circumscribed circle, 
and OD, perpendicular to AB, the radius of the inscribed 
circle. Let ah, be a side of the other . 
polygon, the centre, oa and od, the ^ 
radii of the circumscribed and the 
inscribed circles. 

Then, the perimeters of the two 
polygons are to each other as the 
sides AB and ab (b. iv., p. 27) : but 
the angles A and a are equal, being 
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eacli half of the angle of the poly- 
gon ; so also are the angles B and 
6; hence, the triangles ABO^ aio, 
are similar, as are, likewise, the 
right-angled triangles ADO, ado\ 
therefore, 

AB : ab :: AO : ao : : DO : do ; 

hence, the perimeters of the poly- 
gons are to each other as the radii 
A 0, ao, of the circumscribed circles, and also, as the radii 
DOj doj of the inscribed circles. 

The surfaces of these polygons are to each other as the 
squares of the homologous sides AB, ah (b. iv., p. 27) ; they 
are therefore likewise to each other as the squares of AG, 
aOj the radii of the circumscribed circles, or as the squares 
of OD, od, the radii of the inscribed circles. 




PROPOSITION X. THEOREM. 



Two regular polygons, of the same number of stdeSj can always 
be forrnedj ilie one circumscribed about a circle^ the other in- 
scribed in it^ which shall differ from each other by less than 
any given surface. 

Let Q be the side of a square less than the given sur- 
face. Bisect AC, 2i. fourth part of the circumference, and 
then bisect the half of this fourth, and proceed in this 
manner, always bisecting one of the arcs formed by the 
last bisection, until an arc is found whose chord AB is less 
than Q, As this arc will be an exact part of the circum- 
ference, if we apply the chords AB, BO, CD, &c., each equal 
to AB, the last will terminate at A, and there will be formed 
a regular polygon ABODE &g., inscribed in the circle. 

Next, describe about the circle a similar polygon ahcde 
&c. (p. 7) : the difference of these two polygons will be 
less than the square of Q, 

For, from the points a and 6, draw the lines aO, bO, to 
the centre 0: they will pass through the points A and B 
(p. 7). Draw also OK to the point of contact K: it will 
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bisect AB in ij and be per- 
pendicular to it (b. m., p. 6, s.) 
Prolong AO \jo E^ and draw 
BE. 

Let p represent tlie cir- 
cumscribed polygon, and P the 
inscribed polygon: then since 
the triangles aOh, AOB, are 
like parts of p and P, we 
have (b. Ii., p. 11), 

aOb : AOB :: p : P: 

But the triangles being similar (b. iv., p, 25), 

aOb : AOB : : Oa : Q?, or 6Z*. 

Hence, p : P : : Oa : 6k\ 

Again, since the triangles OaK, EAB are similar, having 
their sides respectively parallel (b rv., p. 21). 




Oa 



P 



: OK'' 
AE^ : 



: : AE : EB , hence 

2 

EB , or by division (b. il., P. 6), 



p-p 



AW 



AE^'-EB, or AB 



But p is less than the sqaare described on the diameter 
AE {p,7,cA)] therefore, ^ — Pis less than the square de- 
scribed on AB: that is, less than the given Square on Q: 
hence, the difference between the circumscribed and inscribed 
polygons may, by increasing the number of sides, always be 
made less than any given surface. 



PROPOSITION XI. problem. 

TTie surface of a regular inscribed polygon, and that of a sim- 
ilar circumscribed polygon, being given ; to find the surface 
of the regular inscribed and circumscribed polygons having^ 
double the number of sides. 

Let AB be a side of the given inscribed polygon; 
EF, parallel to AB^ a side of the circumscribed polygon, 
and the centre of the circle. If the chord AM and the 
tangents AP, BQ, be drawn, AM will be a side of an in- 

10 
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scribed polygon, having twice the number of sides ; and 
AP+PM=^2PM or PQ^ will be a side of the similar cir- 
cumscribed polygon (p. 7, c. 3). 

Now, as the same construc- 
tion will take place at each 
angle corresponding to AGM^ 
it will be sufficient to consider 
ACM by itself; for the trian- 
gles connected with it are evi- 
dently to each other as the 
whole polygons of which they 
form part. Let P, then, be 
the surface of the inscribed 
polygon whose side is AB^ p, that of the similar circum- 
scribed polygon ; P' the surface of the polygon whose side 
is AM, p' that of the similar circumscribed polygon: P 
and p are given ; we have to find P and p\ 

First Now the triangles A CD, ACM, having the com- 
mon vertex A, are to each other as their bases CO, CM (b. 
rv., P. 6, c.) ; they are likewise to each other as the poly- 
gons P and P', of which they form part (b. II., P. 11) : hence, 

P : P^ :: CD : CM. 
Again, the triangles CAM^CME, having the common vertex 
M, are to each other as their bases C!4, CE ; they are like- 
wise to each other as the polygons P' and p of which they 
form part; hence, 

P' : p :i CA : CE. 
But since AD and ME are parallel, we have, 
CD : CM :: CA : CE] 
hence, P : P' :: P' : p] 

hence, the polygon P' is a mean proportional between the 
two given polygons P and p, and consequently, 

P' = VPxp. 

Secondly. The altitude CM being common, the triangle 
CPM is to the triangle CPE, as Pif is to PE] but since 
CP bisects the angle IfCE, we have (b. iv., p. 17), 
PM : PE :: CM : CE : : CD : CA : : P : P' \ 
hence. CPM : CPE :. P : P'\ 
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and consequently, 

CPM : CPM+CPJE^oT GME :: P : P+P) 
and hence, 20PM, or GMPA : OME : : 2P : P+P\ 

But CMPA is to GME as the polygons jp' and p^ of which 
they form part: hence, 

p' : p x: 2P I P+P\ 

Now as P' has been already determined ; this new propor- 
tion will serve to determine p*, and give us 
w-2Px^. 

and thus by means of the polygons P and^p it is easy to 
find the polygons P' and p', which have double the num- 
ber of sides. 

PROPOSITION Xn. PROBLEM. 
To find the approximate area of a circle whose radiics is unity. 

Let the radius of the circle be 1 ; the side of the in- 
scribed square will be V2 (p. 3, s.) ; that of the circum- 
scribed square will be equal to the diameter 2; hence, the 
surface of the inscribed square will be two, and that of the 
circumscribed square will be 4. Hence, P=2, and ^=4; 
by the last proposition we shall find the 

inscribed octagon ' P'= V8=2.8284271, 

1 ft 
circumscribed octagon ^'= . =8.8137085. 

The inscribed and the circumscribed octagons being thus 
determined, we shall easily, by means of them, determine 
the polygons having twice the number of sides. We have 
only in this case to put P=2.8284271, ^=3.3137085 ; we 
shall find 

P'= VPx;p=8.0614674, 

y=^p^7=3.1825979. 

These polygons of 16 sides will enable us to find the 
polygons of 32 sides ; and the processes may be continued 
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lintil the difference between the inscribed and circumflcribed 
polygons is less than any given surface (p,10). Since the 
circle lies between the polygons, it will differ from either 
polygon by less than the polygons differ from each other : 
and hence, in so far as the figures which express the areas 
of the two polygons agree, they will be the true figures to 
express the area of the circle. 

We have subjoined the computation of these polygons, 
carried on till they agree as far as the seventh place of 
decimals. 



Number or BiDBg. 


Imsceibbd Poltoomb. 


Circumscribed Poltoons. 


4 . . 


2.0000000 . 


. 4.0000000 


8 . . , 


2.8284271 . 


. 3.3137085 


' 16 . . , 


3.0614674 . 


. 3.1825979 


32 . . . 


3.1214451 . . 


. 8.1517249 


64 . . , 


3.1365485 . 


. . 3.1441184 


128 .. . 


3.1403311 . 


. 3.1422236 


256 . . 


3.1412772 . 


. . 3.1417504 


512 .. . 


3.1415138 . 


. . 3.1416321 


1024 , . . 


3.1415729 . 


. . 3.1416025 


2048 . . . 


3.1415877 . 


. 3.1415951 


4096 . . 


3.1415914 . 


. 3.1415933 


8192 . . 


3.1415923 . 


. . 3.1415928 


16384 . . 


. 3.1415925 . 


. . 3.1415927 


32768 . . 


. 3.1415926 . 


. 3.1415926 



The approximate area of the circle, we infer, therefore, 
is equal to 3.1415926. Some doubt may exist perhaps 
about the last decimal figure, owing to errors proceeding 
from the parts omitted; but the calculation has been car- 
ried on with an additional figure, that the final result here 
given might be absolutely correct even to the last decimal 
place. The number generally used, for computation, is 
3.1416, a number very near the true area. 

Scholium 1. Since the inscribed polygon has the same 
number of sides as the circumscribed polygon, and since 
the two polygons are regular, they will be similar (p. 1) : 
and, therefore, when their areas approach to an equality 
with the circle, their perimeters will approach to an equal- 
ity with the circumference. 
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Sdvolium 2. That magnitude to which a varying mag- 
nitude approaches continually, and which it cannot pass, is 
called a limit 

Having shown that the inscribed and circamscribed 
polygons may be made to differ from each other by less 
than any given surface (p. 10), and since each differs from 
the circle less than from the other polygon, it follows that 
the circle is the limit of all inscribed and circumscribed 
polygons, formed by continually doubling the number of 
sides, and that the circumference is the limit of their peri- 
meters. Hence, no sensible error can arise in supposing 
that what is true of such a polygon is also true of its 
limit, the circle. Indeed, the circle is but a regular poly- 
gon of an infinite number of sides. 

PROPOSITION XIII. THEOREM. 



The circumferences of circles are to each other as their radiij 
and the areas are to each other as the squares of their radii. 

Let us designate the circumference of the circle whose 
radius is OA by drc. CA ; and its area, by area CA\ it is 
then to be shown that 



drc. GA 
area GA 



drc. OB 
area OB 



GA 

CA' 



OB, and that 

ob\ 




Inscribe within the circles two regular polygons of the 
same number of sides. Then, whatever be the number of 
sides, their, perimeters will be to each other as the radii 
GA and OB (p. 9), Now, if the arcs subtended by the sides 
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of the polygons be continually bisected, and corresponding 
polygons formed, the perimeter of each new polygon will 
approach the circumference of the circumscribed circle, and 
at the limit (p. 12, s. 2), we shall have 

aire. CA : circ. OB : : CA : OB. 

Again, the areas of the inscribed polygons are to each 
other as CA to OB (p. 9). But when the number of 
sides of the polygons is increased, as before, at the limit 
we shall have 



area CA : area OB 



CAT 



OB*, 



Cor. 1. It is plain that the limit of any portion of the 
perimeter of an inscribed regular polygon lying between 
the vertices of two angles, is the corresponding arc of the 
circumscribed circle. Thus, the limit of the portion of the 
perimeter intercepted between O and E is the arc GFE. 

Cor. 2. If we multiply the antecedent and consequent 
of the second couplet of the first proportion by 2, and of 
the second by 4,^ we shall have 



and 



circ. CA 
area CA 



circ. OB 
area OB 



2CA 



20B\ 



that is, the cirfUmferences of circles are to each other as their 
diameters, and their areas are to each other as Hie squares oj 
their diameters. 
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PROPOSITION XIV. THEOREM. 

Similar arcs are to each other as their radii: and similar sec* 
tors are to each other as the squares of their radii. 

Let AB^ BE, be similar arcs, and AGB^ DOE, similar 
sectors: tlien 

AB ^ DE :: 
and AGB : DOE : 

For, since the arcs are sim- 
ilar, the angle G is equal to 
the angle (b.iv.,d. 6). But 
we have (b. hi., p. 17), 

angle G : 4 right angles 
and, angle : 4 right angles 
hence (b. ii., p. 4, c), 

AB \ DE \\ circ. GA : circ. OD ; 

but these circumferences are as the radii AG, DO (p. 13); 
hence, 

AB : DE :: OA : OD. 

For a like reason, the sectors AGB, DOE, are to each 
other as the whole circles: which again are as the squares 
of their radii (p. 13) ; therefore, 




sect AGB : sect. DOE 



GT 



Olf. 



PROPOSITION XV. THEOREM. 



The area of a circle is equal to Ae product of half the radius 
hy the circumference. 



Let AGDE he a circle whose cen- 
tre is and radius OA : then will 

area OA=^OAXcirc. OA. 

For, inscribe in the circle any regu- 
lar polygon, and draw OF perpendicu- 
lar to one of its sides. The area of 
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the polygon is equal to ^OF, mul- 
tiplied by the perimeter (p. 8). Now, 
let the arcs which are subtended by 
the sides of the polygon be bisected 
and new polygons formed as before : 
the limit of the perimeter is the cir- 
cumference of the circle ; the limit of 
the apothem is the radius OA, and 
the limit of the area of the polygon is the area of the 
circle (p. 12, s. 2). Passing to the limit, the expression for 
the area becomes 

area OA=^OAXcirc. OA ; 
consequently, the area of a circle is equal to the product 
of half the radius by the circumference. 

Goi\ The area of a sector is equal to the arc of the 
sector multiplied by half the radius. 
For, we have (b. hi., p. 17, s. 4), 

sect A OB : area GA : : AMB : arc. GA ; 

or, sect AGB : area GA : : AMBx 

iGA : aire. GAx\GA. 

But, circ. GAx\GA is equal to the 
area GA ; hence, AMBx\GA \& equal 
to the area of the sector. 




PROPOSITION XVI. THEOEEM. 

The area of a circle is' eqital to the square of the radius mul- 
tiplied by the ratio of the diameter to the circumference. 

Let the circumference of the circle whose diameter is 
unity be denoted by * : then, since the diameters of cir- 
cles are to each other as their circumferences (p. 13, c. 2), * 
will denote the ratio of any diameter to its circumference. 
We shall then have 

1 : * :: 2GA : circ. GA : 
therefore, circ. GA=irx2GA. 

Multiplying both members by ^GA, we have 
IGAXcirc. GA^'jtxGJl^^ 
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or (p. 15) area CA^i^x GA , 

that is, the area of a circle is equal 

to ir into the sqtcare of the radius. 

Scholium 1. Let GA=R^ and area 
CA=A: then, A = *!(R^^ making 
CA=\\ we shall have 

area GA^^'K. 

But we have found the area of the circle whose radius is 
1 to be 3.1415926 (p. 12) : therefore, we have 

^=3.1415926. 

In common calculations, we take *=3.1416. 

Scholium 2. The problem of the quadrature of the circle, 
as it is called, consists in finding a square equivalent in 
surface to a circle, the radius of which is known. Now it 
has just been proved, that a circle is equivalent to the rect- 
angle contained by its circumference and half its radius 
(p. 15); and this rectangle may be changed into an equiv- 
alent square, by finding a mean proportional ^between its 
length and its breadth (b. IV., pkob. 3). To square the 
circle, therefore, is to find the circumference when the 
radius is given ; and for effecting this, it is enough to 
know the ratio of the diameter to the circumference. 

Hitherto the ratio in question has never been determin- 
ed except approximatively ; but the approximation has 
l^een carried so far, that a knowledge of the exact ratio 
would afford no real advantage whatever beyond that of 
the approximate ratio. Accordingly, this problem, which 
engaged geometers so deeply, when their methods of 
approximation were less perfect, is now degraded to the 
rank of those idle questions, with which no one possessing 
the slightest tincture of geometrical science, will occupy 
any portion of his time. 

Archirmdes showed that the ratio of the diameter to the 
circumference is included between 3-fg and ?>W\ hence, 3 J 
or "^^ affords at once a pretty accurate approximation to 
the number above designated by -jt; and the simplicity 
of this first approximation has brought it into very general 
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use. Metius, for the same quantity, found the much more 
ac5curate value fff • -^.t last, the value of «*, developed to 
a certain order of decimals, was found by other calculators 
to be 8.1415926535897982 &c. : and some have had patience 
enough to continue these decimals to the hundred and 
twenty-seventh, or even to the hundred and fortieth place. 
Such an approximation is practically equivalent to perfect 
accuracy : the root of an imperfect power is in no case 
more accurately known. 

PROPOSITION XVII. THEOKEM. 

If the circumferences of two circles intersect each other, the arc 
of the common chord in the less circle will be longer than 
the corresponding arc of the greater.^ 

Let A and £ be the centres of two circles, AGj BG^ 
their radii, G and D the points in which their circumfer- 
ences intersect and GD their ccrmmon chord: then will the 
arc DEG described with the radius BG^ be longer than the 
arc DFG described with the greater radius AG. 

Join the centres A and B^ 
and prolong AB to E. Then, 
since AB bisects the chord 
GD at right angles (b. ill., P. 11) ; 
it also bisects the arcs at 
the points F and E (b. ill., P. 
6). Draw GE and DE which 
-vnll be equal to each other 
(b. III., P. 4) ; also GF and DF. 

Bisect the arcs GE, ED, 
and also the arcs GF, FD, and 
draw chords subtending the new 
arcs: there will thus be inscribed in the two segments 
DEG, DFG, portions of two polygons, having the same 
number of sides in each. 

Now, since the point F is within the triangle DEC^ 




* The aro oonfiidered in thifl demonstnition is the one which is less than a 
•emidrde. 
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EG plus ED is greater than GF plus FD (b. i., p. 8) : 
hence, the half, GE is greater than the half, GF. If now, 
with (7 as a centre, and GE as a radius, we describe an 
arc EH^ the chord GE being greater than GF, the arc GFH 
will be greater than the arc GF (b. hi., p. 5). If we sup- 
pose the arc GKE to move with the chord GE then, 
when the chord GE becomes the chord GH^ the arc GKE 
will pass through the points G and H^ and will have with 
GFH^ the common chord GH. 

If, now, we bisect the arc which is equal to GKE^ and 
also the arc GFH, we know from what has already been 
shown, that the chord of half the outer arc will be greater 
than the chord of half the inner arc GFH, much more will 
it be greater than the chord of CL, which is half the arc 
CF; that is, the chord of the arc GK, one-half of GE^ 
will always be greater than the chord of the arc (7X, one- 
half of GF, Hence, the perimeter of that portion of the 
polygon inscribed in the segment GED, will be greater than 
the perimeter of the corresponding polygon inscribed in the 
segment GFD. If, then, we continue the operations indefi- 
nitely, the limit of the outer perimeter will be the arc GED, 
and of the inner, the arc GFD: hence, the arc GED is 
greater than the arc GFD, 

Gor, If equal chords be taken in unequal circles, the 
arc of the chord in the greatest circle will be the shortest ; 
for, the circles may always be placed as in the figure. 
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PLANES AND POLYEDRAL ANGLES, 



DEFINITIONS. 

1. A straight line is perpendicular to a plane, when it 
is perpendicular to every straight line of the plane 
which passes through its foot : conversely, the plane is 
perpendicular to the line. The point at which the perpen- 
dicular meets the plane, is called the foot of the perpendic- 
ular. 

2. A line is parallel to a plane, when it cannot meet 
that plane, to what distance soever both be produced. 
Conversely, the plane is parallel to the line. 

3. Two planes are parallel to each other, when they 
cannot meet, to what distance soever both be produced. 

4. The indefinite space included between two planes 
which intersect each other, is called a diedral angle: the 
planes are called the faces of the angle, and their line of 
common intersection, the edge of the angle. 

A diedral angle is measured by the angle contained be- 
tween two lines, one drawn in each face, and both perpen- 
dicular to the common intersection at the same point. This 
.angle may be acute, obtuse, or a right angle. K it is a 
right angle, the two faces are perpendicular to each other. 

5. A PoLYEDRAL angle is the indefinite space included 
by several planes meeting at a common point. Each plane 
is called a face: the line in which any two faces intersect, 
is called an edge : and the common point of meeting of all 
the planes, is called the vertex of the polyedral angle. 
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Thus, the polyedral angle whose ver- g 

tex is aSJ is bounded by the four faces, ^K 

ASB, BSO, CSD, DSA, Three planes, at y/ \ 

least, are necessary to form a polyedral nz2^..../_ U 

angle. // / 

A polyedral angle bounded by three Zl___y 

planes, is called a triedral angle. ^ 

POSTULATES. 

1. Let it be granted, that from a given point of a 
plane, a line may be drawn perpendicular to that plane. 

2. Let it be granted, that from a given point without a 
plane, a perpendicular may be let fall on the plane. 

PEOPOSITION I. THEOREM. 

A straight line cannot be partly in a plane, and partly out of it. 

For, by the definition of a plane (b. I., D. 9), when a 
straight line has two points common with it, the line lies 
wholly in the plane. 

Scholium. To discover whether a surface is plane, apply 
a straight line in different ways to that surface, and ascer- 
tain if it coincides with the surface throughout its whole 
extent. 

PROPOSITION II. THEOREM. 

Two straight lines which intersect each other, lie in the same 
* plane, and determine its position. 

Let AB, AC, be two straight lines 
which intersect each other in Ju ; a plane 
may be conceived in which the straight 
line AB is found ; if this plane be turned 
round AB, until it pass through the point 
0, then the line AG^ which has two of its points A and 
0, in this plane, lies wholly in it; hence, the position of 
the plane is determined by the single condition of contain- 
ing the two straight lines AB, AG. 
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Cor. 1. Any three points A^ By 
C, not in a straight line, determine 
the position of a plane. Hence, a 
triangle BAGj determines the posi- 
tion of a plane. 

Cor. 2. Hence, also, two paral- 
lels AB, CD, determine the posi- 
tion of a plane ; for, drawing the 
secant FF, the plane of the two 
straight lines AE, EF^ is that of 
the parallels AB^ CD. But the lines AE^ EF^ determine 
this plane; therefore, so do the parallels, AB^ CD. 





PROPOSITION III. THEOKEM. 

If two planes cut one another^ their common section will he a 
straight line. 

Let the two planes AB^ CD, cut 
one another, and let E and F 
be two points of their common 
section. Draw the straight line 
EF. This line lies wholly in the 
plane AB, and also, wholly in the 
plane CD (b. i., d. 9): therefore, 
it is in both planes at once. But 
since a straight line and a point out of it cannot lie in 
two planes at the same time (p. ii., c. 1), EF contains all 
the points common to both planes, and consequently, is 
their common intersection. 

PROPOSITION IV. THEOREM. 

If a straight line he 'perpendicular to tioo straight lines at their 
point of intersection, it will he perpendicular to the plane 
of those lines. 

^ Let MN be the plane of the two lines BB, CO, and let 
AP be perpendicular to each of them at their point of 
intersection P; then will AP be perpendicular to every 
line of the plane passing through P, and consequently to 
the plane itself (d. 1). 
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For, through P draw in the 
plane MN^ any straight line as PQ, 
Through any point of this line, as 
Q, draw BQG, so that BQ shall 
be equal to QC (b. IV., PKOB. 5); 
draw AB, AQ, AG. 

The base BC being divided into 
two equal parts at the point Q^ the 
triangle BPO gives (b. rv., P. 14). 

PG'+PB^.^o^^Pq'+iQO^. 

The triangle BAG in like manner gives, 

AG" + Iff o2AQ^ +200". 
Taking the first of these equals from the second, and 
observing that the triangles APG^ APBj being right-angled 
at P, give 

I^'-P^oZp", and Iff-Pff^c^^lff, 
we shall have, 

aP'+AP''=^2AQ''-2PQ'. 
Therefore, by taking the halves of both, we have 

XP^=o=i:^-Pg') or AQ'oAP'+P^ ; 
hence, the triangle APQ is right-angled at P; hence, AP 
is perpendicular to PQ. 

Scholium. Thus, it is evident, not only that a straight 
line may be perpendicular to all the straight lines which 
pass through its foot, in a plane, but that it always must 
be so, whenever it is perpendicular to two straight lines 
drawn in the plane : hence, a line and plane may fulfil the 
conditions of the first definition. 

Gor. 1. The perpendicular AP is shorter than any 
oblique line A Q ; therefore, it measures the shortest distance 
from the point A to the plane MN. 

Gor. 2. At a given point P, on a plane, it is impossi- 
ble to erect more than one perpendicular to the plane ; for, 
if there could be two perpendiculars at the same point P, 
draw through these two perpendiculars a plane, whose sec- 
tion with the plane MN is PQ] then these two perpen- 
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dicurlars would be botli perpendicular to the line PQ, at 
the same point, which is impossible (b. l, p. 14, c.) 

It is also impossible to let fall from a given point, out 
of a plane, two perpendiculars to that plane; for, if AP^ 
AQ, be two such perpendiculars, the triangle APQ will 
have two right angles APQ, AQP, which is impossible (b. 
I., P. 25, c. 3). 

PROPOSITION V. THEOREM. 

Ifj from a point without a plane, a perpendicular be drawn to 
the plane, and oblique lines be dravm to its different points : 

1st, The oblique lines which meet the plane at points equally 
distant from the foot of the perpendicular, are equal : 

2d. Of two oblique lines which meet tlie plane at unequal dis- 
tances, the one passing through the remote point is the longer. 

Let AP be perpendicular to the plane MN\ AB, AC, 
AD, oblique lines intercepting the equal distances PB, PC, 
PD, and J^ a line intercepting the larger distance PEi 
then will AB=AG=^AD\ and AE will be greater than 
AD. 

For, the angles APB, APC, APD, 
being right angles, and the distances 
PB, PC, PD, equal to each other, j^ 
the triangles APB, APC, APD, ^ 
have in each an equal angle con- 
tained by two equal sides : there- 
fore they are equal (b. I., P, 5) ; 
hence, the hypothenuses, or the 
oblique lines AB, AC, AD, are equal 
to each other. 

Again, since the distance PE is greater than PD, or its 
equal PB, the oblique line AU is greater than AB, or its 
equal AD (b. 1, p. 15). 

Cor. AH the equal oblique lines, AB, AC, AD, &c., ter- 
minate in the circumference BCD, described from P, the 
foot of the perpendicular, as a centre ; therefore, a point A 
being given out of a plane, the point P at which the per- 
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pendicular let fall from A would meet that plane, may be 
found by marking upon that plane tliree points, B^ (7, D^ 
equally distant from the point J., and then finding the 
centre of the circle which passes through these points ; this 
centre will be P, the point sought. 

Scholium. The angle ABP is called the inclination of the 
oblique line AB to the plane MN\ which inclination is evi- 
dently equal with respect to all such lines AB^ AO^ AD, as 
^make equal angles with the perpendicWar f for, all the tri- 
angles ABP, ACP, ABP, &c., are equal to each other. 

PROPOSITION VI. THEOREM. 

If from the foot of a perpendicular a line he drawn at right 
angles to any line of a plane, and the point of intersection 
he joined with any point of the perpendicular, this last line 
will be perpendicular to the line of the plane. 

Let AP be perpendicular to the plane NM, and PD 
perpendicular to BC\ join D with any point of the per- 
pendicular, as A ; then will AD also be perpendicular to 

Ba 

Take DB^DC, and draw PJ?, 
PC, AB, AG. Now, since DB is 
equal to DG, the oblique line PB 
is equal to PG (b. 1, p. 5): and 
since PB is equal to PG, the 
oblique line AB is equal io AG 
(p. 5) ; therefore, the line AD 
has two of its points A and D 
equally distant from the extremi- ^' 

ties B and G] therefore, AD is a perpendicular to BG, at 
its middle point D (b. i., p. 16, c.) 

Gor. It is evident, likewise, that BG is perpendicular 
to the plane of the triangle APD, since it is perpendicu- 
lar to the two straight lines AD, PD of that plane (p. 4). 

Scholium 1. The two lines AE, BG, afford an instance of 
two lines which are not parallel, and yet do not meet, be- 
cause they are not situated in the same plane. The short- 

11 
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est distance between these lines is 
the straight line PD^ which is at 
once perpendicular to the line AP 
and to the line BO. The distance 
PD is the shortest distance between 
them : because, if we join any other 
two points, such as A and B^ we 
shall have AB>AD, AD>PD\ 
therefore, still moTQ,'AByPD, 

iSchoUum 2. The two lines AJS^ OB, though not situated 
in the same plane, are conceived as forming a right angle 
with each other ; because AE and the line drawn through 
any one of its points parallel to jBCJ would 'make with 
each other a right angle. In the same manner, AB, PD, 
which represent any two straight lines not situated in the 
same plane, are supposed to form with each other the same 
angle, as would be formed by AB and a straight line 
drawn through any point of AB^ parallel to PD. 



PKOPOSITION VII. THEOREM. 

If one of two parallel lines he perpendicular to a plane^ the 
other will also he perpendicular to the same plane. 

Let ED, APj be two parallel lines; if AP is perpen- 
dicular to the plane NAT, then will ED be also perpendio- 
ular to it. 

For, through the parallels A Ej 

AP, DE, pass a plane ; its inter- 
section with the plane MN will M 
be PD ; in the plane MN draw \ pU 
BD perpendicular to PD^ and 
then draw AD. 

Now, BD is perpendicular to 
the plane APDE (p. 6, c) there- ' N 

fore, the angle BDE is a right angle ; but the angle EDP 
is also a right angle, since AP is perpendicular to PDj 
and DE parallel to AP (b. I., p. 20, c. 1) ; therefore, the line 
DE is j)erpendicular to the two straight lines DP, DB; 
consequently it is perpendicular to their plane MN (P. 4). 
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Cbn 1. Conversely : if the straiglit lines AP^ DE^ are 
perpendicular to the same plane MN^ they will be parallel 
For, if they be not parallel, draw, through the point Dy, a 
line parallel to AP^ this parallel will be perpendicular to 
the plane MN\ therefore, through the same point D more 
than one perpendicular will be erected to the same plane^ 
which is impossible (p. 4, C. 2). 

Gor. 2. Two lines A and By parallel to a third (7, are 
parallel to each other ; for, conceive a plane perpendiculai 
to the line (7; the lines A and B, being parallel to (7, are 
perpendicular to this plane ; therefore, by the preceding 
corollary, they are parallel to each other. 

The three parallels are supposed not to be in the same 
plane ; otherwise the proposition would be already proved. 
(b. I., p. 22). 

PKOPOSITION VIII. THEOEEM. 

If a straight line is parallel to a line of a plane^ it is par* 
olid to the plane. 

Let the straight line AB be parallel to the line CD of 
the plane NM] then will it be parallel to the plane NM, 

For, if the line AB^ which lies ^ B 

in the plane ABDO^ could meet the 
plane MN, it could only be in some M 
point of the line CD, the common V 
intersection of the two planes; but \ q~ 
the line AB cannot meet CD, since V^ 




N 
they are parallel (b. I., D. 16) : hence, 

it will not meet the plane MN\ therefore, it is parallel to 

that plane (d. 2). 



PKOPOSITION IX. THEOREM. 

7^wo planes which are perpendicular to the same straight line 
are parallel to each other. 

Let the planes MN, PQ, be perpendicular to the line 
AB, then will they be parallel. 
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For, if they can meet any 
whcare, let be one of their 9 
common points, and draw OA, 
OB. Now, the line ABy which 
i3 perpendicular to the plane 
MN^ is perpendicular to the 
straight line OA, drawn through 
its ^ foot in that plane (d. 1); for ^ 

the same reason AB is perpendicular to J50 ; therefore, there 
are two perpendiculars, OA and OB, let fall from the same 
point 0, upon the same straight line, which is impossible 
(b. I., p. 14) ; therefore, the planes MN, PQ, cannot meet 
each other ; consequently, they are parallel. 
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PROPOSITION X. THEOBEM. 

If a plane cut two parallel planes, the lines of intersection wiU 

be parallel. 

Let the parallel planes NM, QP, be intersected by the 
plane JEH; then will the lines of intersection EF, OH^ 
be parallel. 

For, if the lines EF, QH, 
lying in the same plane, were 
not parallel, they would meet 
each other when prolonged ; and 
• then the planes MN^ PQj in which 
those lines lie, would also meet; 
and hence, the planes would not 
be parallel, which is contrary to 
the hypothesis. 




PROPOSITION XL THEOREM. 

If two planes are parallel^ a straight line which is j)erpendicur 
lar to one^ is also perpendicular to the other. 

Let MN^ PQ, be two parallel planes, and let AB be 
perpendicular to the plane NM; then will it also be per- 
pendicular to QP. 
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For, draw any line BC in tlie ..^ |j| 
plane PQ, and through the lines 
AB and BO^ pass a plane ABG^ 
intersecting the plane MN in 
AD\ the intersection AD is par- 
allel to BC (p. 10). But the line 
AB^ being perpendicular to the 
plane iCVJ is perpendicular to 
the straight line AD (d. 1) ; therefore, also, to its parallel 
BO (b. I., p^ 20, c. 1) ; hence, the line AB being perpendicu- 
lar to any line BC^ drawn through its foot in the plane 
PQ^ is perpendicular to that plane (d. 1). 
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PROPOSITION XII. THEOREM. 
All parallels inclvded between two parallel planes are equal. 

Let MNl PQ, be two parallel planes, and ffF, OE^ two 
parallel lines: then will OE=HF. 

For, through the parallels OE^ 
HF, draw the plane EOHF, in- 
tersecting the parallel planes in 
EF and OH, The intersections 
EF^ GH^ are parallel to each other 
(p. 10) ; and since GE, HF are 
parallel, the figure EGHF is 
a parallelogram ; consequently, 
EG^FH (B. I., p. 28). 

. Cor, Hence, it follows, that two parallel planes are every* 
where equidistant. For, suppose EG to be perpendicular to 
the plane PQ ; then, the parallel FH is also perpendicular 
to it (p. 7), and the two parallels are likewise perpendicu- 
lar to the plane MN (p. 11) ; and being parallel, they are 
equal, as shown by the proposition. 
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PROPOSITION XIII. THEOREM. 

If two angles^ not situated in the same plane, have their sides 
parallel and lying in the same direction, tJiese angles wUl be 
equal and their planes mill be parallel. 

Let the angles CAE and DBF, have the side AO 
parallel to BD, and lying in the feame direction : also, A£I 
parallel to BF, and lying in the same direction ; then will 
the angles CAE and DBF be equal, and their planes pax- 
allel. 

For, take J. (7 and BD equal to 
each other, and also AE=BF; 
and draw CE, DF, AB, CD, EF. 
Since AG \& equal and parallel to 
BDf the figure ABDG is a paral- 
lelogram (b. I., p. 80) ; therefore, CD 
is equal and parallel to AB, For 
a similar reason, EF is equal and 
parallel to AB] hence, also, CD 
is equal and parallel to EF (p. 

7, c. 2); hence, the figure DFEC ' ^ \ — ^ 

is a parallelogram, and the side CE is equal and parallel 
to DF', therefore, the triangles CAE, DBF, have their cor- 
responding sides equal; consequently, the angle CAE = DBF. 
Again, the plane ACE is parallel to the plane BDF. 
For, if not, suppose a plane to be drawn through the point 
A, parallel to BDF. If this plane be different from ACE, 
it will meet the lines CD, EF, in points different firom C 
and E, for instance in Q and H] then, the three lines BA, 
DG, FH, will be equal (p. 12), and each equal io AB: 
but the lines AB, CD, EF, are already known to be equal ; 
hence, DO=^DO, and HF—FE, which is absurd; hence, 
the plane AGE is parallel to BDF. 

Qyr, If two parallel planes MN, PQ, are met by two 
other planes CABD, EABF, the angles CAE, DBF, formed 
by the intersections of the parallel planes are equal; for, 
the intersection AG \^ parallel to BD, and AE to BF 
(p. 10) ; therefore, the angle CAE=^DBF. 
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PBOPOSITION XIV. THEOEEM, 

If three straight lines j not situated in the same plane j are equai 
and parallel^ the triangles formed by joining the extremities 
of tJiese lines tmll be equal, and their planes parallel. 

Let AB, OD^ EF, be three equal and parallel lines. 

Since AB is equal and paral- m 
lei to CD, the figure ABDO is 
a parallelogram; hence, the side 
AG is equal and parallel to BB 
(b. I., p. 80). For a like reason, 
the sides AE, BF, are equal and 
parallel, as also GE, DF\ hence, 
the two triangles A C£^, BDF, have 
their sides equal, and are therefore 
equal (b. i., p. 10) ; and as their sides 
are parallel and lie in the same 
directions, their planes are parallel (p. 13). 




PEOPOSITION XV. THEOBEM. 

If two straight lines be cut by three parallel planes, they vnU be 
divided proportionally. 

Suppose the line J.-B to meet the parallel planes MN, 
PQ, RSy at the points A, E, B\ and the line CD to meet 
the same planes at the points (7, F, D: then 
AE : EB :: CF : FD. 

Draw AD meeting the plane 
Pq in a, and draw AC, EG, OF, 
BD, Since the parallel planes PQ, 
RS, are cut by the third plane 
BAD, the intersections BD and EG 
are parallel (p. 10) : and we have 
AE : EB :: AG : GD. 
and the intersections AC, GF, 
being parallel, 

AG : GD :: OF : FD-, 
hence (b. ii., p. 4, c), AE : EB 
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PBOPOSITION XVI. THEOKEM. 

If a line is perpendicular to a plane, every plane passed 
through the perpendicular^ is also perpendicular to the plane. 

Let AP be perpendicular to tlie plane NM] then will 
every plane passing through AP be perpendicular to NM. 

Let BF be any plane passing through 
AP, and BG its intersection with the \vA/1 

plane MN. In the plane MN, draw JDP /Tx 

perpendicular to BP: then the line AP, -^ \ \ \^ 
being perpendicular to the plane MN, 
is perpendicular to each of the two 
straight lines BG, DE, Now, since AP 
and DE are both perpendicular to the 
common intersection BG, the angle which 
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they form wiU measure the angle between the planes (d. 4) : 
but the angle APD, or APE, is a right angle: hence, the 
two planes are perpendicular to each other. 

Scholium. When three straight lines, such as AP, BP, 
DP, are perpendicular to each other, any two may be 
regarded as determining a plane, and the three will deter- 
mine three planes. Now, each line is perpendicular to the 
plane of the other two, and the three planes are perpen- 
dicular to each other. 



PROPOSITION XVII. THEOREM. 

If two planes are perpendicular to each other, a line drawn 
in one of them perpendicular to their common intersection, 
will be perpendicular to the other plane. 

Let the plane BA be perpendicular to 
NM] then, if the line AP be perpendic- 
ular to the intersection BG, it will also 
be perpendicular to the plane NM, 

For, in the plane MN, draw PD per- 
pendicular to PB] then, because the 
planes are perpendicular, the angle APD 
is a right angle (d. 4) ; therefore, the line 
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AP is perpendicular to the two straight lines PB, PD^ 
passing through its foot; therefore, it is perpendicular to 
their plane MN (p. 4). 

Cor, K the plane BA is perpendicular to the plane JIfiVJ 
and. if at a point P of the common intersection we erect 
a perpendicular to the plane MN^ that perpendicular will 
be in the plane BA, For, let us suppose it will not, then, 
in the plane BA draw AP perpendicular to PB^ the com- 
mon intersection, and this AP at the same time, is perr 
pendicular to the plane MN^ by the theorem; therefore at 
the same point P there are two perpendiculars to the plane 
MN^ one out of the plane BA^ and one in it, which is im- 
possiJDle (p. 4, c. 2). 



PROPOSITION :XVIII. THEOREM. 



If two planes which cut each other are perpendicular to a third 
plane, their common intersection is also perpendicular to that 
plane. 



Let the planes BA, DA, be perpen- 
dicular ioNM] then will their intersec- 
tion AP be perpendicular to NM. 

For, at the point P, erect a perpen- 
dicular to the plane MN] that perpen- 
dicular must be at once in the plane 
AB and in the -plane AD (p, 17, c.) ; 
therefore, it is their common intersection 
AP, 




PROPOSITION XIX. THEOREM. 

The sum of either two of the plane angles which include a 
triedral angle, is greater than the third. 

The proposition requires demonstration only when the 
plane angle, which is compared with the sum of the two 
others, is greater than either of them. Therefore, suppose the 
triedral angle aS' to be formed by the three plane angles 
ASB, ASO, BSG, and that the angle ASB is the greatest; 
we are to show that ASB<ASC-\'BSG. 
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In the plane ASB make the 
angle BSD=BSO, and draw the 
Btraight line ADB at pleasure ; then 
make SC=SD, and draw AO, BC. 

The two sides BS^ SD, are equal 
to the two BS, SC, and the angle 
BSD=BSG \ therefore, the triangles 
BSD^ BSCj are equal (b. i., p. 5); hence, BD=BC. But 
AB<,AC+BO] taking BD from the one side, and from the 
other its equal BC, there remains AI)<^AG The two sides 
ASj SB, are equal to the two AS, SO] the third side AD 
is less than the third side AC; therefore, the angle ASD<C^ 
ASC (b. I., p. 9, c.) Adding BSD=BSOj we have 

ASD+BSD, or ASB<ASC+BSC. 



PEOPOSITION XX. THEOEEM. 

The sum of the plane angles which include any polyedral angle 
is less than four right angles. 

Let S be the vertex of a polyedral angle bounded by 
the faces BSC, CSD.DSE, ESA, ASB; then will the sum 
of the plane angles about S be less than four right angles. 

For, let the polyedral angle be cut 
by any plane AjD^ intersecting the edges 
in the points J., B, G, B, E^ and the 
faces in the lines AB, BO, CD, DE, 
EA, From any point of this plane, as 
0, draw the straight lines OA, OB, 00, 
OD, OE. 

We thus form two sets of triangles, 
one set having a common vertex S, 
the other having a common vertex 0, 
and both having the common bases AB, BC, CD, DE, EA. 
Now, in the set which has the common vertex S, the sum 
of all the angles is equal to the sum of all the plane angles 
which comprise the polyedral angle whose vertex is /SJ to- 
gether with the sum of all the angles at the bases : viz. : 
SAB, SB A, SBC, &c. ; and the entire sum is equal to twice as 
many right angles as there are triangles. In the set whose 
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common vertex is O^ the sum of all the angles is equal 
to the four right angles about 0, together with the inte- 
rior angles of the polygon, and this sum is equal to 
twice as many right angles as there are triangles. Since 
the number of triangles, in each set, is the same, it fol- 
lows that these sums are equal. But in the triedral 
angle whose vertex is B, ABS+SBG>ABO (p. 19), and 
the like may be shown at each of the other vertices, 
(7, D, E^ A: hence, the sum of the angles at the bases, in 
the triangles whose conmion vertex is a^, is greater than 
the sum of the angles at the bases, in the set whose com- 
mon vertex is : therefore, the sum of the vertical angles 
about S is less than the sum of the angles about : that 
is, less than four right angles. 

Scholium. This demonstration is founded on the suppo- 
sition that the polyedral angle is convex, or that the plane 
of no one face produced can ever meet the polyedral angle ; 
if it were otherwise, the sum of the plane angles would no 
longer be limited, and might be of any magnitude. 

PROPOSITION XXI. THEOREM. 

If two triedral^ angles are included by plane angles which are 
equal each to each^ the planes of the equal angles are equally 
inclined to each other. 

Let S and T be the vertices of two triedral angles, and 
let the angle ASO=DTF, the angle ASB=^DTE, and the 
angle BSG=ETF] then will the inclination of the planes 
ASC, ASB, be equal to that of the planes DTF, DTE. 

Fox, having taken SB at 
pleasure, draw BO perpendicu- 
lar to the plane ASC'^ from the 
point 0, where the perpendicu- 
lar meets the plane, draw OJ., 
OC^ perpendicular to aSA, SO] 
draw AB, BO. Next take 
TE=SB] draw EP perpendicular to the plane BTF; from 
the point P draw PI), PF, perpendicular respectively to 
7!D, TF] lastly, draw DE and EF. 
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The triangle SAB, is -aright- 
angled at A, and the triangle 
TDB at D (p. 6) : and since 
the angle-4^^=i^TJE; we have 
SB A^ TED. Moreover, since 
SB=TE, the triangle SAB is 
equal to the triangle TDE\ 
therefore, SA^TD, and AB==DE. 

In like manner, it may be shown, that SO=TF, and 
BC=EF. That proved, the quadrilateral ASCO is equal 
to the quadrilateral DTFP: for, place the angle ASG upon 
its equal DTF ] because SA=^TD, and SO=TF, the point 
A will fall on D, and the point G on F; and, at the same 
time, A Of which is perpendicular to SA, will fall on DPj 
which is perpendicular to 7!D, and, in like manner, OC on 
PF] wherefore, the point will fall on the point P, and 
hence, AO is equal to DP, 

But the triangles A OB, DPEj are right-angled at and 
P; the hypothenuse AB=DE, and the side AO=DPi 
hence, those triangles are equal (b. i., p. 17) ; and, conse- 
quently, the angle OAB=PDE. But the angle OAB mea- 
sures the inclination of the two faces ASB, ASO] and the 
angle PDE measures that of the two faces DTE, DTF; 
hence, those two inclinations arc equal to each other. 

Scholium 1. It must, however, be observed, that the 
angle A of the right-angled triangle A OB is properly the 
inclination of the two planes ASB, ASG, only when • the 
perpendicular BO falls on the same side of SA, with SC; 
for, if it feU on the other side, the angle of the two planes 
would be obtuse, and the obtuse angle together with the 
angle A of the triangle OAB would make two right angles. 
But in the same case, the angle of the two planes TDE, 
TDF, would also be obtuse, and the obtuse angle together 
with the angle D of the triangle DPEj would make two 
right angles; and the angle A being thus always equal to 
the angle D, it would follow that the inclination of the- 
two planes ASB, ASG, must be equal to that of the two 
planes TDE, TDF. 

Scholium 2. K two triedral angles are included by three 
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plane angles, respectively equal to each other, and i^ at 
the same time, the equal or homologous angles are disposed 
in the same order, the two triedral angles will coincide when 
applied the one to the other, and consequently, are equal 

(A. 14). 

For, we have already seen that the quadrilateral SAOC 
may be placed- upon its equal TDPF ; thus, placing SA upon 
TD, SC falls upon TF, and the point upon the point P. 
But because the triangles A OB, DPE, are equal, OB, per- 
pendicular to the plane ASG, is «qual to PEy perpendicu- 
lar to the plane TDF \ besides, these perpendiculars lie in 
the same direction ; therefore, the / point B will fall upon 
the point E, the line SB upon TE, and the two angles will 
wholly coincide. 

Sclwlium 3. The equality of the triedral angles does 
not exist, vunless the equal faces are arranged in the same 
manner. For, if they were arranged in an inverse order, or, 
what is the same, if the perpendiculars OB, PE, instead of 
lying in the same direction with regard to the planes ASC, 
DTF, lay in opposite directions, then it would be impossi- 
ble to make these triedral angles coincide the one with the 
other. The theorem would not, however, on this account, 
be less true, viz. : that the faces containing the equal 
angles must be equally inclined to each other ; so that 
the two triedral angles would be equal in all their con- 
stituent parts, without, however, admitting of superposi- 
tion. This ^sort of equality, which is not absolute, or 
such as admits of superposition, ought to be distinguish- 
ed by a particular name: we shall call it, equality hy sym- 
metry. 

Thus, those two triedral angles, which are formed by 
faces respectively equal to each other, but disposed in an 
inverse order, will be called triedral angles equal hy symme^ 
in/j or simply symmetrical angles. 
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POLYEDRONS. 



DEFINITIONS. 




1. PoLYEDRON is a name given to any solid bounded 
by polygons. The bounding polygons are called faces of 
the polyedron ; and the straight line in which any two 
adjacent faces meet each other, is called an edjge of the 
polyedron. 



2. A Prism is a polyedron in which two 
of the faces are equal polygons with their 
planes and homologous sides parallel, and all 
the other faces parallelograms. 



3. The equal and parallel polygons are called hoses of 
the prism — the one the lower, the other, the upper base — 
and the parallelograms taken together, make ug the lateral 
or convex surface of the prism. 

4. The Altitude of a prism is the distance betw^n 
its two bases, and is measured by a line drawn froia a 
point in one base, perpendicular to the plane of the otj r. 

5. A right prism is one whose edges, 
formed by the intersection of the lateral faces, 
are perpendicular to the planes of the bases. 
Each edge is then equal to the altitude of the 
prism. In every other case, the prism is 
oblique^ and each edge is then greater than the 
altitude. 



^ 
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6. A Triangular Prism is one whose bases are tri- 
angles : a quadrangular prism is one whose bases are quad- 
rilaterals : a pentangular prism is one whose bases are pen- 
tagons: a heocangular prism is one whose bases are hexa- 
gons, &c. " 

7. A Parallelopipedon is a prism whose bases are 
parallelograms. 



8. A Eectangular Parallelopipe- 
don is one whose faces are all rectangles. 
When the faces are squares, it is called 
a cube^ or regular heocaedron. 



9. A Pyramid is a solid bounded by 
a polygon, and by triangles meeting at a 
common point, called the vertex. The 
polygon is called the hose of the pyra- 
mid, and the triangles, taken together, 
the convex^ or lateral surface. The pyra- 
mid, like the prism, takes different names, 
according to the form of its base : thus, 
it may be triangular, quadrangular, pent- 
angular, &c. 

10. The Altitude of a pyramid is the perpendicular 
let fall from the vertex on the plane of the base. 

11. A Eight Pyramid is one whose base is a regular 
polygon, and in which the perpendicular let fall from the 
vertex upon the base passes through the centre of the base. 
This perpendicular is then called the axis of the pjrramid. 

12. The Slant Height of a right pyramid, is the per- 
pendicular let fall from the vertex to either side of the 
polygon which forms the base. . 



13. If a pyramid is cut by a plane 
parallel to its base, forming a second 
base, the part • lying between the bases, 
is called a truncated pyramid^ or frustum 
cf a pyramid. 
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14. The altitude of a frustum is the perpendicular dis- 
tance between its bases : and the slant height^ is that por- 
tion of the slant height of the pyramid intercepted between 
the bases of the frustum. 

15. The diagonal of a polyedron is a line joining the 
vertices of any two of its angles, not in the same face. 

16. Similar polyedrons are those whose polyedral angles 
are equal, each to each, and which are bounded by the 
same number of similar faces. 

17. Parts which are like placed, in similar polyedrons, 
whether faces, edges, or angles, are called homologous, 

18. A regular polyedron is one whose faces are equal 
and regular polygons, and whose polyedral angles are equal. 

PKOPOSITION I. THEOREM, 

The convex surface of a right prism is equal to the perimeter 
of either base multiplied by its altitude. 

Let ABCDE-K be a right prism: then will its convex 
surface be equal to 

{AB+BC+ CD+DE+EA)XAF, 

For, the convex surface is equal to 
the sum of all the rectangles AG^ BH^ 
(JI^ DK^ EF, which compose it. Now, 
the altitudes AF, BG, Oil, &c., of the 
rectangles, are equal to the altitude of 
the prism, and the area of each rect- 
angle is equal to its base multiplied- by 
its altitude (b. iv., p. 5). Hence, the sum 
of these rectangles, or the convex sur- 
face of the prism, is equal to 

{AB +BG+ OD-['DE+EA)xAF ; 
that is, to the perimeter of the base of the prism multi- 
plied by the altitude. 

Cor. If two right prisms have the same altitude, their 
convex surfaces are to each other as the perimeters of 
their bases. 
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PROPOSITION II. THEOREM. 

In every prism^ the sections formed by parallel planes, are 
eqiuil polygons. 

Let the prism AH be intersected by the parallel planes 
at; SV] then are the polygons NOPQB, STVXY, equal. 

For, the sides ST^ NO, are parallel, 
being the intersections of two parallel 
planes with a third plane ABQF] these 
same sides, ST, NO, are included be- 
tween the parallels NS, 02] which are 
edges of the prism : hence, NO is 
equal to ST. For like reasons, the 
sides OP, PQ, QB, &c., of the section 
NOPQR, are equal to the sides TV, 
VX, XT, &c., of the section STYXT, 
each to each ; and since the equal 
sides are at the same time parallel, it 
follows that the angles NOP, OPQ, &c., of the first section, 
are equal to the angles STV, TVX, &c., of the second, each 
to each (b. vi., p. 13). Hence, the two sections NOPQR, 
STVXT, are equal polygons. 

Cor. Every section of a prism, parallel to the bases, is 
equal to either base. 



proposition hi. theorem. 

If a pyramid he cut ly a plane parallel to its base: 

\st. The edges and the altitude will be divided proportionally : 

2d. The section will be a polygon similar to the base. 

Let the pyramid SABGDE, of which SO is the altitude 
be cut by the plane abode -, then will 

Sa : SA :: So : SO, 

and the same for the other edges; and the polygon aihcdt^ 
will be similar to the base ABODE. 

12 
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First, Since the planes ABC^ abc^ are 
parallel, their intersections AB, ab, by the 
third plane SAB, are also parallel (b. vi., 
p. 10) ; hence, the triangles SAB^ Sab^ are 
similar (b. IV., P. 21), and we have 

SA : Sa :: SB : Sb] 
for a like reason, we have 

SB : Sb :: SO : Sc] 
and so on. Hence, the edges SA, SB, SCj 
&c., are cut proportionally in a, 6, ^, &c. 
The altitude SO is likewise cut in the same proportion, at 
the point o ; for BO and bo are parallel, therefore, we have 

SO : So :: SB : Sb. 

Secondly. Since ab is parallel to AB, be to BC, cd to CD, 
&c., the angle abc is equal to ABO, the angle bed to BOB, 
and so on (b. vi., p. 13). Also, by reason of the similar 
triangles SAB, Sab, we have 

AB : ab :: SB : Sb] 
and by reason of the similar triangles SBO, Sbc, we have 

SB : Sb :: BO : be; 
hence, AB : ab : : BO : be ; 

we might likewise have 

BO : be :: OD : ed, 
and so on. Hence, the polygons ABODE, abcde have their 
angles equal, each to each, and their sides, taken in the 
same order, proportional ; hence, they are similar (b. iv., d. 1). 

Oor. 1. Let S ABODE, 
S'XYZ, be two pyramids, 
having a common vertex 
and their bases in the same 
plane ; if these pyramids are 
cut by a plane parallel to 
the plane of their bases, the 
sections, abcde, xyz, will be to 
each otJier as the bases ABODE^ 
XYZ. 
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For, the polygons ABCDE^ abcde^ being similar, their 
surfaces are as the squares of the homologous sides AB^ 
ah ; that is, B. rv., P. 27), 

ABODE : abcde : : AB^ : ^\ 
but, AB : ab :: SA : Sa; 

hence, ABODE : abcde : : SA : &^. 

For the same reason, 

XYZ : xyz :: SX"" : &?. 
But since abc and xyz are in one plane, we have likewise 
(B. VI., p. 15), 

SA : jSa :: SX : Sx-, 
hence, ABODE : abcde : : XYZ : xyz ; 
therefore, the sections abcde, ocyz, are to each other as the 
bases ABODE, XYZ, 

Oor, 2. If the bases ABODE, XYZ, are equivalent, any 
sections abcde, xyz, made at equal distances from the bases, 
are also equivalent. 

PROPOSITION IV. THEOREM. 

The convex surface of a right pyramid is equal to the perimeter 
of its base midtiplied by half the slant height. 

Let S be the vertex, ABODE the base, and SF the slant 
height of a right pyramid ; then the convex surface is equal 
to iSFx{AB-\'BO-\'OD-]'DE+EA), 

For, since the pyramid is right, the 
point 0, in which the axis meets the 
base, is the centre of the polygon 
ABODE (D. 11) ; hence, the lines OA, 
OB, 00, &c., drawn to the vertices of 
the base, are equal. 

In the right-angled triangles SAO, 
SBO, the bases and perpendiculars are 
Cijual : hence, the hypothenuses are 
equal: and it may be proved in the 
same way, that all the edges of the right pyramid are 
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equal. The triangles, therefore, which 
form the convex surface of the prism 
are ail equal to each other. But the 
area of either of these triangles, as ESA^ 
m equal to its base EAy multiplied by 
half the perpendicular SF, which is the 
slant height of the pyramid : hence, the 
area of all the triangles, or the convex 
surface of the pyramid, is equal to the 
perimeter of the base multiplied by half 
the slant height. 

Cor. The convex surface, of the frustum of a right pyramid 
18 eqical to half the sum of 1h^ perimeters of its upper and 
lower bases multiplied by its slant height. 

For, since the section ahcde is similar to the base (p. 3), 
and since the base ABODE is a regular polygon (d. 11), it 
follows that the sides ca, ab, be, cd, and cfe, are all equal to 
each other. Hence, the convex surface of the frustum 
ABGDE-d is composed of the equal trapezoids EAae, AEba^ 
&c., and the perpendicular distance between the parallel 
sides of either of these trapezoids is equal to Ff the slant 
height of the frustum. But the area of either of the trap- 
ezoids, as AEea^ is equal to ^{EA + ed)xFf (b. iv., P. 7): 
hence, the area of all of them, or the convex surface of 
the frustum, is equal to half the sum of the perimeters of 
the upper and lower bases multiplied by the slant height. 



PROPOSITION v. THEOREM. 

If the three faces which include a triedral angle of a prism are 
equal to the three faces which include a triedral angle of a 
second prism^ each to each, and are like placed, the two 
prisms are equal. 

Let B and b be the vertices of two triedral angles in 
eluded by faces respectively equal to each other, and 
similarly placed ; then will the prism ABGDE-K be equal 
to the prism abcde-k. 

For, place the base abcde upon the equal base ABODJE; 
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then, since the triedral angles at b and B are equal, the 
parallelogram bh will coincide with SH, and the parallelo^ 
gram bf with BF. But the two upper bases being equal 
to their corresponding lower bases, are equal to each other, 
and consequently, will coincide : hence, hi will coincide 
with HI^ ik with ZffJ hf with KF] and therefore, the 
lateral faces of the prisms will coincide : hence, the two 
prisms coinciding throughout, are equal (a. 14), 

Gor, Two right prisms, which have equal bases and equal 
altitudes, are equal For, since the side AB is equal to ab, 
and the altitude BO to bg, the rectangle ABGF is equal to 
ahgf] so also, the rectangle BOHO is equal to bghc; and 
thus the three faces, which include the triedral angle B, 
are equal to the three which include the triedral angle fi, 
each to each. Hence, the two prisms are* equal. 



PROPOSITION VI. THEOREM. 



Tn every paraUelopipedorij the opposite faces are equal ami 

parallel. 



E 



H 



Let ABGD be a parallelopipedon, then will its opposite 
fiwjes be equal and parallel. 

For, the bases ABGD, EFGH, are 
equal parallelograms, and have their 
planes parallel (d. 7). It remains only 
to show, that the same is true of any 
two opposite lateral . faces, such as 
BGGF, ADHR 
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Now, BG is equal and parallel to 
AD J because the base ABCD is a par- 
allelogram; and since the lateral faces 
are also parallelograms, BF is equal and 
parallel to AE, and the like may be 
Bhown for the sides FO and EH^ CO and 
DII'\ hence, the angle CBF is equal to the angle BAE^ and 
the planes BAE^ CBF^ are parallel (b. vi., p. 13) ; and the 
parallelogram BGOF, is equal to the parallelogram ABHE. 
In the same way, it may be shown that the opposite paral- 
lelograms ABFE, BOOH, are equal and parallel. 

Cor. 1. Since the parallelopipedon is a solid bounded 
by six faces, of which any two lying opposite to each 
other, are equal and parallel, it follows that any face and 
the one opposite to it, may be assumed as the bases of the 
parallelopipedon. 

Cor, 2. The diagonals of a parallelopipedon Insect each other. 
For, suppose two diagonals BH, BF^ to be drawn through 
opposite vertices. Draw also BB^ FH, Then, since BF is 
equal and parallel to BHj the figure BBHF is a parallelo- 
gram; hence, the diagonals BH^ BF^ 
mutually bisect each other at E (b. I., p. 
31). In like manner, it may be 
shown that the diagonal BH and any 
other diagonal bisect each other ; hence, 
the four diagonals mutually bisect each 
other, in a common point. If the six 
faces are equal to each other, this point may be regarded 
as the centre of the parallelopipedon. 

Scholium. If three straight lines AB^ AE^ ABy passing 
through the same point J., and making given angles with 
each other, are known, a parallelopipedon may be formed 
on these lines. For this purpose, conceive a plane to be 
parsed through the extremity of each line, and parallel to 
the plane of the other two, that is, through the point B 
pass a plane parallel to BAE^ through B a plane parallel 
to BAE^ and through E a plane parallel to BAB. The 
mutual intersections of these planes. will form the edges of 
the parallelopipedon required. 
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If a plane be passed through the opposite diagonal edges_ of a 
parallelopipedon, it will divide the solid into two equivalent 
triangular prisms. 

Let the parallelopipedon ABOD-H be divided by the 
plane BDHF^ passing through the opposite edges BF^ DH: 
then will the triangular prism ABD-H^ be equivalent to 
the triangular prism BGD-H. 

For, through the vertices B and i^ 
pass the planes Bcda^ Fghe, at right 
angles to the edge BF, the former cut- 
ting the three other edges of the par- 
allelopipedon prolonged in the points 
c, d, a, the latter in the points g, A, e. 

Now, the sections Bcda, Fghe, are 
equal parallelograms. For, the cutting 
planes being perpendicular to the same 
straight line BF, are parallel (b. vi., p. 
9) : hence, the sections are equal (p. 2) ; and they are par* 
allelograms because Ba, cd, two opposite sides of the same 
section, are formed by the meeting of a plane aBcd, with 
two parallel planes ABFF, DC OH (b. vi., p. 10). For a 
similar reason Be and ad are parallel; hence, the figures 
are equal parallelograms. 

For a like reason the figure aBFe is a parallelogram; 
so also, are BcgF^ cghd, adhe, the other lateral faces of the 
solid aBcdrh ; hence, that solid is a prism (d. 2), and that 
prism is right, since the edge BF is perpendicular to its 
bases. 

But the right prism aBcd-h is divided by the plane BE 
into two equal right prisms aBd-h, Bcd-h ; for, the bases 
aBdj Bed, are equal, being halves of the same parallelo- 
gram, and since the prisms have the common altitude BF, 
they are equal (p. 5, c.) 

It is now to be proved that the obhque triangular 
prism ABD'H is equivalent to the right triangular prism 
aBd'h. Since these prisms have a common part ABD-h, it 
will only be necessary to prove that the remaining parts. 
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namely, the solids aBd-D, eFh-ffj are ^H 

eqmvalent. Since ABFE, aBFe, are „ ^-^""/iK 
parallelograms, the sides AE^ ae, are l^r--*-''/ 'r br- 

each equal to BF ; hence, they are p\ //'^\y^ 
equal to each other; and taking away 1 Yi^^Td' / 

the common part Ae, there remains /^..-r^X / 
Aa=Fe. In the same manner it may iC-r'/ ^"^V 
be proved that Dd=Hh, ^\//^^ 

To bring about the superposition of ^^- ^ 

the two solids, eFh-H^ aBd-D, let the 
base eFh be placed on the equal base aBd — ^the point c 
falling on a, the point h on d : the edges eF, hH, will then 
coincide with aA, dD, since all the edges are perpendicular 
to the same plane aBcd^ Hence, the two solids will coin- 
cide exactly with each other; consequently, the oblique 
prism ABD'H is equivalent to the right prism aBd-h. In 
the same manner, it may be shown that the obhque prism 
BGD-H is equivalent to the right prism Bcd-h. But the 
two right prisms have been proved equal: hence, the two 
triangular prisms ABD-H^ BCD-H^ being equivalent to 
equal right prisms, are equivalent to each other. 

Cor, Every triangular prism ABD-H is half the paral- 
lelopipedon AO^ having the same triedral angle A, and the 
same edges AB, AD^ AE, 

PROPOSITION VIII. THEOKEM. 

If two parallelopipedons have a common lower base, and their 
upper bases in the same plane and between the same paral- 
lels, iliey are equivalent 

Let the parallelopipedons AO, AL, have the common 
base ABGDy and their upper bases EQ, IL, in the same 
plane, and between the same parallels EK, HL\ then will 
they be equivalent. 

There may be three cases, according as EI is greater 
than, equal to, or less than^i^; but the demonstration, for 
each case, is the same. 

We will show, in the first place, that the triangular 
prisms AIE-H, BKF-Q are equal. Since EF and IK are 
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each equal to AB (b. i., 
p. 28), they are equal to 
each other. Add FI to 
each, and we have 
EI^FK: 
and since the angle AEF 
is equal to BFK (b. i., 
P. 20, c. 8) ; the triangle 
AEI is equal to the triangle BFK (b. i., p. 6). Again, 
since EI is equal to FK^ and EH equal and parallel to 
FOj the parallelogram EM is equal to the parallelogram 
FL (b. I., p. 28, C. 2) : also, the parallelogram AH is equal 
to the parallelogram OF (p. 6) : hence, the three faces 
which include the polyedral angle at E are respectively 
. equal to the three which include the polyedral angle at Fj 
and being like placed, the triangular prism AIEH is equal 
to the triangular prism BKF-Q (p. 5). 

But, if the triangular prism AIEH be taken away 
from the solid AL, there will remain the parallelopipedon 
ABGD'M\ and if the equal triangular prism BKF-0 be 
taken away from the same solid, there will remain the 
parallelopipedon ABCD-H] hence, the two parallelopipedons 
ABGD'M, ABOB'H, are equivalent. 

PROPOSITION IX. THEOREM. 

Two parallelopipedons^ having their lower bases equal, and equal 
altitudes^ are equivalent 

Let the parallelopipedons AO^ AL^ have the common 
base ABGDy and equal altitudes; then will their upper 
bases, EFOH^ IKLM^ be in the same plane; and the two 
parallelopipedons will be equivalent. 

For, let the edges FE^ OH^ be prolonged, as also, KL 
and IM^ till, by their intersections, they form the paral- 
lelogram NOFQ, in the plane of the upper bases: this 
parallelogram will be equal to either of the bases IL, EG. 
For, the upper bases IL, EG, being each equal to the 
common base AO, are equal to each other. But OP 
which is equal to F&, is also equal to KL^ and OiV is 
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equal to KI^ being be 
tween the same paral- 
lels: hence, the paral- 
lelogram NP is equal 
to IL or EO (b. l, p. 
28,0.2). 

Now, if a third par- 
allelopipedon be con- 
ceived, having for its 
lower base the paral- 
lelogram ABGD, and for 
its upper base NOFQ, 
this third parallelopipedon will be equivalent to the paral- 
lelopipedon AG, since they have the same lower base, and 
their upper bases lie in the same plane and between the 
same parallels, QO, NF (p. 8). For a like reason, this third 
parallelopipedon will also be equivalent to the parallelo- 
pipedon AL ; hence, the two parallelopipedons A G, AL, 
which have equal bases and equal altitudes, are equivalent 




PKOPOSITION X. THEOREM. 

Any parallelopipedon may be changed into an equivalent rect- 
angular parallelopipedon having an equal altitude and an 
equivalent base. 

Let ABGD'H be any parallelopipedon. 

From the vertices A, 
B, (7, A draw At, BK, 
CL, DM, perpendicular to 
the plane of the lower 
base, and equal to the 
altitude oi AG: there will 
thus be formed the paral- 
lelopipedon AL equiva- 
lent io AG (p. 9), and 
having its lateral faces 
AKy BLj &c., rectangles. 
Now, if the base ABCD 
is a rectangle, AL will be a rectangular parallelopipedon 
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equivalent to -4(?, and consequently, the parallelopipedon 
required. 

But if ABCD is not a rectangle, draw 
AO and BN perpendicular to DO^ and 
OQ and NP perpendicular to the base; 
we shall then have, a rectangular paral- 
lelopipedon ABNO'Q: for, by construc- 
tion, the bases ABNO, and IKPQ, are 
rectangles; so also, are the lateral faces, 
the edges AI^ OQ, &c., being perpendicu- 
lar to the plane of the. base; hence, the 
solid AP is a rectangular parallellopipedon. But the two 
parallelopipedons AP, AL, may be conceived as having the 
same base ABKI, and the same altitude A0\ hence, the 
parallelopipedon AQ, which was at first changed into an 
equivalent parallelopipedon AL, is now changed into an 
equivalent rectangular parallelopipedon AP, having the 
same altitude AI, and a base ABNO equivalent to the base 
ABGD. 




PROPOSITION XI. THEOKEM. 
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Two rectangular parallelopipedons^ which have egmil bases, are 
to each other as their altitudes. 

Let the parallelopipedons AQ, AL, have the common 
base BD, then will they be to each other as their altitudes 
AE, AL 

First Suppose the altitudes AE, AI, to 
be to each other as two whole numbers, 
as 15 is to 8, for example. Divide AE 
into 15 equal parts, whereof AI will con- 
tain 8 ; and through x, y, z, &c., the points 
of division, pass planes parallel to the 
common base. These planes will divide 
the solid AQ into 15 parallelopipedons, all 
equal to each other, because they have 
equal bases and equal altitudes — equal 
bases, since every section KLMI, parallel 
to the base ABGD^ is equal to that base (p. 2), equal alti- 
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tudes, because the altitudes are the equal 
divisions, Ax^ xyy yz, &c. But of those 15 
equal parallelopipedons, 8 are contained 
in AL; hence, the solid A Q is to the 
solid AL as 15 is to 8, or generally, as 
the altitude AE is to the altitude AI. 

JSecond. If the ratio of AE to AI 
cannot be expressed exactly in numbers, 
it may still be shown, that we shall 
have 
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solid AQ : solid AL 



AE : AL 



B 



For, if this proportion is not correct, suppose we have, 
sol AQ : sol. AL : : AE : AO greater than AL 

Divide AE into equal parts, such that each shall be less 
than 01] there will be at least one point of division m, 
between and /. Let P denote the parallelopipedon, 
whose base is ABGD^ and altitude Am ; since the altitudes 
AE^ Am^ are to each other as two whole numbers, we 
have 

sol AG \ P w AE \ Am. 
But by hypothesis, we have 

sol AG : sol AL :: AE : A0\ 
therefore (b. ii., p. 4),' 

sol AL : P : : AO : Am. 

But -4 is greater than Am ; hence, if the proportion is 
correct, the solid AL must be greater than P. On the 
contrary, however, it is less : therefore, A cannot be 
greater than AL By the same mode of reasoning, it may 
be shown that the fourth term cannot be less than -4/; 
therefore, it is equal to AI: hence, rectangular parallelo- 
pipedons having equal bases, are to each other as their 
altitudes. 
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PROPOSITION Xn. THEOREM. 

Two itctaiigular paralklopipedonSy having equal altitudes^ are tc 
each other as their bases. 

Let the parallelopipedons AO, AK^ have the same alti- 
tude AE'^ then will they be to each other as their bases 
AC, AN. 

For, having placed the 
two solids by the side of 
each other, as the figure 
represents, prolong the plane 
iVZZO till it meets the plane 
DOGH in PQ] we thus 
have a third parallelopipe- 
don AQ^ which may be 
compared with each of the 
parallelopipedons AQ^ AK. 
The two solids AQ, AQ, 
having the same base ADHE 
are to each other as their 
altitudes AB^ A0\ in like 
manner, the two solids AQ^ AK^ having the same base 
AOLE^ are to each other as their altitudes AB^ AM. 
Hence, we have 

sol. Aa : sol. AQ :\ AB : AO] 
also, sol AQ : sol AK : : AD : AK 

Multiplying together the corresponding terms of these pro- 
portions, and omitting, in the result, the common multi- 
plier sol AQ\ we shall have 

sol AQ : sol AK :: ABxAB : AOxAM. 

But ABxAD represents the area of the base .45CD; and 
A Ox AM represents the area of the base AMNO\ hence, 
two rectangular parallelopipedons having equal altitude^ 
are to each other as their bases. 




190 



GEOMETRY. 




PBOPOSITION XHL THEOBEM. 

Any two rectangular paralhlopipedons are to each other as the 
prodvxits of their bases by tfieir altitudes ; that is, as the 
products of their three dimensions. 

Having placed the two 
solids AG, AZ, so that 
their faces have the com- 
mon angle BAU, produce 
the planes necessary for 
completing the third par- 
allelopipedon AK, which 
will have an equal altitude 
with the parallelopipedon 
AG. By the last proposi- 
tion, we have 

sol, AG : sol, AK : ; 
ABOD : AMNO, 
But the two parallelopipe- 
dons AK, AZ, having the same base NA, are to each other 
as their altitudes AE, AX; hence, we have, 

sol AK : sol AZ :: AJE : AX. 
Multiplying together the corresponding terms of these pro- 
. portions, and omitting in the result the common multiplier 
sol AK] we shall have, 

sol AG : solAZ :: ABGDxAE : AMNOxAX. 
Instead of the bases ABCD and AMNO, put ABxAD and 
AOxAM, and we shall have, 

sol AG : solAZ :: ABxADxAE : AOxAMxAX: 
hence, any two rectangular parallelopipedons are to each 
other, as the products of their three dimensions. 

Scholium 1. The magnitude of a solid, its volume oi 
extent, is called its solidity] and this word is exclusively 
employed to designate the measure of a solid: thus, wa 
say the solidity of a rectangular parallelopipedon is equal 
to the product of its base by its altitude, or to the product 
of its three dimensions. 
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In order to comprehend the nature of this measurement, 
it is necessary to consider, that the number of linear units 
in one dimension of the base multiplied by the number of 
linear units in the other dimension of the base, will give 
the number of superficial units in the base of the parallel- 
opipedon (b.iv., p.4, s.) For each unit in height, there are 
evidently, as many solid units as there are superficial units 
in the base. Therefore, the number of superficial units in 
the base multiplied by the number of linear units in the 
altitude, gives the number of solid units in the parallelo- 
pipedon. 

If then, we assume as the unit of measure, the cube 
whose edge is equal to the linear unit, the solidity will be 
expressed numerically, by the number of times which the 
solid contains its unit of measure. 

Scholium 2. As the three dimensions of the cube are 
equal, if the edge is 1, the solidity is 1x1x1=1: if 
the edge is 2, the solidity is 2x2x2=8; if the edge 
is 3, the solidity is 3x3x3=27; and so on. Hence, 
if the .edges of a series of cubes are to each other as the 
numbers 1, 2, 3, &c., the cubes themselves, or their solidi- 
ties, are as the numbers 1, 8, 27, &c. Hence it is, that 
in arithmetic, the cube of a number is the name given to 
a product which results from three equal factors. 

If it were proposed to find a cube double of a given 
cube, we should have, unity to the cube-root of 2, as the 
edge of the given cube to the edge of the required cube. 
Now, by a geometrical construction, it is easy to find the 
square root of 2 ; but the cube-root of it cannot be found, 
by the operations of elementary geometry, which are limit- 
ed to the employment of the straight line and circle. 

Owing to the difficulty of the solution, the problem 
of the duplicaMon of the cube became celebrated among the 
ancient geometers, as well as that of the triseciwn of an 
angle^ which is a problem nearly of the same species. The 
solutions of these problems have, however, long since been 
discovered ; and though less simple than the constructions 
of elementary geometry, they are not, on that account, less 
rigorous or less satisfactory. 
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PEOPOSITION XIV. THEOREM. 

The solidity^ of a parallelopipedon^ and generally of any prism^ 
is eqmd to the product of its base by its altitude. 

First. Any parallelopipedon is equivalent to a rectan- 
gular parallelopipedon, having an equal altitude and au 
equivalent base (p. 10). But, the solidity of a rectangular 
parallelopipedon is equal to its base multiplied by its 
height ; hence, the solidity of any parallelopipedon is equal 
to the product of its base by its altitude. 

Second, Any triangular prism is half a parallelopipedon 
80 constructed as to have an equal altitude and a double 
base (p. 7). But the solidity of the parallelopipedon is 
equal to its base multiplied by its altitude ; hence, that of 
the triangular prism is also equal to the product of its base, 
which is half that of the parallelopipedon, multiplied into 
its altitude. 

Third. Any prism may be divided into as many trian- 
gular prisms of the same altitude, as there are triangles 
formed by drawing diagonals from a common vertex in 
the polygon which constitutes its base. But the solidity 
of each triangular prisin is equal to its base multiplied by 
its altitude; and since the altitudes are equal, it follows 
that the sum of all the triangular prisms must be equal to 
the sum of all the triangles which constitute their bases, 
multiplied by the common altitude. 

Hence, the solidity of any polygonal prism, is equal to 
the product of its base by its altitude. 

Cor. Since any two prisms are to each other as the 
products of their bases and altitudes, if the altitudes be 
equal, they will be to each other as their bases simply; 
hence, two prisms of the same altitude are to each otiier as 
their bases. For a like reasoi), two prisms having equivalent 
bases are to each other as their altitudes. 
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PKOPOSITION XV. THEOKEM. 

Two triangular pyramids^ having equivalent basses and egtud 
altitudes^ are equivalent^ or equal in solidity. 

Let S'ABC^ S-abc, be two sucli pyramids; let their 
equivalent bases ABQ abc, he situated in the same plane, 
and let AT he their common altitude: then will they be 
equivalent. 





For, if these pyramids are not equivalent, let S-ahc be 
the smaller; and suppose Aa to be the altitude of a prism 
which, having ABC for its base, is equal to their differ- 
ence. 

Divide the altitude AT into equal parts Ax, xi/y yz, &c^ 
each less than Aa, and let k denote one of those parts; 
through the points of division pass planes parallel to the 
planes of the bases; the corresponding sections formed by 
these planes in the two pyramids are respectively equiva- 
lent, namely, DJEF to def, QHI to ghi, &c. (p. 3, c 2). 

This being done, upon the triangles ABC, DEF, QUI^ 
&c., taken as bases, construct exterior prisms having for 
edges the parts AD, DO, QK, &c., of the edge SA ; in like 
manner, on bases def^ ghi, him, &c., in the second pyramid, 
construct interior prisms, having for edges the correspond- 
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ing parts of Sa. It is plain, that the sum of all the exte- 
rior prisms of the pyramid S-ABG is greater than this 
pyramid ; and also, that the sum of all the interior prisms 
of the pyramid S-abc is less than this pyramid. Hence, 
the difference, between the sum of all the exterior prisms 
of one pyramid, and the sum of all the interior prisms of 
the other, is greater than the difference between the two 
pyramids themselves. 

Now, beginning with the bases, the second exterior prism 
EFD-0^ is equivalent to the first interior prism efd-a, 
because they have the same altitude A, and their bases 
EFDf efd^ are equivalent ; for a like reason, the third exte- 
rior prism nlG'K^ and the second interior prism hig-d are 
equivalent; the fourth exterior and the third interior; and 
so on, to the last in each series. Hence, all the exterior 
prismla of the pyramid S-ABC, excepting the first prism 
BCA'D^ have equivalent corresponding ones in the interior 
prisms of the pyramid S-alci hence, the prism BOA-D^ is 
tke difference between the sum of all the exterior prisms 
of the pyramid S-ABC^ and the sum of the interior prisms 
of the pyramid S-abc. But the difference between these 
two sets of prisms has already been proved to be greater 
thaa that between the two pyramids ; which latter difference 
W6 5U^>osed to be equal to the prism BCA-a : hence, the 
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prism BGA'D^ should be greater than the prism BOA-a. 
But in reality it is less; for they have the same base 
ABO, and the altitude Ax of the first is less than the 
altitude Aa of the second. Hence, the supposed inequality 
between the two pyramids cannof exist; therefore, the two 
pyramids S-ABOy S-abc^ having equal altitudes and equiva 
lent bases, are themselves equivalent. 

PROPOSITION XVI. THEOEEM. 

Every triangular prism may be divided into three equivalent 
triangular pyramids. 

Let ABC-DEF be a triangular prism ; then may it be 
divided into three equivalent triangular pyramids. 

Cut off the pyramid F-ABO ^ j) 

from the prism, by the plane /Vv ~/^ 

FAG] there will remain the / ''\Nv y I 

solid F-ACDF, which may be / \ \|/ / 

considered as a quadrangular / 'x /\ / 

pyramid, whose vertex is F, j y^ V \ / 

and whose base is the parallel- \ y^ \ \ \ / 

ogram A ODE, Draw the diag- // / j^ 

onal CE] and pass the plane X^ 1 /^ 

FGEy which will cut the quad- X. / X 

rangular pyramid into two ^-J/^ 

triangular pyramids F-A GE, ^ 

F'GDE. These two triangular pyramids have for their 
common altitude the perpendicular let fall from F, on the 
plane ACDE] they have equal bases; for the triangles 
A GEy GDEy are halves of the same parallelogram ; hence, the 
two pyramids F-AGE^ F-GDE, are equivalent (p. 15). But 
the pyramid F-GDE, and the pyramid F-ABG^ have equal 
bases ABGy DEF ; they have also the same altitude, namely, 
the distance between the parallel planes ABG^ DEF\ hence, 
the two pyramids are equivalent. Now, the pyramid F-GDE^ 
has already been proved equivalent to F-AGE] hence, the 
three pyramids F-ABG^ F-GDE^ F-AGE, which compose the 
prism, are all equivalent 

Cbr. 1. Every triangular pyramid is a third part of a 
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triangular prism, wlncli has an equivaleat base and aln 
equal altitude. 

Got, 2. The solidity of a triangular pyramid is equal 
to a third part of the product of its base by its altitude. 

PROPOSITION XVn. THEOREM. 

The solidity of every pyramid is equal to a third part of tlie 
product of its base by its altitude. 

Let S- ABODE be a pyramid: then will its solidity be 
equal to one-third of the product of the base ABODE by 
the altitude SO. 

Pass the planes SEB^ SEO, through 
the vertex /SJ and the diagonals EB, EO; 
the polygonal pyramid S-ABODE will 
then be divided into several triangular 
pyramids, all having the same altitude 
SO. But each of these pyramids is mea- 
sured by the product of its base ABE^ 
BOE, ODE, by a third part of its alti- 
tude SO (p. 16, c. 2) ; hence, the sum of 
these triangular pyramids, or the polyg- 
onal pyramid S-ABODE is measured by the sum of the 
triangles ABE, BOE, ODE, or the polygon ABODE, mul- 
tiplied by one-third of SO ; hence, every pyramid is mea- 
sured by a third part of the product of its base by its 
altitude. 

Oor. 1. Every pyramid is the third part of a prism 
which has the same base and the same altitude. 

Oor. 2. Two pyramids having the same altitude are to 
each other as their bases. 

Oor. 8. Two pyramids having equivalent bases are to 
each other as their altitudes. 

Oor. 4. Pyramids are to each other as the products of 
their bases by their altitudes. 

Scholium, The solidity of any polyedral body may be 
computed, by dividing the body into pyramids ; and this 
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division may be accomplislied in various ways. One of 
the simplest is to pass all the planes of division through 
the vertex of the same polyedral angle ; in that case, there 
will be formed as many pyramids as the polyedron has 
faces, less those faces which bound the polyedral angle 
whence the planes of division proceed. 



PROPOSITION XVIII. THEOREM. 

The solidity of the frustum of a pyramid is eqttal to that of 
three pyramids having for their common altitude tJie aUi- 
tude of the frustumj and for hoses the lower base of the 
frustfMm^ the upper base, and a mean proportional between 
the two bases. 

Let ABGDE-e be the frustum of a pyramid : then will 
its solidity be equal to that of three pyramids having the 
common altitude of the frustum, and for bases the poly- 
gons ABGDE^ abcde, and a mean proportional between 
them. Let T-FOH be a triangular pyramid having the 
same altitude, and an equivalent base with the pyramid 
Sr ABODE. These two pyramids are equivalent (p. 17, c. 8). 

Now, if we regard their 
bases as situated in the 
same plane ; the plane of 
the section cbcd^ will form 
in the triangular pyramid a 
section fgh^ at the same 
distance above the common 
plane of the bases; and, 
therefore, the section fgh 
will be to the section o&ccfe, as the base FGH is to the base 
ABODE (p. 3, C. 1) : and since the bases are equivalent, 
the sections will also be equivalent. Hence, the pyramids 
S-abcde, T-fgh will be equivalent (p. 17, c. 3). If these be 
taken from the entire pyramids S-ABODE, T-FQH, the 
frustums ABODE-e, FGH-h which remain, will be equiva- 
lent : hence, if the proposition is true, in the single case of 
the frustum of a triangular pyramid, it is true in every 
other. 
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Let FOH'h be the frustum of a 
triangular pyramid. Through the 
three points, F^ g, -ET, pass the plane 
FgH; it cuts off from the frustum 
the triangular pyramid g-FGH. This 
pyramid has for its base the lower 
base FGH of the frustum; its alti- 
tude is equal to that of the frus- 
tum, because the vertex g lies in the 
plane of the upper base fgh^ ^ 

This pyramid being cut off, there remains the quadran- 
gular pyramid g-fhHF^ whose vertex is ^, and base fhHF. 
Pass the plane gfH through the three points/ g^ H\ it 
divides the quadrangular pyramid into two triangular 
pyramids g-fFH^ g-fhH. The latter has for its base the 
upper base gfh of the frustum ; and for its altitude, the 
altitude of the frustum, because its vertex H lies in the 
lower base. Thus we already know two of the three pyra- 
mids which compose lihe frustum. 

It remains to examine the third pyramid g-FfH. Now, 
if gK be drawn parallel to fF^ and if we conceive a new 
pyramid K-fFH^ having K for its vertex and fFH for its 
base, these two pyramids have the same base HfF\ they 
also have the same altitude, because their vertices g and 
K lie in the line gK^ parallel to Ff^ and consequently, 
parallel to the plane of the base: hence, these pyramids 
are equivalent (p. 17, c. 3). But the pyramid K-fFH may 
be regarded as having FKH for its base, and its vertex 
at/: its altitude is then the same as that of the frustum. 
"We Are now to show that the base FKH is a mean pro- 
portional between the bases FOH and fgh. The triangles 
FHK^. fgh, have the angle jP=/; hence (b. iv., p. 24), 

FHK : fgh :: FKxFH : fgXfh] 
but because of the parallels, FK^fg^ 

FHK .fgh :: FH : /A. 
We have also, 

FHG : FHK : : FG : FK, or fg. 
But the similar triangles FGH, fgh, give 
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FG : fg '.'. FH : fh-, 
hence, FQH : FIIK :: FHK : fgh; 

that is, the base FHK is a mean proportional between the 
two bases FOH, fgh. Hence, the solidity of the frustum 
of a triangular pyramid is equal to that of three pyramids 
whose common altitude is that of the frustum, and whose 
bases are the lower base of the frustum, the upper base, 
and a mean proportional between the two bases. 




PKOPOSITION XIX. THEOREM. 

Similar tiHangular prisms are to each other as the cvhes of 
their homohgous edges. 

Let CBD'Py cbd'p^ be two similar triangular prisms, and 
BG, be, two homologous edges : then will the prism CBD-P 
be to the prism chd-p, as BO to he . 

For, since the prisms are p 
similar, the homologous 
angles B and h are equal, 
and the faces which bound 
them are similar (d. 16). 
Hence, if these triedral angles 
be applied, the one to the 
other, the angles cbd will 
coincide with CBD, the edge ha with BA, and the prism 
dxi-p will take the position Bcd-p, From A draw AH per- 
pendicular to the common base of the prisms: then. will 
the plane ^AH be perpendicular to the plane of the com- 
mon base (b. vi., p. 16). Through a, in the plane BAH^ 
draw ah perpendicular to BH: then wiU ah also be per- 
pendicular to the base BDO (b. vi., p. 17); and AHy ah will 
be the altitudes of the two prisms. 

Since the bases CRD, chd, are similar, we have (b. iv., p. 26), 
hase GBD : hose cbd : : CB* : c?. 
Now, because of tlie similar triangles ABH, aBh, and of 
the similar parallelograms AC, ac, we have 

AH : ah :: AB : ah :: CB : <A', 
hence, multiplying together the corresponding terms, we have 



base CBDxAH : base <MXah 



CB' 



^. 
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But the solidity of a prism is equal to the base multiplied 
by the altitude (p. 14) ; hence, 

prism BCD'P : prism bcd-p : : B(f : Jc, 

or as the cubes of any other of their homologous edges. 

Cqt^ Whatever be the bases of similar prisms, the 
prisms are to each other as the cubes of their homologous 
edges. 

For, since the prisms are similar, their bases are simi- 
lar polygons (d. 16) ; and these similar polygons may each 
be divided into the same number of similar triangles, sim- 
ilarly placed (b. iv., p. 26) ; therefore, each prism may be 
divided into the same number of triangular prisms, having 
their faces similar and like placed ; hence, their polyedral 
angles are equal (b. vi., p. 21, s. 2) ; and consequently, the 
triangular prisms are similar (d. 16). But these triangular 
prisms are to each other as the cubes of their homolo- 
gous edges, and being like parts of the polygonal prisms, 
their sums, that is, the polygonal prisms, are to each other 
as the cubes of their homologous edges. 

PKOPOSITION XX. THEOREM. 

Two similar pyramids are to each other as the cubes of their 
homologous edges. 

For, since the pyramids are similar, the homologous 
polyedral angles at the vertices are equal (d. 16). Hence, 
the polyedral angles at the vertices may be made to coin- 
cide, or the two pyramids may be so placed as to have 
the polyedral . angle S common. 

In that position the bases ABODEy 
abcdCj are parallel ; for, the homologous 
faces being similar, the angle JSab is equal 
to SABj and She to SBG; hence, the plane 
ABC, is parallel to the plane abc (B. vi., 
p. 13). This being proved, let SO be 
drawn from the vertex S, perpendicu- 
lar to the plane ABO, and let o, be the 
point where this perpendicular pierces the 
plane abc : from what has already been 




shown, we have (p. 


S), 






SO : So 


: I 


SA 


and 


consequently, 








^so 


I 


iSo 
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Sa : : AB . ab ; 

AB : ab. 

But the bases ABODF, abcde, being similar jSgures, we 
have (b. iv., p. 27), 

ABODE : ahcde : : AB^ : a? ; 

multiply the corresponding terms of these two proportions, 
there results, 

ABODE X^SO : abcdeX\So :: AR" : oil 

Now, ABODE X^SO measures the solidity of the pyramid 
S-ABGDE^ and abcdeX^So measures that of the pyramid 
S-aJbcde (p. 17) ; hence, two similar pyramids are to each 
other as the cubes of their homologous edges. 

GENERAL SCHOLIUMS. 

1. The chief propositions^ of this Book relating to the 
solidity of polyedrons, may be expressed in algebraical 
terms, and so recapitulated in the briefest manner possible. 

2. Let B represent the ]Dase of a prism; H its altitude : 
then, 

solidity of prism=J5xJJ 

3. Let 5 represent the base of a pyramid; H its altitude : 
then, 

solidity of pyramid=-Bx^jB'. 

4. Let H represent the altitude of the frustum of a pyi^a- 
mid^ having the parallel bases A and B ; VAxB is the 
mean proportional between those bases; then 

solidity of {r\istnm=iH{A+B+VAxB,) 

5. In fine, let P andp represent the solidities of two similar 
prisms or pyramids; A and a, two homologous edges: 
then, 

P : p :: A : a . 
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1. A Cylinder is a solid which may be generated by 
the revolution of a rectangle ABCD^ turning about the 
immovable side AB. 

In this movement, the sides AD, EC, . p 

continuing always perpendicular to AB^ 
describe the equal circles DHP, CGQ, 
which are called the bases of the cylinder; 
the side CD, describing, at the same 
time, the convex surface. 

The immovable line AB is called 
the aocis of the cylinder. 

Every section MNKL, made in the 
cylinder, by a plane, at right angles to the axis, is a circle 
equal to either of the bases. For, whilst the rectangle 
ABCD turns about AB, the line KI^ perpendicular to AB^ 
describes a circle, equal to the base, and this circle is 
nothing else than the section made by a plane, perpendic- 
ular to the axis at the point I, 

Every section QPHG^ made by a plane passing through 
the axis, is a rectangle double the generating rectangle 
ABCD, 

2, Similar Cylinders are those whose axes are pro- 
portional to the radii of their bases: hence, they are gen- 
erated by similar rectangles (b. iv., d. 1). 
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3. If, in the circle ABODE, which 
forms the base of a cylinder, a polygon 
ABODE be inscribed, and a right prism, 
constructed on this base, and equal 
in altitude to the cylinder ; then, the 
prism is said to be inscribed in the cylin- 
der, and the cylinder to be circumscribed 
about the prism. 

The edges AF, BG, OH, &c., of the 
prism, being perpendicular to the plane 
of the base, are contained in the convex 
surface of the cylinder ; hence, the 
prism and the cylinder touch one another along these 
edges. 

4. In like manner, if ABOD is a 
polygon, circumscribed about the base 
of a cylinder, a right prism constructed 
on this base, and equal in altitude to ^ Y>J^H 
the cylinder, is said to be circumscribed 
about the cylinder, and the cylinder to be 
inscribed in the prism. 

Let M, N, &c., be the points of con- 
tact in the sides AB, BO, &c. ; and 
through the points JiJ N, &c., let MX, 
NY, &c., be drawn perpendicular to the 
plane of the base: these perpendiculars will then lie both 
in the surface of the cylinder, and in that of the circum- 
scribed prism; hence, they will be their lines of contact. 

5. A Cone is a solid which may be generated by the 
revolution of a right-angleji triangle SAB^ turning about 
the immovable side SA. 

In this movement, the side AB des- 
cribes a circle BDOE, called the base of 
the cone ; the hypothenuse SB describes 
the convex surface of the cone. 

The point S is called the vertex of 
the cone, SA the cmi, or the altitude, and 
SB the slant height 

Every section HKFI, made by a 
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plane, at right angles to the axis, is 
a circle. Every section EDS^ made 
by a plane passing through the axis, 
is an isosceles triangle, double the 
generating triangle SAB, 

6. If, from the cone S-CDB, the 
cone S-FKH be cut off by a plane 
parallel to the base, the remaining 
solid CFHB is called a truncated cone, 
or the frustum of a cone. 

The frustum may be generated by the revolution of the 
trapezoid ABHG^ turning about the side AO, The im- 
movable line AGiA called the ojm, or altitude of the fnistwm^ 
the circles BDC, HFK^ are its hases^ and BH its slant heighL 

7. Similar Cones are those whose axes are propor- 
tional to the radii of their bases : hence, they are 
generated by similar right-angled triangles (b. IV., D. 1). 

8. If, in the circle ABODE, which 
forms the base of a cone, any poly- 
gon ABODE is inscribed, and from 
the vertices ^4, J?, (7, 2), E, lines are 
drawn to /SJ the vertex of the cone, 
these lines may be regarded as the 
edges of a pyramid whose base is 
the polygon ABODE and vertex S. 
The edges of this pyramid are in the 
convex surface of the cone, and the 

pyramid is said to be inscribed in the cone. The cone is 
also said to be circumscribed about the pyramid. 

9. The Sphere is a solid 
terminated by a curved sur- 
face, all the points of which 
are equally distant from a 
point within, called the centre. 

The sphere may be gen- 
erated by the revolution of 
a semicircle DAE, about its 
diameter DE : for, the surface 
described in this movement^ 
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by the semicircumference DAE^ will have all its points 
equally distant from its centre G, 

10. Whilst the semicircle DAE, revolving round its 
diameter DE, describes the sphere, any circular sector, as 
DCF, or FCA, describes a solid, called a spherical sector. 

11. The radius of a sphere is a straight line drawn from 
the centre to any point of the surface ; the diameter or axis 
is a line passing through the centre, and terminated, on 
both sides, by the surface. 

All the radii of a sphere are equal ; all the diameters 
are equal, and each is double the radius. 

12. It will be shown (p. 7,) that every section of a 
sphere, made by a plane, is a circle: this granted, a great 
circle is a section which passes through the centre; a small 
circle^ is one which does not pass through the centre. 

13. A plane is tangent to a sphere, when it has but one 
point in common with the surface. 

14. A zone is the portion of the surface of the sphere 
included between two parallel circles, which form its bases. 
If the plane of one of these circles becomes tangent to the 
sphere, the zone will have only a single base. 

15. A spherical segment is the portion of the solid sphere, 
included between two parallel circles which form its bases. 
If the plane of one of these circles becomes tangent to the 
sphere, the segment will have only a single base. 

16. The altitude of a zone, or of a segment, is the distance 
between the planes of the two parallel circles, which form 
the bases of the zone or segment. \ 

17. The Cylinder, the Cone, and the Sphere, are the 
three round bodies treated of in the Elements of Geometry. 
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PROPOSITION I. THEOBEM. 

The convex surface of a cylinder is equal to the circumferefMit 
of its base multiplied by its altitude. 

Let CA be the radius of the base of a cylinder, and 
H its altitude ; denote the circumference whose radius is 
CA by circ CA : then will the convex surface of the cylin- 
der be equal to drc, CAxS. 

Inscribe in the base of the 
cylinder any regular polygon, 
BDEFQA^ and construct on 
this polygon a right prism 
having its altitude equal to 
H^ the altitude of the cylin- 
der : this prism will be in- 
scribed in the cylinder. The 
convex surface of the prism 
is equal to the perimeter of 

the polygon, multiplied by the altitude H (b. vii., p. 1). 
Let now the arcs which are subtended by the sides of the 
polygon be continually bisected, and the number of sides 
of the polygon continually doubled : the limit of the perime- 
ter of the polygon is drc, CA (b. 5, P. 12, s. 2), and the limit 
of the convex surface of the prism is the convex surface 
of -the cylinder. But the convex surface of the prism is 
always equal to the perimeter of its base multiplied by 
H] hence, the convex surface of the cylinder is equal to the 
circumference of its base multiplied by its altitude. 

PROPOSITION II. THEOREM. 

The solidity of a cylinder is equal to the product of its base by 

its altitude. 

Let CA be the radius of the base of the cylinder, and 
JJ the altitude. Let the circle whose radius is CA be 
denoted by area CA : then will the solidity of the cylinder 
be equal to area CAxK 
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For, inscribe in the base 
of the cylinder any regular 
polygon BDEFOA^ and con- 
struct on this polygon a right 
prism having its altitude equal 
to JT, the altitude of the 
cylinder: this prism will be 
inscribed in the cylinder. The 
solidity of this prism will be 
equal to the area of the poly- 
gon multiplied by the altitude H (b. Vll., P. 14). 

Let now the number of sides of the polygon be con- 
tinually increased, as before described; the solidity of 
each new prism will stUl be equal to its base multiplied 
by its altitude : the limit of the polygon is the area OA^ 
and the limit of the prisms, the circumscribed cylinder. 
But the solidity of each new prism is equal to the base 
multiplied by the altitude : therefore, the solidity of the cylin- 
der is equal to the product of its hose by its altitude. 

Cor. 1. Cylinders of equal altitudes are to each other as 
their bases; and cylinders of equal bases are to each other 
as their altitudes. 

Cor. 2. Similar cylinders are to each other as the cubes 
of their altitudes, or as the cubes of the radii of their 
bases. -For, the bases are as the squares of their radii 
(b. v., p. 13) ; and the cylinders being similar, the radii of 
their bases are to each other as their altitudes (d. 2); 
hence, the bases are as the squares of the altitudes; there- 
fore, the bases multiplied by the altitudes, or the cylinders 
themselves, are as the cubes of the altitudes. 

Scholium. Let iZ denote the radius of a cylinder's base 
and H the altitude ; then we shall have, 

surface of base=flrXi?, 
convex surface=2'rxi2 XH, 
solidity=rXiZxJ3; 
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t>KOPOSITION ni. THEOBEM. 

The convex surface of a cone is eqvxtl to the circumference of 
its base, multiplied by half tiie slant height. 

Let the circle ABCD be the base of a cone, S the 
vertex, SO the altitude, and SA the slant height: then 
will the convex surface be equal to circ. OAx\SA. 

For, inscribe in the base 
of the cone any regxdar poly- 
gon ABCD, and on this poly- 
gon as a base conceive a right 
pyramid to be constructed, 
having S for its vertex : this 
pyramid will be inscribed in 
the cone. 

From /S; draw SQ perpen- 
dicular to one of the sides 

of the polygon. The convex surface of the inscribed pyra- 
mid is equal to the perimeter of the polygon which forms 
its base, multiplied by half the slant height SQ (b. VII., P. 4). 
Let now the number of sides of the inscribed polygon be 
continually increased, as before described: the limit of 
the perimeters of the polygons is drc. OA ; the. limit of the 
slant height of the pyramids is the slant height of the cone, 
and the limit of their surfaces, is the convex surface of 
the circumscribed cone. But the convex surface of each 
new pyramid is equal to the perimeter of the base multi- 
plied by half the slant height (b. vil., P. 4) ; hence, ^vt 
convex surface of the cone is equal to the circumference of its 
base multiplied by half its slant height. 

Scholium. Let L denote the slant height, and B the 
radius of the base : then, 

convex surface=2'jrxi2X^i=*Xi2X-£. 
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PROPOSITION IV. THEOREM. 

Tfie convex surface of the frustum of a cone is equal to its 
slant height, multiplied by half the sum of the circumferences 
of its bases. 

Let BIA'DE be a frustum of a cone: then will, 
convex surface= Ai?X^(czrc. OA+drc. CD.) 

For, inscribe in the bases of 
the frustum two regular poly- 
gons of the same number of 
sides, and having their sides 
parallel, each to each. The lines 
joining the vertices of the corres- 
ponding angles may be regarded 
as the edges of the frustum of a 
right pyramid inscribed in the 
frustum of the cone. The convex surface of the frustum 
of the pyramid is equal tQ half the sum of the perimeters 
of its bases multiplied by the slant height fh (b. vil., 
p. 4, c.) Let the number of sides of the inscribed polygons 
be continually increased as before described: the limits 
of the perimeters of the polygons are circ. OA and circ. 
CD ; the limit of the slant height is the slant height of 
the frustum, and the limit of the convex surface, the con- 
vex surface of the frustum ; hence, the convex surface of the 
fvustum of a cone is equal to its slant height multiplied by half 
the sum of the circumferences of its bases. 

Got. Through Z, the middle point of AB^ draw IKL 
parallel to AB^ also 1% Dd^ parallel to GO. Then, since Al^ 
W, are equal, Ai, id, are also equal (b. iv., p. 15, C 2) : 
hence, Kl is equal to i{OA'\-GD). But since the circum- 
ferences of circles are to each other as their radii (b. v., 
p. 13), 

circ. Kl=l{circ. OA+drc. GD)\ 

therefore, the convex surface of the frustum of a cone is equai 
to its slant height multiplied by the circumference of a sectum 
<U equal distances from ike two bases. 

14 
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Scholium 1. K from the mid- 
dle point I and the two extrem- 
ities A and i?, of a line AD^ 
lying wholly on one side of the 
line 0(7, the perpendiculars DC^ 
IK, and AO, be drawn, and then 
the line AD be revolved around 
0(7, we shall have 

surf, described by AD=ADxl{circ. OA+circ, CD)] 
that is, =ADXcirc. Kl 

For, it is evident that the surface described by ^i? is that 
of the frustum of a cone, having OA and CD for the 
radii of its bases. 

ScJwUum 2. The measure found above applies equally 
to the case when the point D falls at 0, and the sur&ce 
becomes that of a cone; and to the case in which AB 
becomes parallel to 00, and the surface becomes that of a 
cylinder. In the first case, CD is nothing: in the second, 
it is equal to OA. 

PKOrOSITION V. THEOREM. 

The solidity of a cone is equal to its base multiplied by a ffiird 
of its altitude. 

Let SO be the altitude of a cone, OA the radius of its 
base, and let the area of the base be designated by area 
OA] then will, 

solidity =area OAx^SO. 

Inscribe in the base of the 
cone any regular polygon -4 fiZ^^i^, 
and join the vertices A^ B, 0, &c., 
with the vertex S of the cone: 
then will there be inscribed in 
the cone a right pyramid having 
the same vertex as the cone, and 
having for its base the polygon 
ABDER The solidity of this 
pyramid will be equal to its base multiplied by ono'third 
of its altitude (b. vii., p. 17). 
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Let the arcs be bisected and the number of sides 
of the polygon be continually increased: the limit of the 
polygons will be the area OA^ and the limit of the pyra- 
mids will be the cone whose vertex is S: hence, the solid' 
iiy of the cone is equal to its base multiplied by a third of its 
dkitudt. 

Cor. 1. A cone is the third of a cylinder having the 
same base and the same altitude; whence it follow^, 

1. That cones of equal altitudes are to each other as 
their bases; 

2. That cones of equal bases are to each other as their 
altitudes ; 

3. That similar cones are as the cubes of the diameters 
of their bases, or as the cubes of their altitudes. 

Cor. 2. The solidity of a cone is equivalent to the 
solidity of a pyramid having an equivalent base and the 
same altitude. 

Scholium. Let R be the radius of a cone's base, H its 
altitude; then, 

solidity =^ X R^XH. 

PKOPOSITION VI. THEOREM. 

The solidity of the frustum of a cone is equivalent to the sum 
of the solidities of three cones whose common altitude is the 
altitude of the frustum, and whose bases are, the lower base 
of the frustum^ the upper base of the frustum, and a mean 
proportional between them. 

Let AEB-GD be the frustum of a cone, and OP its 
altitude ; then will its solidity be 
eiquivalent to 

^XOPx{6B^+PC'+OBxPO). 

For, inscribe in the lower and 
upper bases two regular polygons 
having the same number of sides, 
and having their sides parallel, 
each to each. Join the vertices of 
the corresponding angles, and there 
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will then be inscribed in the 
frustum of the cone, the frus- 
tum of a regular pyramid. The 
solidity of the frustum of this 
pyramid will be equivalent to 
three pyramids having the com- 
mon altitude of the frustum, and 
for bases, the lower base of the 
frustum, the upper base of the 
frustum, and a mean proportional 
between them (b. vii., p. 18). 

Let the number of sides of the inscribed polygons be 
continually doubled by the methods before described : the 
limits of the polygons will be, area OB and area PC] and 
the limit of the frustums of the pyramids will be the frustum 
of the cone: the expression for the solidity will then become: 

iOPxPG^Xnt, - 
iOPxOBxPCX't. 




of the first pyramid, 
of the second 
of the third 



hence, the solidity of the frustum of the cone is equivalent to 
i^rx OPxiOB'+PC^-^OBxPC.) 



PROPOSITION VII. THEOREM. 
Every section of a sphere^ made hy a plaiie, is a circle. 

Let AMB be any section made by a plane, in the 
sphere whose centre is G: then will it be a circle. 

For, from the point 0, draw 
GO perpendicular to the plane 
AMB] and different lines GM, 
CM, to different points of the 
curve AMBj which terminates 
the section. 

The oblique lines GM, GM, 
GA^ are equal, being radii of the 
sphere ; hence, they pierce the 
plane AMB at equal distances from the perpendicular CO 
(b. VI., p. 5, c.) ; therefore, all the lines OM, OM^ OB, are 
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equal; consequently, the section AMB is a circle, whose 
centre is 0. 

(Jot, 1. K the section pass through the centre of the 
sphere, its radius will be the radius of the sphere; hence, 
all great circles are equal. 

Cot, 2. Two great circles always bisect each other ; for 
their common intersection, passing through the centre, is a 
diameter. 

Cot, 3. Every great circle divides the sphere and its 
surface into two equal parts : for, if the two parts were 
separated and afterwards placed on the common base, 
with their convexities turned the same way, the two sur- 
faces would exactly coincide, no point of the one being 
nearer the centre than any point of the other. 

Cbr. 4. The centre of a small circle, and that of the 
sphere, are in the same straight line, perpendicular to the 
plane of the small circle. 

Cot, 5. The radius of any small circle is less than the 
radius of the sphere ; and the further its centre is remov- 
ed from the centre of the sphere, the less is its radius: 
for, the greater CO is, the less is the chord AB^ the diam- 
eter of the small circle AMB, 

Cor, 6. An arc of a great circle may always be made 
to pass through any two given points of the surface of the 
sphere : for, the two given points, and the centre of the 
sphere make three points, which determine the position of 
a plane. But if the two given points were at the extremi- 
ties of a diameter, these two points and the centre would 
then lie in one straight line, and an infinite number of 
great circles might be made to pass through the two given 
points. 

Cot, 7. The disixmce between any two points on the surface of 
a sphere is less when measured on (he arc of a great circh 
than when measured on the arc of a small circle. 

For, let A and B be any two points on the surface of 
a sphere, let ADB be the arc of a great circle, and AMB 
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the arc of a small circle passing through them, and AB 
the common chord. Then, since the radius CA is greater 
than the radius OA, the arc ADB is less than the arc 
AMB (b. v., p. 17). 

PKOPOSITION Vin. THEOREM. 

Every plane perpendicular to a radius at its extremity is tan- 
gent to the sphere. 

Let FAG be a plane perpendicular to the radius 
OAf at its extremity A : then will ' it be tangent to the 
sphere. 

For, assuming any other point 
M in this plane, draw OA, OM: 
then the angle 0AM is a right 
angle, and hence, the distance OM 
is greater than OA : therefore, the 
point M lies without the sphere; 
nence, the plane FAG^ can have 
no point but A common to it 
and the surface of the sphere; 
consequently, it is a tangent plane (d. 18). 

Scholium. In the same way it may be shown, that two 
spheres are tangent the one to the other, when the dis- 
tance between their centres is equal to the sum or the 
difference of their radii ; in which case, the centres and 
the point of contact lie in the same straight line. 

PROPOSITION IX. LEMMA. 

If a regular semi-jpolygon be revolved about a line passing 
through the centre and the vertices of two opposite angles^ 
the surface described by its perimeter will be equal to tJie 
axis multiplied by the circumference of the inscribed circle. 

Let the regular semi-polygon ABODJSF, be revolved 
about the line AF as an axis : then will the surface des- 
cribed by its perimeter be equal to AF multiplied by the 
circumference of the inscribed circle. 
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aire, NM\ 



For, from E and i?, the extremities 
of one of the equal sides, let fall the 
perpendiculars EH^ DI^ on the axis AF\ 
and from the centre 0, draw ON per- 
pendicular to the side DE : ON will be 
the radius of the inscribed circle (b. v., 
P. 2). Now, the surface described in the 
revolution, by any one side of the reg- 
ular polygon, as DE^ has been shown 
to be equal to DEXcirc. NM (p. 4, s. !)• 
But since the triangles EDK^ ONM^ are 
similar (b. iv., p. 21), 

ED : EE^ or HI :: ON : NM : : circ. ON 
hence, EBXcirc. NM=HIXcirc. ON; 

and since the like may be shown for each of the other 
sides, it is plain that the surface described by the entire 
perimeter is equal to 

{FH+m+IP+PQ+QA)Xcirc. ON^AFxdrc. ON. 

Oor. The surface described by any portion of the peri- 
meter, as EDC, is equal to the distance between the two 
perpendiculars let fall from its extremities on the axis, 
multiplied by the circumference of the inscribed circle. 

For, the surface described by DE is equal to HlXdrc 
ON, and the surface described hj DC \a equal to IPXcirc 
ON: hence, the surface described by ED+DG, is equal to 
{HI+IP)Xdrc. ON, or equal to HPXcirc. ON. 



PROPOSITION X. THEOEEM. 



The surface of a sphere is equal to the product of its diameter 
by th^ circumference of a great circle. 

Let ABODE be a semicircle. Inscribe in it a regu- 
lar semi-polygon, and from the centre draw OF perpen- 
dicular to one of the sides. 

Let the semicircle and the semi-polygon be revolved 
about the common axis AE : the semicircumference ABODE 
win describe the surface of a sphere (d. 9) ; and the peri- 
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meter of the semi-polygon will describe 
a surface which has for its measure 
AE X circ. OF (p. 9), and this will be 
true whatever be the number of sides of 
the semi-polygon. 

K now, the arcs be continually bisected, 
the limit of the perimeters of the semi- 
polygons will be the semicircumference 
ABODE] the limit of the area described 
by the perimeter will be surface of the 
sphere, and the limit of the perpendicular OF will be tli6 
radius OE: hence, the surface of the sphere is equal to 
AEXcirc. OE. 

Cor 1. Since the area of a great circle is equal to the 
product of its circumference by half the radius, or one- 
fourth of the diameter (b. v., p. 15), it follows that the sur- 
face of a sphere is equal to four of its great circles : that is, 
equal to 4<jrX OJ^ (b. v., p. 16). 

Cor, 2. The surface of a zone is equal to its altitude mul- 
tiplied by the circumference of a great circle. 

For, the surface described by any por- 
tion of the perimeter of the inscribed 
polygon, as BC+CD^ is equal to EHx 
circ. OF (p. 9, C.) : and when we pass to 
the limit, we have the surface of the zone 
equal to EHXcirc. OA. 

Cor. 3. When the zone has but one 
base, as the zone described by the arc 
ABCDj its surface will still be equal to 
the altitude AE multiplied by the circum- 
ference of a great circle. 

Cor. 4. Two zones, taken in the same sphere or in 
equal spheres, are to each other as their altitudes; and 
any zone is to the surface of the sphere as the altitude of 
the zone is to the diameter of the sphere. 
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PEOPOSITION XI. LEMMA. 

" If a triangle and a rectangle, having ike same base and the 
same altitude^ turn together about the common base, the solid 
generated by the triangle is a third of the cylinder generated 
by the rectangle. 

Let BAG be a triangle, BFEC a rectangle, having the 
common base EC, about which they are to be revolved. 

On the axis, let fall the per- 
pendicular AD : then, the cone 
generated by the triangle BAD is 
a third part of the cylinder gen- 
erated by the rectangle BFAD (p. 
v., C. 1) : also, the cone generated 
by the triangle DAG is a third 
part of the cylinder generated by the rectangle DAEG: 
hence, the sum of the two cones, or the solid generated 
by BAG^ is a third part of the sum of the cylinders gen- 
erated by the two rectangles, or a third part of the cylinder 
generated by the rectangle BFEG, 

If the perpendicular AD falls 
without the triangle ; the solid 
generated by CBA is, in that 
case, the difference of the two 
cones generated by BAD and 
GAD] but at the same time, the cylinder generated by 
BFEG^ is the difference of the two cylinders generated 
by BFAD and GEAD, Hence, the solid, generated by the 
revolution of the triangle, is still a third part of the cylin- 
der generated by the revolution of the rectangle having 
the same base and the same altitude. 

Scholium, The circle of which AD is the radius, has 
for its measure irxAD ; hence, nrxAlfxBG measures the 
cylinder generated by BFEG, and ^'tcxA&kBG measures 
the solid generated by the triangle BAG, 
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PBOPOSITION XII. LEMMA. 

If a triangle he revolved about any line dratan through its ver- 
tex in th^ same plane^ the solid generated will have for its 
measure, the area of the triangle multiplied hy two-Oiirds of 
the Ctrcumference traced by the middle point of the base. 

Let OAB be a triangle, I the middle point of the base, 
and CD the line about which it is to be revolved: then 
will the solid generated be measured by 
area CABxidrc.IK 

Prolong the base AB till it 
meets the axis CD in D; from 
the points A and B, draw AMj 
B2VJ perpendicular to the axis, 

and draw CP perpendicular to q^^ 1 ^ -X 

J)A produced. 

The scholium to the last proposition gives the following 
measures : 

solid generated by CAI)=^'xXAM^X CD^ 
solid generated by CBD^licxBN^xCD: 

hence, the difference of these solids, which is the solid 
generated by the triangle CAB^ has for its measure 

\n(X{AM^-mr)xCD. 

To this expression another form may be given. From I, 
the middle point of AB^ draw IK perpendicular to CD\ 
and through -B, draw BO parallel to CD. We shall then 
have (b. iv., p. 7, s.), 

AM+BN^2IK, and AM-BN'=AO; 

hence, {AM+BN)x{AM-BN)=AM^-BN''-=2IKxAQ :^ 

hence, the measure of the solid is also equal to 

'^^XlKxAOxCD. 

But CP being perpendicular to AB produced, the triangles 
A OB and CPD are similar; hence, 

AO : CP :: AB : CD, 
and, A Ox CD= CP X AB. 
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But GPxAB is double the area of the triangle OAB\ 
therefore, 

A0xCD=20ABi 
hence, the solid generated by the triangle CAB is measured by 

^itxCABxIK^GABx^icXlK', 
and? since 2'KXlK=circ. IK^ we have, 

solid= CAB X f circ. IK. 

Cor. If the triangle is 
isosceles, the perpendicular 
CP will pass through I, 
the middle point of the 
base; and we shall have 

CAB=ABX\CI. 
Substituting this value of 
CAB in the measure of the solid before found, viz. : 
solid=C4jBx^'rX/^ gives, 
solid=|-rX^5x/^X CL 
But the triangles A OB, CKl] are similar (b. iv., p. 21) ; 
hence, AB : BO or MN : : CI : IK, 

which gives, ABx IK^ MN X CL 

Substituting for ABxIK^ we have, 

solid=f*C7'xifiV^: 

that is, the solid generated by the revolution of an isos- 
celes triangle about any line drawn through its vertex, is 
measured hy two-thirds of te into the square of the perpendicular 
let fall on the- base, into the distance between the two perpendic' 
ulars let fall fvm the extremities of the base on the axis. 

Scholium, The demonstration appears to involve the sup- 
position that AB prolonged will meet the axis: but the 
results are equally true if AB is parallel to the axis. 

Thus, the cylinder generated by 
MNBA is measured by ir X AM xMN: 
the cone generated by CAM is mea- 
sured by }^xAM xCM; and the 
cone generated by CBN is measured 
hj i'^rxAM^CN. 
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Add the first two solids, and from the sum 
subtract the third : we shall then have 

solid by CAB='kxAK'x{M:N+ 

=*XAM\(}MN+ 

and since ^MN +\CM=\CN', we have 

solid by CAB=*xIitx\MN. 
But AM=CP and MN=AB] hence, 

solid by CAB=ABxCPx\*xCP=CABxicirc. CP. 
But the circumference traced by P is equal to the circum- 
ference traced by the middle point of the base : hence, the 
result agrees with the general enunciation. 



PEOPOsrnoN xiii. lemma. 

If a regular semi-polygon he revolved about a line passing 
through its centre and the vertices of two opposite angles, the 
solid genei^ated mill be measured by two-thirds the area of 
the inscribed circle multiplied by the axis. 

Let ODBF be a regular semi-polygon and 01 the radius 
of the inscribed circle: then, if this semi-polygon be re- 
volved about QF, the solid generated will have for its 
measure, 

I area OIxGF. 

For, since the polygon is regular, 
the triangles, OFA, OAB, OBO, &c., are 
isosceles and equal; then, all the per- 
pendiculars let fall from on their 
bases, will be equal to 01, the radius 
of the inscribed circle. 

Now, we have the following mea- 
sures for ihe solids generated by these 
triangles (p. 12, c.) : viz., 

OFA is measured by InexOTxFM, 
OAB'' " " i'KXOfxMN, 




OBC 



inrxOfxON, &c.; 
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hence, the entire solid generated by the semi-polygon is 
measured by 

f *X Of{FM+MN+NOr^ OQ+QR+BG) : 

that is, by ^'^XOI^XGF. 

But, * X Of=area 01 (b. v., p. 16) : 

hence, solidity =f area OIxGF, 

PKOPOSITION XIV. THEOREM. 

The solidity of a sphere is equal to its surface multiplied by a 
third of its radium. 

Let be the centre of a sphere and OA its radius : 
then its solidity is equal to its surface into one-third of 
OA. 

For, inscribe in the semi-circle 
ABODE a regular semi-polygon, hav- 
ing any number of sides, and let 01 
be the radius of the circle inscribed in 
the polygon. 

If the semicircle and semi-polygon 
be revolved about EA, the semicircle 
will generate a sphere, and the semi- 
polygon a solid which has for its mea- 
sure ^irOrxBA (p. 13) ; and this is 
true whatever be the number of sides 
of the semi-polygon. But if the number of sides of the 
polygon be continually doubled, the limit of the solids 
generated by the polygons will be the sphere; and when 
we pass to the limit the expression for the solidity will 
become fflrxO^'XjEA, or by substituting 20A for JE4, it 
becomes ^<irxOA XOA, which is also equal to 4:ii^xOA X 
^OA. But 4:irxOA is equal to the surface of the sphere 
(p. X., 0. 1) : hence, the solidity of a gphere is equal to ita 
gurface multiplied by a third of its radius. 

Scholium 1. The solidity of every spherical sector is equal 
to the zone which forms its lase^ multiplied by a third of the 
radius. 
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For, the solid described by any 
portion of the regular polygon, as the. 
isosceles triangle OAB^ is measured by 
^neOI^xAF (p. 12, c); and when we 
pass to the limit which is the spherical 
sector, the expression for this measure 
becomes I'lexAXfxAF^ which is equal 
to 2texA0xAFx\A0. But 2*X^0 
is the circumference of a great circle 
of the sphere (b. v., p, 16), which being 
multiplied by AF gives the surface 
of the zone which forms the base of the sector (p. X., 
c. 2) ; and the proof is equally applicable to the spherical 
sector described by the circular sector BOO: hence, the 
solidity of the spherical sector is equal to the zone which forms 
its base, multiplied by a third of the radius. 

Scholium 2. Since the surface of a sphere whose radius 
IS R, is expressed by 4 irXi? (p. X., C. 1), it follows that 
the surfaces of spheres are to each other as the squares of 
their radii; and since their solidities are as their surfaces 
multiplied by their radii, it follows that the solidities of spheres 
are to each other as the cubes of their radii^ or as the cubes of 
their diameters. 

Scholium 8. Let R be the radius of a sphere; its sur- 
face will be expressed by 4flrxi2, and its solidity by 
^XR X|22, or ^flTXjR . If the diameter be denoted by -D, 
we shall have R=\D^ and R =^\D : hence, the solidity of 
the sphere may be expressed by 

4^Xi2>'=i^Xi^'. 



PROPOSITION XV. THEOREM. 

The surface of a sphere is to tJie whole surface of the circumr 
scribed cylinder, includirig its bases, as 2 is to 3: and the 
solidities of these two bodies are to each other in the same 
raMo. 

Let MPNQ be a great circle of the sphere; ABGD the 
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circumscribed square; if the semi- 
circle PMQ and the half square 
PADQ are at the same time made 
to revolve about the diameter PQ^ 
the semicircle will generate the 
sphere, while the half square will 
generate the cylinder circumscribed 
about that sphere. 

The altitude AD of the cylinder 
is equal to the diameter PQ\ the 

base of the cylinder is equal to a. great circle, since its 
diameter AB is equal to MN] hence, the convex surface 
of the cylinder is equal to the circumference of the great 
circle multiplied by its diameter (p. 1). This measure is 
the same as that of the surface of the sphere (p. 10) ; 
hence, the surface of the sphere^ is equal to the convex surfojoe 
of the circumscribed cylinder. 

But the surface of the sphere is equal to four great 
circles; hence, the convex surface of the cylinder is also 
•equal to four great circles : and adding the two bases, each, 
equal to a great circle, the total surface of the circumscrib- 
ed cylinder is equal to six . great circles ; hence, the surface 
of the sphere is to the total surface of the circumscribed 
cylinder, as 4 is to 6, or as 2 is to 3 ; which is the first 
branch of the proposition. 

In the next place, since the base of the circumscribed 
cylinder is equal to & great circle of the sphere, and its 
altitude to the diameter, the solidity of the cylinder is 
equal to a great circle multiplied by its diameter (p. 2). 
But the solidity of the sphere is equal to four great circles 
multiplied by a third of the radius (p. 14) ; in other terms, 
to one great circle multiplied by |- of the radius, or by f 
of the diameter; hence, the sphere is to the circumscribed 
cylinder as 2 to 3, and consequently, the solidities of these 
two bodies are as their surfaces. 

Scholium 1. Conceive a polyedron, all of whose faces 
touch th^ sphere; this polyedron may be considered as 
composed of pyramids, each pyramid having for its vertex 
the centre of the sphere, and for its base one of the poly- 
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edron's faces. Now, it is evident that all these pyramids 
have the radius of the sphere for their common alti- 
tude: so that the solidity of each pyramid will be equal 
to one face of the polyedron multiplied by a third of 
the radius : hence, the whole polyedron is equal to its 
surface multiplied by a third of the radius of the inscrib- 
ed sphere. 

It is therefore manifest, that the solidities of polye- 
drons circumscribed about the sphere, are to each other 
as their surfaces. Thus, the property, which we have 
shown to be true with regard to the circumscribed cylin- 
der, is also true with regard to an infinite number of 
other solids. 

We might likewise have observed, that the surfaces of 
polygons, circumscribed about a circle, are to each other 
as their perimeters. 



PEOPOSITION XVI. THEOREM. 

If a circular segment is revolved about a diameter exterior to 
itj the solid generated is measured by one-sixth of * into 
the square of the chord, into the distance between two per- 
pendiculars let fall from the extremities of the arc on the 
axis. 

Let DMB be a circular segment, and AO the axis 
about which it is revolved. 

On the axis, let fall the perpendic- 
ulars jBj&, DF\ from the centre Cy 
draw CI perpendicular to the chord 
BD ; also draw the radii CB, CD. 

The solid generated by the sector 
CDMB is measured by ^irxGB^XEF 
(p. 14, s. 1). The solid generated by 
the isosceles triangle CDB has for 
its measure litXCJPxEF (p. 12, c); hence, the solid gen- 
erated by the segment DMB, is measured by 




/ 
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But in the right-angled triangle C!B/, we have (b. iv. p. 8, c), 

hence, the solid generated . by the segment DMB, has for 
its measure 

l'irxEFxiB^=i''^XBlfxEF. 

Scholium. The solid generated by the segment BMD is 
to the sphere which has BD for a diameter, 

as \<KXBffxEF is to ^^xBD", ot ^ EF to BD. 

PROPOSITION XVII. THEOREM. 

Ifhery segment of a sphere is measured by half the sum of its 
bases multiplied by its altitude^ plus the solidity of a sphere 
whose diameter is this same altitude. 

Let DMB be the arc of a circle, and DF^ BF, per- 
pendiculars let fall on the radius OA : then, if the area 
FDMBE be revolved about the radius GA it will generate 
a spherical segment. It is required to find the measure of 
this segment. 

The solid generated by the circular 
segment DMB is measured by (p. 16) 

. \^xBlfxEF: 

the frustum of the cone described by 
the trapezoid FDBE is measured by 
(p. 6) _ 

i^XEFx{BE^+DF^+BExDF) : 
hencie, the segment of the sphere, which is the sum of 
these two solids, is Pleasured by 

^^XEFx{2BE\2I)F''+2BExDF+BD). 
But by drawing BO parallel to EF, we have, 

DO=DF-BE and D0^^DF^-2DFxBE+BE^ ; 

and, B&^BO^+D^^W^+DF^-iDFxBE+BE^. 

Substituting this value for BD in the expression for the* 
solidity of the segment, we have, 

15 
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equal to ^fXEFxiSB^^+SUF'+BF^ ; 

an expression which may be written in two parts, viz., 

^^^(0<^!+0<5P^^ and i.xW'; 

and these parts correspond with the enunciation. 

Cor, If the radius of either base is nothing, the seg- 
ment becomes a spherical segment with a single base ; 
hence, any spherical segment, with a single base, ia equivalent 
to half the cylinder having Hie same base and the same altitude^ 
plus the sphere of which this altitude is the diam^eter. 

GENERAL SCHOLIUMS. 

1. Let J2 be the radius of a cylinder's base, H its alti- 
tude: the solidity of the cylinder is 

L Let R be the radius of a cone's base, H its alti- 
tude: the solidity of the cone is 

8. Let A and B be the radii of the bases of a frustum 
of a cone, H its altitude : the solidity of the finistum is 

i*X^x(A'+J5V^xJ?). 

4. Let jB be the radius of a sphere; its solidity is 

^?rxii!'. 

5. Let R be the radius of a spherical sector, H the 
altitude of a zone, which forms its base: the solidity of 
the sector is 

i-rxij^x^: 

6. Let P and ^ be the two bases of a spherical seg- 
ment, H its altitude: the solidity of the segment is 

^^x^r+j^xs^'. 

7. If the spherical segment has but one ba;?G, its 
ftolidity is ^-Pxfi'-fi'^xJ?^ 
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SPHERICAL GEOMETRY. 
DEFINITIONS. 

1. A Spherical Triangle is a portion of the surface 
of a sphere, bounded by three arcs of great circles. 

These arcs are named the sides of the triangle, and 
each is less than a semicircumference. The angles which 
the planes of the circles make with each other, are the 
angles of the triangle.- 

2. A spherical triangle takes the najie of right-angled^ 
isosceles^ equilateral^ in the same cases as a rectilineal tri- 
angle. 

3. A Spherical Polygon is a portion of the surface 
of a sphere bounded by three or more arcs of great circles. 

4. A LuNE is a portion of the surface of a sphere in- 
cluded between two semi-circles intersecting in a common 
diameter of the sphere. 

5. A Spherical Wedge, or Ungula, is that portion 
of a solid sphere, included between two planes passing 
through the' centre, and the lune which forms its base. 

6. A Spherical Pyramid is a portion of the solid 
sphere, included between three or more planes. The base 
of the pyramid is the spherical polygon intercepted by the 
Bame planes. These planes bound a polyedral angle, whose 
vertex is at the centre of the sphere. 

7. The Pole of a Circle is a point on the surface of 
the sphere, equally distant from every point in the circum- 
ference. 
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PROPOSITION I. THEOREM. 

In every spherical triangle^ any side is less than the sum of the 
two other sides. 

Let be the centre of the sphere, and ACB a spheri- 
cal triangle: then will any side be less than the sum of 
the two Other sides. 

For, draw the radii OA, OB, OC. 
Conceive the planes A OB, AOC, COB, 
to be drawn ; these planes . bound a 
polyedral angle whose vertex is at 
the centre ; and the plane angles 
A OB, A 00, COB, are measured by 
AB, AC, BC, the sides of the spheri- 
cal triangle. But each of the three 
plane angles which bound a polyedral 
angle is less than the sum of the two other angles (b. vi., 
p. 19) ; hence, any side of a spherical triangle is less than 
the sum of the two other sides. 




PROPOSITION II. THEOREM. 

The sum of ail ilie sides of any spherical polygon is less tJian 
the circumference of a great circle, ^ 

Let ABODE be any spherical polygon, and the cen- 
tre of the sphere. 

Conceive to be the vertex 
of a polyedral angle bounded 
by the plane angles AOB, BOC, 
COD, &c. Now, the sum of the 
plane angles which bound a poly- 
edral angle is less than four 
•right angles (b. VI., P. 20) ; hence, 
the sum of the sides of any 
spherical polygon is less than the circumference. 

Cor, The sum of the three sides of any spherical tri- 
angle is less than the circumference; for, the triangle is a 
vx^i^gQ^ of three sides. 
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PROPOSITION III. THEOREM. 

The poles of a great circle of a sphere are the extremities of 
that diameter of the sphere which is perpendicular to the 
circle ; and these extremities are also the poles of all smaU 
circles parallel to it 

Let JED be .perpendicular to the great circle AMB ; then 
will JE and D be its poles ; and they will also be the poles 
of every parallel small circle FNG, 

For, 1)0 being perpen- 
dicular to the plane AMB, 
is perpendicular to all the 
straight lines OA, CM, CB, 
&c., drawn through its foot 
in this plane (b. vi., D. 1) ; 
hence, all the arcs DA, 
DM, DB, &c., are quarters 
of the circumference. So 
likewise are all the arcs 
EA, EM, EB, &c. ; there- 
fore, the points D and E 
are each equally distant from all the points of the circum- 
ference AMB\ heAce, they are the poles of that circum- 
ference (d. 7). 

Again, the radius DC, perpendicular to the plane AMB, 
is perpendicular to the parallel FNQ ; hence, it . passes 
through 0, the centre of the circle FNQ (b. viii., P. 7, c. 4) ; 
hence, if the chords DF, DN, DO, \>q drawn, these oblique 
lines will cut off equal distances measured from 0; hence, 
they will be equal (b. vi., p. 5). But, the chords being 
equal, the arcs are equal; hence, the point D is the pole 
of the small circle FNQ ; and for like reasons, the point 
E is the other pole. 

Cor, If through the pole D and any point M, in the arc 
of a great circle AMB, an arc of another great circle MD be 
drawn, the arc MD is a quarter of the circumference, and is 
called a quadrant This quadrant makes a right angle with 
the arc AM, For, the line DO being perpendicular to the 
plane AMO, every plane DME, passing through the line DG\& 
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perpendicular to the plane 
AMC (b VI., p. 16); hence, 
the angle of these planes, 
or the angle AMD is a 
right angle. 

dor. 2. Conversely: K 
the distance of the point 
D from each of the points 
A and M^ in the circum- 
ference of a great circle, 
is equal to a quadrant, the 
point D is the pole of the 
arc AM. 

For, let C be the centre of the sphere, and draw the 
radii CD, CA, CM. Since the angles A CD, MCD, are right 
angles, the line CD is perpendicular to the two straight 
lines CA, CM\ hence, it is perpendicular to their plane 
(b. VI., p. 4) : hence, the point D is the pole of the arc AM, 

Scholium. The properties of these poles enable us to 
describe arcs of a circle on the surface of a sphere, with 
the same facility as on a plane surface. It is evident, for 
instance, that by turning the arc DF, or any other line 
extending to the same distance, round* the point D, the 
extremity F will describe the small circle FNO] and by 
turning the quadrant DFA round the point jD, its extrem- 
ity A will describe the arc of a great circle AMD. 



PEOPOSITION IV. THEOREM. 



The angle formed by two arcs of great circles, is equal to the 
angle formed by the tangents of these arcs at their point 
of intersection. The angle is measured by the arc of a 
great circle described from the vei^tex as a pole, and limiled 
by the sides, produced if necessary. 

Let the angle BAC be formed by the two arcs AB^ 
AC] then will it be equal to the angle FAQ formed by 
the tangents AF, A G, and be measured by the arc DF of 
a great circle, described about .4 as a pole. 
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For, the tangent AF^ drawn in the 
plane of the arc ABy is perpendicular to 
the radius A0\ and the tangent AQ^ 
drawn in the plane of the arc AO^ is 
perpendicular to the same radius AO, 
Hence, the angle FAG is equal to the 
angle contained by the planes ABDII^ 
AGEH {b. \i., J). ^) ] which is that of 
the arcs AB^ AC^ and is called the angle 
BAO. 

Again, if the arcs AD and AE are 
both quadrants, the lines OD, OF, are perpendicular to OA, 
and the angle I) OF is equal to the angle of the planes 
ABDH^ ACFH\ hence, the arc DF is the measure of the 
angle contained by these planes, or of the angle CAB, 

Cor. 1. The angles of spherical triangles may be com- 
pared together, by means of the arcs of great circles des- 
cribed from their vertices as poles and included between 
their sides: hence, it is easy to make an angle of this 
kind equal to a given angle. 

Cor. 2. Vertical angles, such 
2J& ACO and BGN are equal ; for 
either of them is still the angle 
formed by the two planes ACB^ 
OGK- 

It is further evident, that, when 
two arcs A OB, OGN^ intersect, 
the two adjacent angles ACO^ 
OOBj taken together, are equal 
to two right angles. 




PROPOSITION V. THEOBEM- 

If from the vertices of the three angles of a spherical ti^angle, 
as poles, arcs be described forming a spherical triangle; 
then, the vertices of the angles of this second triangle, will 
be respectively poles of the sides of the first. 

From the vertices A, B, CJ as poles, let the arcs FF, 
FD, FD, be described, forming on the surface of the sphere, 
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the triangle DFE ; then will the vertices /?, E^ and P^ be 
respectively poles of the sides J5(7, AC^ AB. 

For, the point A being 
the pole of the arc EF^ the 
distance AE is a quadrant; 
the point C being the pole 
of the arc DE, the distance 
GE is likewise a quadrant: 
hence, the point E. is re- 
moved the length of a quad- 
rant from each of the points 
A and (7; hence, it is the 
pole of the arc J.C (p. 3, o. 2). 
lar reasoning, that D is the pole of 
that of the arc AB. 




It may be shown by sinu- 
the arc BC^ and F 



Scholium. Hence, the triangle ABG may be described 
by means of DEF, as DEF is described by means of ABG, 
Triangles so described, are called polar triangles^ or supple- 
mental triangles. 



PROPOSITION VI. THEOREM. 



The same supposition continuing as in the last Proposition^ 
each angle in one of the triangles, mill be measured by a 
semicircumferencej minus the side lying opposite to it in the 
other triangle. 

For, produce the sides 
AB, AG, if necessary, till 
they meet EF, in G and K 
The point A being the pole 
of the arc QH, the angle 
A is measured by that arc 
(p. 4). But, since E is the 
pole of AH, the arc EH is 
a quadrant ; and since F is. 
the pole of AG, FQ is a 
quadi*ant : hence, EH+ OF is equal to a semicircumference. 
But, EH+GF=EF+GH', hence the arc QH, which mea- 





BOOK IX. 283 

sures the angle A, is equal to a semicircuinfereace minus 
the side SF. In like manner, the angle B is measured 
by \circ.—DF: the angle (7, by ^circ—DM 

This property is reciprocal in the two triangles, since 
each of them is described in a similar manner by means 
of the' other. ' Thus the angle J), for example, of the tri- 
angle FI)F, is measured by the arc MI] but MI-\-BC=^ 
MC-\'BI=\circ,\ hence, the arc MI^ the measure of 2?, is 
equal to \ circ—BC : the angle F is measured by ^circ.—AC, 
and the angle F by ^circ.—AB. 

' Scholium. It must further be ob- 
served, that besides the triangle DEF^ 
three others might be formed by the 
intersection of the three arcs DE, 
EF^ DF. But the proposition is ap- 
plicable only to the central triangle, 
which is distinguished from the other 
three by the circumstance^ that the two angles A and D 
lie on the same side of BG, the two B and E on the same 
side of AG^ and the two G and F on the same side of AB. 



PROPOSITION VII. THEOREM. 

If around the vertices of any two angles of u given spherical 
triangle, as poles, the circumferences of two circles he des- 
cribed which shall pass through the vertex of the third an- 
gle of the triangle : if then, through the other point in which 
these circumferences intersect and the vertices of the first two 
angles of the triangle, two arcs of great circles he drawn, 
the triangle thus formed will have all its parts equal to 
those of the given triangle, each to each. 

Let ABG be the given triangle, GED, DEC, the arcs 
described about A and B as poles ; then will the triangles 
ABG, ABB have all their parts equal each to each. 

For, by construction, the side AD=^AG, DB^BG, and 
AB is common ; hence, these two triangles have their side^ 
equal, each to each. We are now to show, that the anjgk^ 
opposite these equal sides are also equal, each to each. 
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If the centre of the sphere is 
at 0, a triedral angle may be con- 
ceived as formed at by the three 
plane angles AOB, AOG, BOG] 
likewise another triedral angle may 
be conceived as formed by the 
three plane angles AOB^ AOD^ 
BOD, And, because the sides of 
the triangle ABC are equal to 
those of the triangle ADB^ the plane angles forming the 
one of these triedral angles, are equal to the plane angles 
forming the other, each to each : hence, the planes are 
equally inclined to each other (b. vi., P. 21) ; and all the 
angles of the spherical triangle DAB^ are respectively 
equal to those of the triangle CAB^ namely, DAB=BACj 
DBA=ABC^ and ADB—ACB\ consequently, the sides and 
the angles of the triangle AJDB^ are equal to the sides and 
the angles of the triangle ACB^ each to each. 

Scholium, The equality of these triangles is not, how- 
ever, an absolute equality^ or one of superposition : for, it 
would be impossible to apply them to each other, unless 
they were isosceles. The equality meant here is what we 
have already named an equality by symmetry (b. VI., 21, s. 3); 
therefore, we shall call the triangles ACB^ ADB^ Symmetri- 
cal triangles, 

PROPOSITION VIII. THEOREM. 

Two triangles on the same sphere^ or on equal spheres^ are 

equal in all their parts, when two sides and' Hie included 

angle of the one are equal to two sides and the included 
angle of the other, each to each. 

Let ABC, JSFQ, be two trian- 
gles having the side AB^EF, 
the side AC=^EG, and the angle 
BAG=^FEO] then will the two 
triangles be equal in all their 
parts. ^\ I ^-^ ^ 

For, the triangle EFO may be 
placed on the triangle ABC, oir on 
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ABD symmetrical with ABG^ just as two rectilineal trian- 
gles are placed upon each other, when they have an equal 
angle included between equal sides. Hence, all the parts 
of the triangle EFGt are equal to all the parts of the tri- 
angle ABC] that is, besides the three parts equal by 
hypothesis, we have the side BG=FO^ the angle ABC^ 
EFG, and the angle AGB^EGF. 



PKOPOSITION IX. THEOEEM. 

Two triangles on the same sphere or on equal spheres, are eqwd 
in all their parts, when two angles and the included side 
of the one are eqvxil to two angles and the irvclvded side of 
the other, each to each. 

For, one of these triangles, or the triangle symmetrical 
with it, may be placed on the other, as is done in the 
corresponding case of rectilineal triangles (b. i., p. 6). 



PROPOSITION X. THEOREM. 

^ two triangles on the same sphere, or on equal spheres, have 
all their sides equal, each to each, their angles ivill likewise 
be equal, each to each, the equal angles lying opposite the 
equal sides. 

The truth of this proposition is evi- 
dent from Prop. Vn., where it was 
shown, that with three given sides AB, 
AC, BC, only two triangles ACB, ABD, 
can be constructed, and that these tri- 
angles will have all their parts equal 
each to each. Hence, the two trian- 
gles, haying all their sides respectively 
equal, must either be absolutely equal, 
or symmetrically equal; in either of which cases, their cor- 
responding angles are equal, and lie opposite to equal 
sides. 





286 GEOMETRY. 



PBOPOSITION XI. THEOREM. 

In every isosceles spherical triangle^ the angles opposite the eqiud 
sides are equal ; and conversely, if two angles of a spherical 
triangle are equal, the triangle is isosceles. 

First' Suppose the side AB=AC] we shall have the 
angle 0=B. 

For, if the arc AD be drawn from 
the vertex A to the middle point J? of 
the base, the two triangles ABD, A CD, 
will have all the sides of the one res- 
pectively equal to the corresponding sides 
of the other, viz., AD common, BD=DO, 
and AB =A C : hence, by the last propo- 
sition, their angles will be equal; therefore, B=G. 

Secondly. Suppose the angle B=Gj we shall have the 
side AG=AB. 

For, if not, let AB be the greater of the two; take 
BO=AO, and draw 00. Then, in the two triangles BOO, 
BAO, the two sides BO, BO, are equal to the two AO, BO; 
the angle OBO, contained by the first two is equal to A OB 
contained by the second two. Hence, the two triangles 
BOO, A OB, have all their other parts equal (p. 8); hence, 
the angle OOB=ABO: but, by hypothesis, the angle 
ABO=AOB] hence, we have OOB^AOB^ which is absurd 
(a. 8) ; therefore, an absurdity follows if we suppose AB 
different from A ; hence, the sides AB^ A 0, ' opposite to 
the equal angles B and CJ are equal. 

Scholium. Since, the triangles BAD, DAO, are equal in 
all their parts (p. 10), the angle BAD=^DAO, and BDA= 
ADO: consequently, ADB and ADO, are right angles: 
hence, the arc drawn from the vertex of an isosceles spherical 
triangle to the middle of the hose, is at right angles to 4he hose 
and bisects the vertical angle. 
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PEOPOSITION XII. THEOREM. 



In any spherical triangle, the greater side is opposite the greater 
angle; and conversely^ the greater angle is opposite the 
greater side. 

Let the angle A be greater than the angle B, then will 
.BG be greater than AC] and conversely, if £0 is greater 
than AC, then will the angle A be greater than B, 

First. Suppose the angle 
A>B] make the angle BAD 
=5; then we shall have 
AD=^DB (p. 11) ; but ^i)+ 
i? (7 is greater than ^(7; hence, 
putting DB in place of AD^ 
we shaH have DB+DC>AG, or BOAC. 

Secondly. If we suppose \B (7 >^(7, the angle BAG vr\\\ 
be greater than ABG. For, if BAG were equal to ABG^ 
we should have BG=AG\ if BAG were less than ABG^ 
we should then, as has just been shown, find BG <iAG, 
Either of these conditions is contrary to the supposition : 
hence, the angle BAG \& greater than ABC. 




PROPOSITION XIII. THEOREM. 



If two triangles on the same sphere^ or on equal spheres^ are 
mutually equiangular^ tkey are also mutually equilateral. 



Let A and B be the two given triangles; P 
their polar triangles. 

Since the angles are equal, each to each, 
in the triangles A and B, the sides are equal 
each to each, in their polar triangles P and Q 
(p. 6) : but, since the triangles P and Q are 
mutually -equilateral, they must also be mutu- 
ally equiangular (p. 10); and lastly, the an- 
gles being equal, each to each, in the triangles 
P and Qj it follows that the sides are equal 
each to each, in their polar triangles A and B. 



and Q 
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Hence, the mutually equiangular triangles A and B are at 
the same time, mutually equilateral. 

Scholium. This proposition is not applicable to recti- 
lineal triangles; in which equality among the angles indi- 
cates only proportionality among the sides. Nor is it diffi- 
cult to account for the difference, in this respect, between 
spherical and rectilineal triangles. In the proposition now 
before us, as well as in the preceding ones, which treat 
of the comparison of triangles, it is expressly required that 
the arcs be traced on the same sphere, or on equal spheres. 
Now, similar arcs are to each other as their radii; hence, 
on equal spheres, two triangles cannot be similar without 
being equal. Therefore, it is not strange that equality 
among the angles should produce equality among the 
sides. 

The case would be different, if the triangles were dra^-n 
upon unequal spheres ; there, the angles being equal, the 
triangles would be similar, and the homologous sides would 
be to each other as the radii of their spheres. 



PROPOSITION XIV. THEOREM. 

The sum of all the angles^ in any spherical triangle., is less than 
six right angles and greater than two. 

For, in the first place, every angle of a spherical trian- 
gle is less than two right angles : hence, the sum of the 
three is less than six right angles. 

Secondly, the measure of each angle of a spherical trian- 
gle is equal to the semicircumference minus the correspond- 
ing side of the polar triangle (p. 6) ; hence, the sum of 
the three, is measured by the three semicircumferences, 
'/ni727is the sum of the sides of the polar triangle. Now, 
this latter sum is less than a circumference (p. 2, c.) ; there- 
fore, taking it away from three semicircumferences, the 
remainder is greater than one semicircumference, whi'ch 
is the measure of two right angles ; hence, the sum of the 
three angles of a spherical triangle is greater than two 
right angles. 
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Cor. 1. The sum of the three angles of a spherical tri- 
angle is not constant, like that of the angles of a recti- 
lineal triangle, but varies between two right angles and 
six, without ever reaching either of these limits. Two 
given angles therefore do not serve to determine the third. 

Cor. 2. A spherical triangle may have two, or even 
three of its angles right angles ; also two, or even three 
of its angles obtuse. 

Cor. 3. If the triangle ABC is bi-recian* A 

gular^ in other words, has two right angles 
B and C, the vertex A is the pole of the 
base BG; and the sides AB, AG, are quad- 
rants (p. 3, c. 2). ^ 

If the angle A is also a right angle, the 
triangle ABC is tn-rectangular ; each of its angles is a right 
angle, and its sides are quadrants. Two tri-rectangular tri- 
angles make half a hemisphere, four make a hemisphere, 
and eight the entire surface of a sphere. 

PROPOSITION XV. THEOREM. 

The surface of a lune is to the surface of the sphere^ as the 
angle of the lune, to four right angles ; or, as the arc 
which measures that angU, to the circumfere7ice. 

Let AMBN be a lune, and NCM the angle included 
between its two great circles : then will its surface be to the 
surface of the sphere as the angle NCM to four right angles, 
or as the arc NM to the circumference of a great circle. 

For, suppose the arc MN to be 
to the circumference MNPQ, as some 
one integer number to another, -as 
5 to 48, for example. Divide the 
circumference MNPQ, into 48 equal 
parts, MN will contain 5 of them; 
and if the pole A were joined with 
the several points of division, by as 
many quadrants, we should in the 
hemisphere AMNPQ, have 48 triangles, all equal, because 
all the corresponding parts are equal. The whole sphere 
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would contain 96 of these triangles, and the lune AMBNA, 
10 of them ; hence, the lune is to the sphere as 10 is to 
96, or as 5 to 48 ; in other words, as the arc MN is to 
the circumference. 

If the arc MN is not commensurable with the circum- 
ference, it may still be shown, that the lune is to the 
sphere as MN to the circumference (b. hi., p. 17). 

Cor. 1. Two lunes on the same or on equal spheres, 
are to each other as their respective angles. 

Cor. 2. It was shown above, that the whole surface of 
the sphere is equal to eight tri-rectangular triangles (p. 14, 
c, 3) ; hence, if the area of one such triangle be represent- 
ed by T^ the surface of the whole sphere will be express- 
ed by 82T This granted, if the right angle be assumed 
equal to 1, the surface of the lune whose angle is A^ will 
be expressed by 2AxT. For, 

4 : ^ :: Sr : 2AxT, 
in which expression, A represents such a part of unity, as 
the angle of the lune is of one right angle. 

Scholium. The spherical ungula, bounded by the planes 
AMB^ ANB, is to the whole solid sphere, as the angle A 
is to four right angles. For, the lunes being equal, the 
spherical ungulas are also equal; hence, two spherical 
ungulas are to each other, as the angles formed by the 
planes which bound them. 

PROPOSITION XVI. THEOREM. 

Two symmetrical spherical triangles are equivalent. 

Let ABCj DEF^ be two symmetrical triangles, that is 
to say, two triangles having their sides AB=DE^ AC=^DF^ 
CB=EF^ and yet incapable of superposition : we are to 
show that the surface ABC is equal to the surface DEF. 

Let P be the pole of the small circle passing through 
the three points -4, J?, (7;* from this point draw the equal 

* The circle which passes through the three points A, -B, (7, or which drcom- 
scribes the triangle ABC, can only be a small circle of the sphere ; for if it were 
a great circle, the three sides, AB^ BC^ AC, would lie in one plane, and the tri- 
ftogle ABG would be reduced to one of its sides. 
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arcs PA, PB, PC (p. 3) ; at the 
point F make the angle DFQ^ 
AGP, the arc FQ=^ CP ; and draw 

The sides DF, FQ, are equal 
to the sides AG, GP \ the angle 
DFQ=AGP\ hence, the two tri- 
angles DFQf AGP, are equal in 
all their parts (p. 8) ; consequently, the side DQ^AP, 
and the angle DQF=APG 

In the triangles DFE, ABG, the angles DFE, AGE, 
opposite to the equal side^ DE, AB, are equal (p. 10). If 
the angles DFQ, AGP, which are equal by construction, 
be taken away from them, there will remain the angle 
QFE, equal to PGB. The sides QF, FE, are equal to the 
aides PG, GB ; hence, the two triangles FQE, GPB, are 
equal in all their parts (P. 8) ; hence, the side QE=PB, 
and the angle FQE=^GPB. 

Now, the triangles BFQ, AGP, which have their sides 
respectively equal, are at the same time isosceles, and capa- 
ble of coinciding, when applied the one to the other» 
For, having ph\ced AG on its equal. 2^i^, the equal sides 
will fall the one on the other, and thus the two triangles 
will exactly coincide : hence, they are equal ; and the sur- 
face EQF=APG For a like reason, the surface FQE=^ 
GPB, and the surface DQE=^APB ] hence we have, 

DQF+FQE-DQE^^APG+GPB-APB, 
OT, DFE^o^ABG', 

hence, the two symmetrical triangles ABG, DEF, arc equal 
in surface. 

Scholium, The poles P and Q might lie within triangles 
ABG, DEF: in which case it would be requisite to add 
the three triangles DQF, FQE, DQE, together, in order to 
make up the triangle DEF] and in like manner, to add 
the three triangles APG, GPB, APB, together, in order to 
make up the triangle ABG: in all other respects, the 
demonstration and the result would be the same. 
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PBOPOSITION XVII. THEOKEM. 

If the circumferences of two great circles intersect each other on 
the surface of a JiemispJiere, the sum of the opposite trian- 
gles thus formed^ is equivalent to the surface of a lune 
whose angle is equal to the angle formed by the circles. 

Let the circumferences A OB^ COD^ intersect on the sur- 
fece of a hemisphere; then will the opposite triangles 
AOC^ BOD^ be equivalent to the lune whose angle is BOD. 

For, produce the arcs OB^ OD^ on ^<^^^^^^ 

the other hemisphere, till they meet /y^ '\\ 

in K Now, since AOB and OBN f J- ^^\ 

are semicircumferences, if we take a f ( \ 'm 

away the common part OB^ we shall Kj^ l^yj 

have BN^AO. For a like reason, Xp^T / x 

we have DN^CO, and BD=^AO. \^.^>^ 

Hence, the two triangles AOCy BDN^ ^ 

have their three sides respectively equal : they are there- 
fore symmetrical; hence, they are equal in surface (P. 16). 
But the sum of the triangles BDN^ BOB, is equivalent to 
the lune OBNDO, whose angle is BOD : hence, AOO+BOD 
is equivalent to the lune whose angle is BOD. 

Scholium. It is likewise evident, that the two spherical 
pyramids, which have the triangles AOG, BOD, for bases, 
are together equivalent to the spherical ungula whose angle 
is BOD. 

PROPOSITION XVIII. THEOHEM. 

The surface of a spherical triangle is equal to the excess of the 
sum of its three angles above two right angles, multiplied 
by the tri-rectangular triangle. 

Let ABC be any spherical triangle : then will its sur- 
face be equal to 

{A+B+C-2)XT. 

For, produce its sides till they meet the great circle 
DEFQ^ drawn at pleasure, without the triangle. By the 
last theorem, the two triangles ADE, AQH^ are together- 
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equivalent to the lune whose angle is 

Aj and which is measured by 2AxT 

(p. 15, c, 2). Hence, we have ADE + 

AGH=2AxT; and, for a like reason, 

£GF+BID=2Bx2] and GIH+CFE 

=2CxT. But the sum of these six 

triangles exceeds the hemisphere by 

twice the triangle ABC, and the hemisphere is represented 

by 4cT: therefore, twice the triangle ABC\ is equivalent to 

2AXT+2BxT-]r2GxT-4:T', 
and, consequently, 

ABG=c>={A+B+0-2)xT] 
hence, every spherical triangle is measured by the sum of 
its three angles minus two right angles, multiplied by the 
tri-rectangular triangle. 

Scholium 1. When we speak of the spherical angles^ we 
regard the right angle as unity, and compare the sum of 
the three angles with this standard. Hence, however 
many right angles there may be in the sum of the three 
angles minus two right angles, just so many tri-rectangular 
triangles, will the proposed triangle contain. If the angles, 
for example, are each equal to ^ of a right angle, the 
sum of the three angles is equal to 4 right angles; 
and this sum, minus two right angles, is represented 
by 4—2, or 2 ; therefore, the surface of the triangle ifl 
equal to two tri-rectangular triangles, or to the fourth 
part of the surface of the entire sphere. 

Scholium 2. The same proportion which exists between 
the spherical triangle ABC^ and the tri-rectangular triangle, 
exists also between the spherical pyramid which has ABG 
for its base, and the tri-rectangular pyramid. The triedral 
angle of the pyramid is to the triedral angle of the tri- 
rectangular pyramid, as the triangle ABG to the tri-rectan- 
gular triangle. From these relations, the following conse- 
quences are deduced. 

First Two triangular spherical pyramids are to each 
other as their bases ; and since a polygonal pyramid may 
always be divided into a certain number of triangular 
pyramids, it follows that any two spLerical pyramids are to 
each other, as the polygons which form their bases. 
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Secmd. The polyedral angles at the vertices of these 
pyramids, are also as their bases; hence, for comparing 
any two polyedral angles, we have merely to place their 
vertices at the centres of two equal spheres ; the angles are 
to each other as the spherical polygons intercepted between 
their faces. 

The vertical angle of the tri-rectangular pyramid is 
formed by three planes at right angles to each other: this 
angle, which may be called a right polyedral angle, will 
serve as a very natural unit of measure for all other poly- 
edral angles. If, for example, the area of the triangle is 
f of the tri-rectangular triangle, the corresponding trie- 
dral angle is also f of the right polyedral angle. 

PEOPOSITION XIX. THEOEEM. 

The surface of a spherical polygon is equal to the excess of the 
sum of all its angles, over two right angles taken as many 
times 05 there are sides in the polygon less two, multiplied 
by the tri-rectangular triangle. 

Let ABODE be a spherical polygon. 

From one of the vertices A, let 
diagonals AG, AD, be drawn to the 
other vertices ; the polygon ABODE 
will be divided into as many tri- 
angles less two, as it has sides. 

Now, the surface of each triangle 
is equal to the sum of aU its angles less two right angles, 
into the tri-rectangular triangle. The sum of the angles 
of all the triangles is the same as that of all the angles of 
the polygon ; hence, the surface of the polygon is equal to 
the sum of all its angles, diminished by twice as many 
right angles as it has sides less two, into the tri-rectangu- 
lar triangle. 

Scholium, Let 5 be the sum of all the angles of a spheri 
cal polygon, n the number of its sides, and T the tri-rect- 
angular triangle ; the right angle being taken as unity, the 
surface of the polygon will be equal to 

(5-2 (n~2,))xr=(5-2n-f4)xr. 
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NOTE A. — Page 22. 



A Demonstration is a train of logical arguments 
brought to a conclusion. The bases or premises of a 
demonstration, are definitions, axioms, propositions pre- 
viously established, and hypotheses. The arguments are 
the links which connect the premises, logically, with the 
conclusion or ultimate truth to be proved. 

In Geometry we employ two kinds of demonstration — 
the Direct, and the Indirect or the method involving the 
Reductio ad absurdum. 

These are also called Positive and Negative Demonstra- 
tions. In the direct method, the premises are definitions, 
axioms, and previous propositions ; and by a process of 
logical argumentation, the magnitudes of which something 
is to be proved, are shown to bear the mark by which 
that may always be inferred, or, in other words, are shown 
to fall under some definition, axiom, or proposition, pre- 
viously laid down. The direct demonstration may be 
divided into two classes: 

1st, Where the argument depends on superposition — 
that is, on the coincidence of magnitudes when applied the 
one to the other: and 

2dly. Where it depends on addition and subtraction, 
or immediately on principles previously laid down. 

The indirect method rests on a hypothesis. This hypo- 
thesis is combined in a process of logical argumentation, 
with definitions, axioms, and previous propositions, until 
a conclusion is obtained, which agrees or disagrees with 
some known truth. Now, if the conclusion so deduced, is 
excluded from the truths previously established, that is, if 
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it is opposed to any of them, then it follows that the hy- 
pothesis, leading to a result contradictory to such tnith, 
must be false. In the indirect demonstration, therefore, the 
conclusion is compared with the truths known antecedently 
to the proposition in question ; if it disagrees with any of 
them, the hypothesis is false. 

We have examples of the first class of the direct demon- 
stration 'in the reasoning which establishes Propositions V. 
and VI. — and of the second class in that which establishes 
Propositions I. and IV. We have also examples of the 
indirect method in the demonstrations of Propositions II. 
and III. 

It is often supposed, though erroneously, that the indi- 
rect demonstration is less conclusive and satisfactory than 
the direct. This impression is simply the result of a want 
of proper analysis. For example : in the demonstration 
of Proposition II. we propose to prove '*that two straight 
lines having two points in common coincide throughout 
their whole extent." Now, it is evident that they either 
coincide or separate. If they separate, they must separate 
at some point, as G, But the supposition or hypothesis of 
their separating at this point, involves the conclusion, that 
a part is equal to the whole, which is contrary to Axiom 8, 
and therefore untrue: Hence, they do not separate, and 
tfierefore, they coincide. Similar remarks apply to all indi- 
rect demonstrations. 

In both kinds of demonstrations the premises and con- 
clusion agree: that is, they are both true- or both false, 
the reasoning or argument in both being supposed strictly 
logical. 

For a more full discussion of this subject, see Davies' 
Logic of Mathematics. 
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THE REGULAR POLYEDRONS. 

A Regular Polyedron is one whose faces are all 
equal regular polygons, and whose polyedral angles are all 
equal to each other. 

1. The Tetraedron, or regular pyramid^ is a solid 
bounded by four equal equilateral triangles. 

2. The Hexaedron, or Ouhe^ is a solid bounded by 
six equal squares. 

8. The OcTAEDRON", is a solid bounded by eight equal 
equilateral triangles. 

4. The DoDECAEDRON, is a solid bounded by twelve 
equal and regular pentagons. 

5. The IcosAEDRON is a solid bounded by twenty 
equal equilateral triangles. 

First If the faces are equilateral triangles, polyedrons 
may be constructed bounded by such triangles and will 
have polyedral angles contained either by three, four or 
five of them : hence arise three regular polyedral bodies, 
viz: the tetraedron^ the octaedron^ and the icosaedron^ and no 
others can be constructed with equilateral triangles. For, 
each angle of an equilateral triangle being equal to a third 
part of two right, six such angles about the vertex of a 
polyedral angle would be equal to four right angles, which 
is impossible (b. vi., P. 20, 

Secondly. If the faces are squares, their angles may be 
arranged by threes: hence, results the hexaedrorij or cube. 
Four angles of a square are equal to four right angles, 
and cannot form a polyedral angle. 

Thirdly. In fine, if the faces are regular pentagons, 
their angles likewise may be arranged by threes : the 
regular dodecaedron will result. 

We can proceed no farther: three angles of a regular 
hexagon are equal to four right angles; three of a hepta- 
gon are greater. 
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Hence, there can only be five regular polyedrons ; ttiree 
formed with equilateral triangles, one with squares, and 
one with pentagons. 



CONSTRUCTION OF THE TETRAEDBON. 

Let ABC be the equilateral triangle which is to form 
one face of the tetraedron. At the point 0, the centre of 
this triangle, erect OS perpendicular to the plane ABC; 
terminate this perpendicular in aSJ so that AS=AB] draw 
/SB, SC] the pyramid S-ABC is the tetraedron required. 

For, by reason of the equal distan- 
ces OA, OB, OCj the oblique lines SA, 
SB, SC, cut off equal distances esti- 
mated from the foot of the perpendic- 
ular SO, and consequently are equal 
(b. VI., P. 5). One of them SA=AB] 
hence, the four faces of the pyramid 
S'ABC, are triangles, equal to the 
given triangle ABC. The triedral angles of this pyramid 
are all equal, because each of them is bounded by three 
equal plane angles (b. vi., p. 21, s. 2); hence, this pyramid 
is a regular tetraedron. 




CONSTRUCTION OF THE HEXAEDRON. 

Let ABCD be a given square. On the 
base ABCD, construct a right prism whose 
altitude AE shall be equal to the side 
AB. The faces of this prism will evident- 
ly be equal squares ; and its triedral an- 
gles all equal, each being formed with 
three equal faces: hfence, this prism is a 
regular hexaedron or cube. 

The following propositions can be easily proved. 

1. Any regular polyedron may be divided into as many 
right pyramids as the polyedron has faces ; the common 
vertex of these pyramids will be the centre of the polye- 
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dron; atid at the same time, that of an inscribed and of 
a circumscribed sphere. 

2. The solidity of a regular polyedron is equal to its 
surface multiplied by a third part of the radius of the 
inscribed sphere. 

3. Two regular polyedrons of the same name, are two 
similar solids, and their homologous dimensions are pro* 
portional ; hence, the radii of the inscribed or the circum- 
scribed spheres are to each other as the edges of the poly- 
edrons. 

4. If a regular polyedron be inscribed in a sphere, the 
planes drawn from the centre, through the diflferent edges, 
will divide the surface of the sphere into as many spheri- 
cal polygons, all equal and similar, as the polyedron has 
faces. 



APPLICATION OF ALGEBRA 

TO THE 

SOLUTION OF GEOMETKICAL PROBLEMS. 

A Problem is a question which requires a solution. 
A geometrical problem is one, in which certain parts of a 
geometrical figure are given or known, from which it ia 
required to determine certain other parts. 

When it is proposed to solve a geometrical problem by 
means of Algebra, the given parts are represented by the 
first letters of the alphabet, and the required parts by the 
final letters. The geometrical relations v/hich subsist be- 
tween the known and required parts furnish the equations 
of the problem. The solution of these equations, when so 
formed, gives the solution of the problem. 

No general rule can be given for forming the equations. 
The equations must be independent of each other, and 
their number equal to that of the unknown quantities in- 
troduced (Alg., Art. 103). Experience, and a careful exami- 
nation of all the conditions, whether explicit or implicit 
(Alg., Art. 94), will serve as guides in stating the questions; 
to which may be added the following general directions. 



250 APPENDIX. 

1st. Draw a figure which shall represent all the given 
parts, and all the required parts. Then draw such other 
lines as will enable us to establish the necessary relations 
between them. If an angle is given, it is generally best to 
let fall a perpendicular that shall lie opposite to it; and 
this perpendicular, if possible, should be drawn from the 
extremity of a given side. 

2d. When two lines or quantities are connected in the 
same way with other parts of the figure or problem, it is 
in general, not best to use either of them separately ; but 
to use their sum, their difference, their product, their quo- 
tient, or perhaps another line of the figure with which 
they are alike connected. 

3d. When the area, or perimeter of a figure, is given, 
it is sometimes best to assume another figure similar to that 
proposed, having one of its sides equal to unity, or some 
other known quantity. A comparison of the two figures 
will often give a required part We will add the follow- 
ing problems.* 

PEOBLEM I. 

In a Tight-angled triangle BAG^ having given the hose JBA, 
and the sum of the hypothenuse and perpendicular, it is 
required to find the hypothenuse and perpendicular. 

Put BA = c = 8, BC =07, AG ■=^ yy and the sum of the 
hypothenuse and perpendicular equal to 5 = 9. 



Then, 


x + y = 5 = 9, 


and (b. IV., P. 11); 


a? = 2^ + c«. 


From 1st equ: 


cr = 5 - y, 


and 


a? = 5« - 25y + y\ 


By subtracting. 


= 52 - 25y -c\ 


or, 


25y = 5^~c2; 


hence, y 
Therefore, x + 


— ~ A AP 


- 25 - * - ^^^ 

4 = 9, or 03 = 5 = i 




* The following problems are selected from Hutton's Application of Algebra to 
Geometry; and the examples in Mensuration, from 3iifi treatise on that aabject. 
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PEOBLEM II. 

In a right-angled triarigle, having given the hypothermse^ and 
the sum of the ba^e and perpendicular^ to find these two 



Put BO = a = 5, BA = x, AG ^ y^ and the sum of 
the base and perpendicular = s = 7. 

Then, x + y =^ s = 7, 

and x^ + y^ = a\ 

From first equation, x = s — y, . 
or, a? = 5^ — 2sy + ^ ; 

Hence, y^ = a^ — s^ + 2sy — y^, 

or, 2f -2sy = a^ - ^', 

or, f ^ sy^ — 2 — • 

By completing the square y^ — sy + \^ = \ci? — i^i 




or, y = ^5 ± V^a-^ — l^^ = 4 or 8. 

Hence, cb = ^5 =p V^a'-^ - ^-s^ = 3 or 4. 



PEOBLEM m. 

In a rectangle, having given the diagonal and perimeter^ to find 

the sides. 

Let ABCD be ,the proposed rectangle. 
Put AG=^ d = 10, the perimeter =2a = 28, 
or AB +BG = a = 14 : also put AB = a, 
and BG = y. 

Then, a? + y^ = ci^, 

and 03 + y = a. 

From which equations we obtain, 




2^ = la ± Vld^ - ia* = 8 or 6, 
and X = ^:p V^d2 - I^ = 6 or 8. 
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PROBLEM IV. 

Having given the hose and perpendicular of a triangle^ to Jiitd 
the side of an inscribed square. 



C 



H D E B 



. Let ABC be the triangle, and 
IIEFO the inscribed square. Put 
AB =6, CD = a, and HE or GH 
-= X : then 01 = a — x. 

We have by similar triangles 

AB : CD :: GF : CI, 
or, b : a : : X : ' a — X. 

Hence, ah — bx = ax, 

or, X = J = the side of the inscribed square; 

which, therefore, depends only on the base and altitude of 
the triangle, 

PROBLEM V. 

In an equilatei-al triangle, having given the lengths of the three 
perpendiculars drawn from a point within, on Uie three 
sides: to determine the sides of the triangle. 

Let ABG be an equilateral trian- 
gle : DG^ DE and DF the given per 
pendiculars let fall from D on the 
sides. Draw DA, DB, DC, to the 
vertices of the angles, and let" fall the 
perpendicular CH on the base. Let 
DG = a, DE=^ 6, and DF= c: put 
one of the equal sides AB = 2x ; hence, AH = x, and 
CH= y/AG- - Am = V4^^=^ = V3^ = a; Vs! 

Now, since the area of a triangle is equal to half iis 
base into the altitude, (b. iv., p. 6), 

\AB X GH=^xXx V3"= o^ V8~= triangle ACB, 
\AB X DG = x X a = ax = triangle ADB, 
\B0 X DE^xXb =6x = triangle BCD, 
\AG X DF= XX c = ex = triangle ACD. 
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But the last three triangles make up, and are conse- 
quently equal to, the first; 

hence, a? V3"= ax + bx + ex = x {a + b + c); 
or, X VW= a + b + c: 

a + b + c 



therefore, x = 



V3 



Remark. Since the perpendicular CH is equal to xVW, 
it is consequently equal a + b + c : that is, the perpendic- 
ular let fall from either angle of an equilateral triangle on 
the opposite side, is equal to the sum of the three perpen- 
diculars let fall from any point within the triangle on the 
sides respectively. 

Problem VI. — In a right-angled triangle, having given 
the base and the difference between the hypothenuse and 
perpendicular, to find the sides. 

Problem VII. — ^In a right-angled triangle, having given 
the hypothenuse, and the difference between the base and 
perpendicular, to determine the triangle. 

Problem VIIL — Having given the area of a rectangle 
inscribed in a given triangle; to determine the sides of 
the rectangle. 

Problem IX. — In a triangle, having given the ratio of 
the two sides, together with both the segments of the base 
made by a perpendicular from the vertical angle: to de- 
termine the triangle. 

Problem X. — In a triangle, having given the base, the 
sum of the two other sides, and the length of a line 
drawn from the vertical angle to the middle of the base; 
to find the sides of the triangle. 

Problem XI. — In a triangle, having given the two 
sides about the vertical angle, together with the line bisect- 
ing that angle and terminating in the bas^* to find the 



Problem XII. — To determine a right-angled triangle, 
having given the lengths of two lines drawn from the 
acute angles to the middle of the opposite sides. 
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Problem XIII. — To determine a right-angled triangle, 
having given the perimeter and the radius of the inscribed 
circle. 

Problem XIV. — To determine a triangle, having given 
the base, the perpendicular, and the ratio of the two sides. 

Problem XV. — To determine a right-angled triangle, 
having given the hypothenuse, and the side of the inscribed 
square. 

Problem XVL — To determine the radii of three equal 
circles, described within and tangent to, a given circle, and 
also tangent to each other. 

Problem XVII. — ^In a right-angle triangle, having given 
the perimeter and the perpendicular let fall from the right 
angle on the hypothenuse, to determine the triangle. 

Problem XVIII. — To determine a right-angled triangle, 
having given the hypothenuse and \the difference of two 
lines drawn from the two acute angles to the centre of the 
inscribed circle. 

Problem XIX. — To determine a triangle, having given 
the base, the perpendicular, and the difference of the two 
other sides. 

Problem XX. — ^To determine a triangle, having given 
the base, the perpendicular, and the rectangle of the two 



Problem XXI. — To determine a triangle, having given 
the lengths of three lines drawn from the three angles to 
the middle of the opposite sides. 

Problem XXTI. — In a triangle, having given the three 
sides, to find the radius of the inscribed circle. 

Problem XXIU. — To determine a right-angled triangle, 
having given the side of the inscribed square, and the 
radius of the inscribed circle. 

Problem XXIV. — To determine a right-angled triangle, 
having given the hypothenuse and radius of the inscribed 
circle. 

Problem XXV. — To determine a triangle, having given 
the base, the line bisecting the vertical angle, and the diam- 
eter of the circiunscribing circle. 
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INTEODUCTION. 

OF LOGARITHMS. 

1. The logarithm of a number is the eocponent of the power 
to which it is necessary to. raise a fixed number^ in (/rder to 
produce the first number. 

This fixed number is called the base of the system, and 
may be any number except 1: in the common system, 10 
is assumed as the base. 

2. If we form those powers of 10, which are denoted 
by entire exponents, we shall have 

10'= 1 10' = 10, 10^ = 1000 

lO"" = 100, 10^ = 10000, i&c, i&c. 

From the above table, it is plain, that 0, 1, 2, 3, 4, &c,, 
are respectively the logarithms of 1, 10, 100, 1000, 10000, 
&c. ; we also see, that the logarithm of any number be- 
tween 1 and 10, is greater than and less than 1 : thus, 
log 2 = 0.801030. 

The logarithm of any number greater than 10, and less 
than 100, is greater than 1 and less than 2 : thus, % 
log 50 = 1.698970. 

The logarithm of any number greater than 100, and 
less than 1000, is greater than 2 and less than 3 ; thus, 

log 126 = 2.100371, &c 



256 PLANE TEIGONOMETEY. 

If the above principles be extended to other numbers, 
it will appear, that the logarithm of any number, not an 
exact power of ten, is made up of two parts, an entire and 
a decimal part. The entire part is called the cJiaractertstic 
of the logarithmj and is always one less than the number of 
places of figures in the given number. 

3. The principal use of logarithms, is to abridge nu- 
merical computations. 

Let if denote any number, and let its logarithm be 
denoted by m; also let N denote a second number whose 
logarithm is n; then, from the definition, we shall have, 

10™ = Jf (1) 10" = iV^ (2). 

Multiplying equations (1) and (2), member by member, 
we have, 

lO"""*"" = MX N or, m + n=log (if X N) ; hence. 

The sum of the logarithms of any two numbers is equal to 
the hgariihm of their product, 

4. Dividing equation (1) by equation (2), member by 
member, we have, 

10 = -^ or, m — n = log -^: hence. 

The logarithm of the quotient of two numbers, is equal to 
the logarithm of tlie dividend diminished by the logarithm of 
the divisor, 

5. Since the logarithm of 10 is 1, the logarithm of the 
product of any number by 10, will be greater by 1 than the 
logarithm of that number ; also, the logarithm of tJie quotient 
of any number divided by 10, will be less by 1 than th4 
logarithm of that number, 

Similariy, it may be shown that if any number be mul- 
tiplied by one hundred, the logarithm of the product will 
be greater by 2 than the logarithm of that number; and 
if any number be divided by one hundred, the logarithm 
of the quotient will be less by 2 than the logarithm of 
that number, and so on. 



EXAMPLES. 
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log 327 
- log 32.7 

log 3.27 
. log .327 

log .0327 

Prom tlie above examples, we see, tliat in a number 
composed of an entire and decimal part, we may change 
the place of the decimal point without changing the deci- 
mal part of the logarithm; but Hw' characieristic is dimm- 
islied by 1 for every place that tJie decimal point is removed to 
tJie left 

In the logarithm of a decimal, the characteinstic becomes 
negative, and is numerically 1 greater than the number of 
ciphers immediately after the decimal point. The negative 
sign extends only to the characteristic, and is written over 
it, as in the examples given above. 

TABLE OF LOGARITHMS. 

6. A table of logarithms, is a table in which are writ- 
ten the logarithms of all numbers between 1 and some 
given number. The logarithms of all numbers between 1 
and 10,000 are given in the annexed table. Since rules 
have been given for determining the characteristics of 
^ logarithms by simple inspection, it has not been deemed 
necessary to write them in the table, the decimal part 
only being given. The characteristic, however, is given 
for all numbers less than 100. 

The left hand column of each page of the table, is the 
column of numbers, and is designated by the letter N; 
the logarithms of these numbers are placed opposite them 
on the same horizontal line. The last column on each 
page, headed D, shows the difference between the loga- 
rithms of two consecutive numbers. This diJtterenc^ in 
found by subtracting the logarithm under the column 
headed 4, from the one in the column headed 5 in the 
same horizontal line, and is nearly a mean of the differ- 
ences of any two consecutive logarithms on this line. 

17 
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To Jindy from the tables the logarithm of any number, 

7. If the number is less tlian 100, look on the first page 
of the table, in the column of numbers under N, until the 
number is found: the number opposite is the logarithm 
fiought : Thus, 

log 9 = 0.954243. 

When the number is greater than 100 and less than 10000. 

8. Find in the column of numbers, the first three figures 
of the given number. Then pass across the page along a 
horizontal line until you come into the column under the 
fourth figure of the given number : at this place, there are 
four figures of the required logarithm, to which, two figures- 
taken fi:om the column marked 0, are to be prefixed. 

If the four figures already found stand opposite a row 
of six figures in the column marked 0, the two left hand 
figures of the six, are the two to be prefixed ; but if they 
stand opposite a row of only four figures, you ascend the 
column till you fmd a row of six figures ; the two left 
hand figures of this row are the ' two to be prefixed. If 
you prefix to the decimal part thus "found, the character- 
istic, you will have the logarithm sought: Thus, 

log 8979 = 3.953228 
log .08979 = 2.953228 

if, however, in passing back from the four figures found, 
to the column, any dots be met with, the two figures 
to be prefixed must be taken from the horizontal line di- 
rectly below : Thus, 

log 3098 = 8.491081 
, log 80.98 = 1,491081 

If the logarithm falls at a place where the dots occur, 
must be written for each dot, and the two fibres to be 
prefixed are, as before, taken frcan the line below: Thus, 

log 2188 = 3.340047 
log .2188 = 1.340047 
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When the number eocceeds 10,000. 

9. The characteristic is determined by the rules already 
given. To find the decimal part of the logarithm: place 
a decimal point after the fourth figure from the left 
hand, converting the given number into a whole number 
and decimal. Find the logarithm of the entire part by the 
rule just given, then take from the right hand column of 
the page, imder D, the number on the same horizontal 
line with the logarithm, and multiply it by the decimal 
part; add the product thus obtained to the logarithm al- 
ready found, and the sum will be the logarithm sought. 

If, in multiplying the number taken .from the column 
D, the decimal part of the product exceeds .5, let 1 be 
added to the entire part; if it is less than .5, the decimal 
part of the product is neglected. 

EXAMPLE. 

1. To find the logarithm of the number 672887. 

The characteristic is 5.; placing a decimal point after 
the fourth figure from the left, we have 6728.87. The 
decimal part of the log 6728 is .827886, and the corres- 
ponding number in the column D is 65; then 65x.87= 
56.55, and since the decimal part exceeds .5, we have 57 
to be added to .827886, which gives .827943. 

Hence, log 672887 = 5:827943 

Similarly, log .0672887 = 2.827943 

The last rule has been deduced under the supposition 
that the difference of the numbers is proportional to the 
difference of their logarithms, which is sufficiently exact 
within the narrow limits considered. 

In the above example, 65 is the difference between the 
logarithm of 672900 and the logarithm of 672800, that is, 
it is the difference between the logarithms of two numbers 
which differ by 100. 

We have then the proportion 

100 : 87 :: 65 : 56.55, 

hence, 56.55 is the number to be added to the logarithm 
before found. 
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To find from the table the number corresponding to a given 
logarithm. 

10. Searcli in the columns of logarithms for the decimal 
part of the given logarithm : if it cannot be found in the 
table, take out the number corresponding to the next less 
logarithm and set it aside. Subtract this less logarithm 
from the given logarithm, and annex to the remainder as 
many zeros as may be necessary, and divide this result by 
the corresponding number taken from the column marked 
D, continuing the division as long as desirable: annex the 
quotient to the number set aside. Point off, from the left 
hand, as many integer figures as there are units in the 
characteristic of the given logarithm increased by 1; the 
result is the required number. 

If the characteristic is negative, the number will be 
entirely decimal, and the number of zeros to be placed at 
the left of the number found from the table, will be equal to 
the number of units in the characteristic diminished by 1. 

This rule, like its converse, is founded on the supposi- 
tion that the difference of the logarithms is proportional 
to the difference of their numbers within narrow limits, 

EXAMPLE. 

1. Find the number corresponding to the logarithm 
3.233568. 

The decimal part of the given logarithm is .233568 
The next less logarithm of the table is .233504^ 

and its corresponding number 1712. 

Their difference is - • - - 64 

Tabular difference 253)6400000(25 

Hence, the number sought 1712.25. 

The number corresponding to the logarithm 3.233568 

is .00171225. 

2. What is the number corresponding to the logarithm 
2.785407? Am. .06101084. 

3. What is the number corresponding to the logarithm 
i.846741? Ans. .702653. 
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MULTIPLICATION BY LOGARITHMS, 

11, When it is required to multiply numbers by means 
of their logarithms, we first find from the table the loga- 
rithms of the numbers to be multiplied; we next add 
these logarithms together, and their sum is the logarithm 
of the product of the numbers (Art. 3). 

The term sum is to be understood in its algebraic 
sense; therefore, if any of the logarithms have negative 
characteristics, the difference between their sum and that 
of the positive characteristics, is to be taken; the sign of 
the remainder is that of the greater sum, 

EXAMPLES. 

1. Multiply 23.14 by 5.062. 

log 23.14 = 1.364363 
log 5.062 = 0.704322 

Product, 117.1347 . . . 2.068685 

2. Multiply 3.902, 597.16, and O.0314728 together. 

log 3.902 = 0.591287 

log 597.16=^2.776091 
log 0.0314728 = 2.497936 

Product, 73.3354 .... 1.865314 

Here, the 2 cancels the + 2, and the 1 carried from 
the decimal part is set down. 

3. Multiply 3.586, 2.1046, 0.8372, and 0.0294 together. 

log 3.586 = 0.554610 
log 2.1046 = 0.323170 
log 0.8372 = 1.922829 
log 0.0294 = 2.468347 

Product, 0.1857615 . . 1.268956 

In this example the 2, carried from the decimal part^ 
cancels 2, and there remains 1 to be set down. 
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DIVISION OF NUMBERS BY LOGARITHMS. 

12. When it is required to divide numbers by means 
of their logarithms, we have only to recollect, that the 
subtraction of logarithms corresponds to the division of 
their numbers (Art. 4). Hence, if we find the logarithm 
of the dividend, and from it subtract the logarithm of the 
divisor, the remainder will be the logarithm of the quotient. 

This additional caution may be added. The difierence 
of the logarithms, as here used, means the algebraic differ- 
ende ; so that, if the logarithm of the divisor have a nega- 
tive characteristic, its sign must be changed to positive, 
after diminishing it by the unit, if any, carried in the sub- 
traction from the decimal part of the logarithm. Or, if 
the characteristic of the logarithm of the dividend is negar 
tive, it must be treated as a negative number. 

EXAMPLES. 

1. To divide 24163 by 4567. 

log 24163 = 4.383151 
log 4567 = 8.659631 

Quotient, 5.29078 . . 0.723520 

2. To divide 0.06314 by .007241. 

log 0.06314 = 2.800305 
log 0.007241 = 3.859799 

Quotient, 8.7198 . .' 0.940506 

Here, 1 carried from the decimal part to the 3, changes 
it to 2, which being taken from 2, leaves for the cha- 
racteristic. 

8. To divide 37.149 by 523.76. 

log 37.149 = 1.569947 
log 523.76 = 2.719133 

Quotient, 0.0709274 , 2.850814 
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4 To divide 0.7438 by 12.9476. 

log 0.7438 = 1.871456 
log 12.9476 = 1.112189 

Quotient, 0.05744r • . 2.759267 

Here, the 1 taken from f, gives 2 for a result, as set 
down, 

AHITHMETICAL COMPLEMENT. 

13. The Arithmetical complement of a logarithm is the 
number which remains after subtracting the logarithm 
from 10. 

Thus, 10 - 9.274687 = 0.725313. 

Hence, 0.725313 is the arithmetical complement 

of 9.274687. 

14. We will now show that, Hie difference between two 
logarithms is truly found^ by adding to the first logarithm tJie 
arithmetical complement of tJie logarithm to be subtracted^ and 
Hien diminishing the sum by 10. 

Let a = the first logarithm, 

6 = the logarithm to be subtracted, 
and c= 10— 6 = the arithmetical complement of 6. 

Now the difference between the two logarithms will be 
expressed by a — b. 

But, from the equation c = 10 — 6, we have 
c-10=-ft, 
hence, if we place for — J its value, we shall have 

a — 6 = a + c— 10, 
which agrees with the enunciation. 

When we wish the arithmetical complement of a loga- 
rithm, we may write it directly from the table, by subtract'- 
ing the Uft hand figure from 9, then proceeding to the right, 
subtract each figure from 9 till we reach the last figure, which 
must be taken from 10 : this will be the same as taking the 
logarithm from 10. 
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EXAMPLES. 

1. From 8.274107 take 2.104729. 

By common method. By arith. comp, 

3.274107 8.274107 

2.104729 its ar. comp. 7.895271 

Diff. 1.169378 Sum 1.169378 after sub- 

tracting 10. 

Hence, to perform division by means of the arithmetical 
complement, we have the following 

RULE. 

To die logarithm of the dividend add the arithmetical com- 
plement of the logarithm of tlie divisor: tJie sum^ after svb' 
tracting 10, will he ilie logarithm of tlie quotient. 

EXAMPLES. 

1. Divide 827.5 by 22.07. 

log 327.5 2.515211 

log 22.07 ar. comp. 8.656198 

Quotient, 14.839 . . . 1.171409 

2. Divide 0.7438 by 12.9476. 

log 0.7438 .... f.871456 
log 12.9476 ar. comp. 8.887811 

Quotient, 0.057447 . . . 2.759267 

In this example, the sum of the characteristics is 8, 
fix>m which, taking 10, the remainder is 2. 

8. Divide 37.149 by 523.76. 

log 37.149 .... 1.569947 
log 523.76 ar. comp. 7.280867 

Quotient, 0.0709273 . . 2.850814 
Divide 0.875 by 25. Am, 0.035. 
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FINDING THE POWERS AND ROOTS OF NUMBERS BY LOGARITHMS. 

15. We have (Art. 8), 

io"=i/; 

Eaising both members of this equation to the nth power, 
we have, 

in which mXn i& the logarithm of if" (Art. 1) : hence, 

The logarithm of any power of a given number is equal to 
the logarithm of the number multiplied by 'the eacponent of the 
power. 

16. Taking the same equation, 

10" =i/; 

and extracting the ?ith root of both members, we have 

m J 

10" =J/"' 
2 

Ki which - is the logarithm of J/ " : that is, 

n 

The logarithm of t/ie root of a given number is equal to the 
logarithm of the number divided by the index of the root, 

EXAMPLES. 

1. What is the 5th power of 9? 

Log 9 = 0.954243 ; 0.954243 X 5 = 4.771215; 
whole, number answering to 4.771215 is 59049. 

2. What is the 7th power of 8 ? Ans. 2097152. 

3. What "is the cube root of 4096 ? 

Log 4096 = 3.612360; 3.612360 -r 3 = 1.204120; 
number answering to 1.204120 is 16. 

4. What is the 4th root of .0^000081? 

Log .00000081 = 7.908485; 
But, 7.908485 = 8 + 1.908485 ; 

and, 8 + 1.908485 -^ 4 = 2.477121, 

the number answering to which is .03, which is the rcoi 

When the characteristic of the logarithm is negative, and 7iul 
divisible by the index of the root, add to it such a negative nurnber 
a^ will make the sum exactly divisible by the index, and thc,^ 
prefix the same number to the first decimal figure of the logarithm, 

5. What is the 6th root of .0432 ? Ans. .592353 +. 

6. What is the 7th root of .0004967? Ans. .3372969, 
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GEOMETRICAL CONSTRUCTIONS. 

17. Before explaining the method of constructing geo- 
metrical problems, we shall describe some of the simpler 
ii>'itvvinients and their uses. 

DIVIDERS. 




18. The dividers is the most simple and useful of the 
instruments used for drawing. It consists of two legs 6a, 
Jc, which may be easily turned around a joint at 6. 

One of the principal uses of this instrument is to lay 
off on a hne, a distance equal to a given line. 

For example, to lay off on CD a distance equal to AB, 

For this purpose, place the forefin- 
ger on the joint of the dividers, and ^i ig 

set one foot at A: then extend, with 

the thumb and other fingers, the h g fv 

other leg of the dividers, until its foot reaches the point 
B. Then raise the dividers, place one foot at (7, and 
mark with the other the distance GE: this will evidently 
be equal to AB. 

RULER AND TRIANGLE. 



19. A Ruler of convenient size, is about twenty inches 
in length, two inches wide, and a fifth of an inqh in thick- 
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ness. It should be made of a har^ material, perfectly 
straight and smooth. 

The hypothenuse of the right-angled triangle, which is 
used in connection with it, should be about ten inches in 
length, and it is most convenient to have one of the sides 
considerably longer than the other. We can solve, with 
the ruler and triangle, the two following problems. 

I. To draw through a given point a line which shall be paral- 
lel to a given line. 

20. Let G be the given point, and AB the given line. 

Place the hypothenuse of the tri- c 

angle against die edge of the ruler, — • 

and then place the ruler and triangle , 

on the paper, so that one of the -^ 

sides of the triangle shall coincide exactly with AB: the 
triangle being below the line. 

Then placing the thumb and fingers of the left hand 
firmly on the ruler, slide the triangle with the other hand 
along the ruler until the side which coincided with AB 
reaches the point G, Leaving the thumb of the left hand 
on the ruler, extend the fingers upon the triangle and hold 
it firmly, and with the right hand, mark with a pen or 
pencil, a line through G: this line will be parallel to AB, 



II. To draw through a given point a line which shall be per* 
pendicuktr to a given line. 

21. Let AB be the given line, and D the given point. 

Place the hypothenuse of the tri- 
angle against the edge of the ruler, as 
before. Then place the ruler and * 



triangle so that one of the sides of -^ ^ ^ 
the triangle shall coincide exactly with the line AB. 
Then slide the triangle along the ruler until the other 
side reaches the point B: draw through D a right line, 
and it wiU be perpendicular to AB, 
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SCALE OF EQUAL PARTS. 
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^ 



22. A scale of equal parts is formed by dividing a line 
of a given length, into equal portions. 

If, for example, the line a6 of a given length, say one 
inch, be divided into any number of equal parts, as 10, 
the scale thus formed, is called a scale of ten parts to the 
inch. The line a6, which is divided, is called the unit of 
Hie scale. This unit is laid oif several times on tbe left 
of the divided line, and the points marked 1, 2, 3, &c. 

The unit of scales of equal parts, is, in* general, eitlier 
an inch, or an exact part of an inch. If, for example, oJ, 
the unit of the scale, were half an inch, the scale would 
be one of 10 parts to half an inch, or of 20 parts to the 
inch. 

If it were required to take from tbe scale a line equal 
to two inches and six-tenths, place one foot of the dividers 
at 2 on the left, and extend the other to .6, which marks 
the sixth of the small divisions: the dividers will then 
embrace the required distance. 

DIAGONAL SCALE OP EQtJAL PARTS. 
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23. This scale is thus constructed. Take cih for the 
unit of the scale, which may be one inch, ^, ^ or -J of an 
inch, in length. On ah describe the square ahcd. Divide 
the sides ah and de each into ten equal parts. Draw af 
and the other nine parallels as in the figure. 

Produce la to the left, and lay off the unit of the 
scale any convenient number of times, and mark the points 
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I, 2, 3, &c. TL<m, divide the line ad into ten equal parts, 
and through the points of division draw parallels to ah, as 
in the figure. 

Now, the small divisions of the line db are each one- 
tenth (.1) of ab; they are therefore .1 of ad, or ,1 of ag 
or gh. 

If we consider the triangle adf, we see that the base df 
is one-tenth of ad, the unit of the scale. Since the distance 
from a to the first horizontal line above ah, is one-tenth of 
the distance ad, it follows that the distance measured on that 
line between ad and af is one-tenth of df: but since one-tenth 
of a tenth is a hundredth, it follows that this distance is 
one hundredth (.01) of the unit of the scale. A like dis- 
tance measured on the second line will be two hundredths 
(.02) of the unit of the scale ; on the third, .03 ; on the 
fourth, .04, &c. 

If it were required to take, in the dividers, the unit of 
the scale, and any number of tenths, place one foot of the 
dividers at 1, and extend the other to that figure between 
a and b which designates the tenths. If two or more 
units are required, the dividers must be placed on a point 
of division further to the left. 

When units, tenths, and hundredths, are required, place 
one foot of the dividers where the vertical line through 
the point which designates the units, intersects the line 
which designates the hundredths : then, extend the dividers 
to that line between ad and be which designates the tenths: 
the distance so determined will be the one required. 

For example, to take oif the distance 2.34, we place 
one foot of the dividers at Z, and extend the other to e 
and to take off the distance 2.58, we place one foot of the 
dividers at p and extend the other to q. 

Remark I. If a line is so long that the whole of it 
cannot be taken from the scale, it must be divided, and 
the parts of it taken from the scale in succession. 

Remark II. If a line be given upon the paper, its 
length can be found by taking it in the dividers and ap- 
plying, it to the scale. 
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SEMICIRCULAR PROTRACTOR. 
C 




24. This instrument is used to lay down, or protract 
angles. It may also be used to measure angles included 

• between lines already drawn upon paper. 

It consists of a brass semicircle, ABO^ divided to half 
degrees. The degrees are numbered from to 180, both 
ways ; that is, from A to B and from B to A. The di- 
visions, in the figure, are made only to degrees. There 
is a small notch at the middle of the diameter AB^ which 
indicates the centre of the protractor. 

fo lay off an angle with a Protrojctor. 

25. Place the diameter AB on the line, so that the 
centre shall fall on the angular point. Then count the 
degrees contained in the given angle from A towards J?, or 
from B towards J., and mark the extremity of the arc with 
a pin. Remove the protractor, and draw a line through 
the point so marked and the angular point: this line will 
make with the given line the required angle. 



PLANE TRIGONOMETRY. 



DEFINITIONS. 

1. In every plane triangle there are six parts: tliree 
sides and tliree angles. These parts are so related tc each 
other, that when one side and any two other parts are 
given, the remaining ones can be obtained, either by geo- 
metrical construction or by trigonometrical computation. 

2. Plane Trigonometry explains the methods of com- 
puting the unknown parts of a plane triangle, when a suf- 
ficient number of the six parts is given. 

3. For the purpose of trigonometrical calculation, the 
<jircumference of the circle is supposed to be divided into 
360 equal parts, called degrees ; each degree is supposed 
to be divided into 60 equal parts, called minutes; and 
each minute into 60 equal parts, called seconds. 

Degrees, minutes," and • seconds, are designated respec- 
^vely, by the characters ^ ' ". For example, ten degrees^ 
eighteen minutes^ and fourteen seconds^ would be written 
10M8'14". 

4. If two lines be drawn through the centre of the 
circle, at right angles to each other, they will divide the 
circumference into four equal parts, of 90° each. Every 
right angle then, as EOA^ is measured by an arc of 90°; 
every acute angle, as BOA^ by an arc less than 90° ; and 
every obtuse angle, as FOA^ by an arc greater than 90°. 

5. The complement of an arc is 
what remains after subtracting the 
arc from 90°. Thus, the arc EB 
is the complement of AB, The 
sum of an arc and its complement 
is equal to 90°.. 

6. The supplemmt of an arc is 
what remains after subtracting the 
ajc from 180^ Thus, GF is the 




272 PLANE TKIGONOMETRY. 

supplement of the arc AEF. The sum of an arc and its 
supplement, is equal to 180°. 

7. The dne of an arc is the perpendicular let fall from 
one extremity of the arc on the diameter which passes 
through the other extremity. Thus, BD is the sine of the 
arc AB, 

8. The cosine of an arc is the part of the diameter in- 
tercepted between the foot of the sine and the centre. 
Thus, OD is the cosine of the arc AB. 

9. The tangent of an arc is the line which touches it at 
one extremity, and is limited by a line drawn through the 
other extremity and the centre of the circle. Thus, AG '^ 
the tangent of the arc AB, 

10. The secant of an arc is the line drawn from the 
centre of the circle through one extremity of the arc, and 
limited by the tangent passing through the other extremi- 
ty. Thus, 0(7 is the secant of the arc AB. 

11. The four lines, BD, OD, AG, 00, depend for their 
values on the arc AB and the radius OA; they are thus 
designated : 

sin AB for BD 

cos AB for OD 

tan AB for AC 

sec AB for 00 

12. If ABE be equal to a quadrant, or 90°, then EB 
will be the complement of AB, Let the lines JS^r and IB 
l)e drawn perpendicular to OE, Then, 

ET, the tangent of EB, is called the cotangent of AB; 
IB, the sine of EB, is equal to the cosine of AB ; 
OT, the secant of EB, is called the cosecant of AB. 

In general, if ^ is any arc or angle, we have, 
cos J. = sin (90° — ^) 
cot A = tan (90°-^) 
coseo A = sec (90° — A) 
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13. If we take an arc, ABEF^ 
greater than 90^, its sine will be 
FH; OH will be its cosine; AQ 
its tangent, and OQ its secant. 
But FH is the sine of the arc OF^ 
which is the supplement of AF^ 
and OH is its cosine ; hence, the 
sine of an arc is equal to the sine of 
its supplement ; and the cosine of an 
arc is equal to the cosine of its supplement* 

Furthermore, AQ i& the tangent of the arc AF, and 
OQ is its secant: GL is the tangent, and OL the secant 
of the supplemental arc GF. But since AQ is equal to 
GLj and OQ to OL, it follows that, tlie tangent of an arc 
is equal to the tangent of its supphm.ent; and the secant of an 
<nrc is equal to tlie secant of its szipplement* 




TABLE OF NATURAL SINES. 

14. Let us suppose, that in a circle of a given radius, 
the lengths of the sine, cosine, tangent, and • cotangent, have 
been calculated for every minute or second of the quad- " 
rant, and arranged in a table; such a table is called a 
table of sines and tangents. If the radius of the circle is 
1, the table is called a table of natural sines. A table of 
natural sines, therefore, shows the values of the sines, co- 
sines, tangents, and cotangents of all the arcs of a quad- 
rant, which is divided to minutes or seconds. 

If the sines, cosines, tangents, and secants are known* 
for arcs less than 90°, those for arcs which are greater (Jan 
be found from them. For if an arc is less than 90**, its 
supplement will be greater than 90°, and the nunicrical 
values of these lines are the same for an arc and its sup- 
plement. Thus, if we know the sine of 20°, we also know 
the sine of its supplement 160°; for the two are equal to 
each other. The Table of Natural Sines is not given, s£ 
it is much easier to make the computations by the Table 
which we are about to explain. 



* These relatdons are between the ntimerical mhtes of the trigonometrical Ii|i«iii. 
the algebraic R^pis, which they hnve in the dififerent quadrants, are not oonsiderML 

18 
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TABLE OF LOGARITHMIC SINES. 

15. In this table are arranged the logarithms of the 
numerical values of the sines, cosines, tangents, and co- 
tangents of all the arcs of a quadrant, calculated to a ra- 
dius of 10,000,000,000. The logarithm of this radius is 10 
In the first and last horizontal lines of each page, are writ 
ten the degrees whose sines, cosines, &c., are expressed on 
the page. The vertical columns on the left and right, are 
columns of minutes. 

CASE I. 

7b Jlrid, in the table, the logariilimic sine, cosine, tangent^ or 
cotangent of any given arc or angle. 

16. If the angle is less than 45°, look for the degrees 
in the first horizontal line of the difierent pages : when the 
degrees are found, descend along the column of minutes, on 
;the left of the page, till you reach the number showing the 
tminutes : then pass along a horizontal line till you come into 
the column designated, sine, cosine, tangent, or cotangent, as 
the case may be : the number so indicated is the logarithm 
saufht. Thus, on page 37, for 19° 55', we find, 

sine 19° do' ... . 9.532312 

cos 19° 55' .... 9.973215 

tan 19° 55' .... 9.559097 

cot 19° 55' ... . 10.440903 

17. If the angle is greater than 45°, search for the de- 
grees along the bottom line of the different pages : when the 
number is 'found, ascend along the column of minutes on the 
right hand side of the page, till you reach the number express- 
ing the minutes: then pass along a horizontal line into the 
column designated tang, cot, sine, or cosine, as the case may 
be: the number so pointed out is the logarithm required. 

18. The column designated sine, at the top of the page, 
is designated by cosine at the bottom ; the one designated 
tang, by cotang, and the one designated cotang, by tang. 

The angle found by taking the degrees at the top of 
the page, and the minutes from the left hand vertical column, 
is the complement of the angle found by taking the degrees 
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at the bottom of tlie page, and the minutes fix)m the right 
hand column on the same horizontal line with the first 
Therefore, sine, at the top of the page, should correspond 
with cosine, at the bottom,; cosine with sine, tang with 
cotang, and cotang with tang, as in the tables (Art. 12). 

K the angle is greater than 90°, we have only to sub 
trac# it from 180°, and take the sine, cosine, tangent, or 
cotangent of the remainder. 

The column of the table next to the column of sines, 
and on the right of it, is designated by the letter 2?. 
This column is calculated in the following manner. 

Opening the table at any page, as 42, the sine of 24° 
is found to be 9.609313 ; that of 24° 01', 9.609597 : their 
difference is 284; this being divided by 60, the number 
of seconds in a minute, gives 4.78, which is entered in the 
column D. 

Now, supposing the increase of the logarithmic sine to 
be proportional to the increase of the arc, and it is nearly 
so for 60", it follows, that 4.73 is the increase of the sine 
for 1". Similarly, if the arc were 24° 20', the increase of 
the sine for 1", would be 4.65. 

The same remarks are applicable in respect of the 
column i?, after the column cosine, and of the column -D, 
between the tangents and cotangents. The column Z>, be- 
tween the columns tangents and cotangents, answers to 
both of these columns.- 

Now, if it were required to find the" logarithmic sine 
of an arc expressed in degrees, minutes, and seconds, we 
have only to find the degrees and minutes as before ; then, 
multiply the corresponding tabular difference by the sec- 
onds, and add the product to the number first found, for 
the sine of the given arc 

Thus, if we wish the sine of 40° 26' 28". 

The sine 40° 26' . . . • " 9.811962 
Tabular difference 2.47 . 
Number of seconds 28 . . i . 



- Product, 69.16 to be added 69.16 

Gives for the sine of 40° 26' 28". 9.812021. 
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Tlie decimal figures at the right are generally omitted 
in the last result; but when they exceed five-tenths, the 
figure on the left of the decimal point is increased by 1 ; 
the logarithm obtained is then exact, to within less than 
one unit of the right hand place. 

The tangent of an arc, in which there are seconds, is 
found in a manner entirely similar. In regard to thi co- 
sine and cotangent, it must be remembered, that they in- 
crease while the arcs decrease, and decrease as the arcs are 
increased; consequently, the proportional numbers found 
for the seconds, must be subtracted, not added: 

EXAMPLES. 

1. To find the cosine of 3° 40' 40". 

The cosine of 3° 40' . . . 9.999110 

Tabular difference .13 . 

Number of seconds 40 . . 

Product, 5.20 to be subtracted 5.20 



Gives for the cosine of 3° 40' 40" 9.999105. 
2. Find the tangent of 37° 28' 31". 



8. Find the cotangent of 87° 57' 59". 



Ans. 9.884592. 
Ans. 8.550356. 



CASE II. 



To find the degrees^ minutes, and seconds answering to any 
give?! logarithmic sine, cosine, tangerit, or cotangent 

19. Search in the table, in the proper column, and 
if the number is found, the degrees will be shown either 
at the top or bottom of the page, and the minutes in the 
side column either at the left or right. 

But, if the number cannot be found in the table, take 
from the table the degrees and minutes answering to the 
nearest less logarithm, the logarithm itself, and also the 
corresponding tabular difference. Subtract the logarithm 
taken from the table from the given logarithm, annex two 
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cipliers to the remainder, and then divide the remainder 
by the tabular diflference: the quotient will be seconds, 
and is to be connected with the degrees and minutes, be- 
fore found: to be added for the sine and tangent, and 
aubtracted for the cosine and cotangent. 

EXAMPLES. 

!• Find the arc answering to the sine 9.880054 
Sine 49^ 20', next less in the table 9.879963 

Tabular difference, 1.81)91.00(50".' 

HenQe, the arc 49° 20' 50" corresponds to the given sine 
9.880054. 

2. Find the arc whose cotangent is 10.008688 
cot 44"* 26', next less in the table 10.008591 ' 

Tabular difference, 4.21)97.00(23". 



Hence, 44° 26' - 23" = 44° 25' 37" is the arc answering 
to the given cotangent 10.008688. 

8, Find the arc answering to tangent 9.979110. 

Am. 43° 37' 21". 

4. Find the arc answering to cosine 9.944599. 

Am. 28° 19' 45". 

20. We shall now demonstrate the principal theorems 
of Plane Trigonometry. 

THEOREM I. 

The sides of a plane triangle are proportional to the sines of 
their opposite angles. 

21. Let ABO be a triangle ; then 

CB : OA :: sin A : sin B. 

For, with J. as a centre, and AD 
equal to the less side BO, as a ra- 
dius, describe the arc JDI: and with 
jB as a centre and the equal radius ^^ EI L 
BCj describe thcxarc CL, and draw DU and CF perpen- 
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diciilar to AB: now DE is the sine of the angle J., aud 
CF is the sine of B^ to the same radius AD or BC. But 
bj similar triangles, 

AD : DE i: AC : OF. 

But AD being equal to BCj we have 

BG : sin A : : AG : sin B, or 
£(7 : AG : : sin J. : sin B 

By comparing the sides AB, ^1(7, in a similar maimer, 
we should find, 

AB : AG : : sin £? : sin J3L 

THEOREM II. 

In any triangUj the sum of the two sides containing either 
angle, is to their difference, as the tangtmt of half the sum cf 
tlie two other angles, to the tangent of half their difference, 

22. Let AGB he a triangle: then will 
AB + AG : AB-AG : : tan i{G+B) : tan l^iG-B). 

With J. as a centre, and a E 
radius AG, the less of the twp /\/ 
given sides, let the semicircumfe- ! \ 
rence IFGE be described, meeting \ \ 

AB in ij and BA produced, in E. \ 

Then, jB^will be the sum of the ^"^^ --''"FGH 

sides, and BI their difference. Draw GI and AF. 

Since GAE is an exterior angle of the triangle AGB, 
it is equal to the sum of the interior angles G and B (Bk. 
I., Prop. XXV., Cor 6). But the angle GIE being at the 
circumference, is half the angle GAE at the centre (Bk. III., 
Prop. XVIII.) ; that is, half the sum of the angles and 
B, or equal to ^((7+5). 

The angle A^FG=-AGB, is also equal to ABG+BAF; 
therefore; BAF= AGB- ABG. 

But, lGF=\{BAF)^\{AGB- ABG), or \{G-B). 

With / and G as centres, and the common radius /C[ 
let the arcs GD and IG be described, and draw the lines 
CE and IH perpendicular to IG, The perpendicular GE 
will pass through E, the extremity of the diameter Z^ 
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since the right angle IGE must be 
inscribed in a semicircle. 

But GE is the tangent of CIE 
=z\{G+B)] and IH is the tan- 
gent of IGB=^{G'-'B), to the 
common radius GI, 




X>-.T 



But since the lines GE and III are parallel, the tri- 
angles BHI and BGE are similar, and give the proportion, 

BE : BI :: CE : Iff, or 

by placing for BE and BI, CE and Z5J their values, we 
have 
AB+AG : AB-AG :: tan ^{G+B) : tan ^((7-5). 



THEOREM III. 

In any plane triangle, if a line is drawn from the vertical 
angle perpendicular to the base, dividing it into two segments: 
then, the whole hose, or sum of the segments, is to the sum of 
the two other sides, as the difference of those sides to the differ- 
ence of the segments. 

23. Let BA (7 be a triangle, and AD perpe^idicular to tb« 
base; then 

BG : GA + AB :: GA-AB : GD-DB. 

For, AB'oBD^-hAn^' 

(Bk. IV., Prop. XL); 

and A(f = lJG'^ + AlP A 

by subtraction, AG — AB = 

GD'-Bif. 

But since the difference of B D C 

the squares of two lines is equivalent to the rectangle con- 
tained by their sum and difference (Bk. IV., Prop. X.), we 
have, 

IC/' - AB'oiA (7+ AB) . {A G- AB) 

and CZ7' - DB'oiGD + DB) .{GD- DB) 

theTefoTe,(GD']-BB),{GI)'^DB)={AG'hAB).{AG''AB) 
hence, GD + BB : AG+AB :: AG-AB : GD-DB, 
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THEOREM IV. 

In any right-angled plane triangle^ radius is to the tangent 
of either of Uve acute angles^ as the side adjacent to the side 
opposite, 

2-i. Let CAB be the proposed triangle, and denote the 
radius by R: then 

B : tsLii C : : AO : AB. 




For, with any radius as CD de- 
scribe the arc DII^ and draw the tan- 
gent DG. 

From the similar triangles CDO and CAB^ we have, 

CD : DG :: CA : AB] hence, 
i2 : tan (7 : : CI : AB. 

By describing an arc with £ as a centre, we could 
show in the same manner that, 

i? : tan 5 : : ^j5 : AG. 



THEOREM V. 

In every right-angled plane triangle^ radius is to the cosiw 
of eithei' of the acute angles^ as the hypothenuse to the sidt 
adjacent 

25. Let ABC be a triangle, right-angled at ^.' then 

E : cos .1 :: AC : AB. C 

For, from the point ^ as a centre, 
with a radius AD=Ii^ describe the 
arc DI] which will measure the angle "^ EF ^ 

A, and draw DF perpendicular to AB: then will AB be 
the cosine of ^, 

The triangles ADE and ACB, being similar, we have, 

AD : AB :: AC : AB: that is, 
R : cos A :: AC : AB. 

, Remark. The relations between the sides and an^^les 
of plane triangles, demonstrated in these five theorems, are 
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gafficieut to solve all the cases of Plane Trigonometry 
or the six parts which make up a plane triangle, three 
must be given, and at least one of these a side, before the 
others can be determined. 

If the three angles only are given, it is plain, that an 
indefinite number of similar triangles may be constructed, 
the angles of which shall be respectively equal to the 
angles that are given, and therefore, the sides could not be 
determined. 

Assuming, with this restriction, any three parts of a 
triangle as given, one of the four following cases will al- 
ways be presented. 

I. When two angles and a side are given. 
II. When two sides and an opposite angle are given, 
m. When two sides and the included angle are given. 
IV. When the three sides are given. 

CASE I. 
When two angles and a side are given, 

26. Add the given angles together, and subtract thei? 
sum from 180 degrees. The remaining parts of the tri* 
angle can then be found by Theorem I. 

EXAMPLES. 

1. In a plane triangle, ABC, 
there are given the angle A = 58° 07', 
the angle J3=22° 37', and. the side 
-4.5=408 yards. Eequired the oth- 
er parts. ' 

GEOMETKICALLY, 

27. Draw an indefinite straight line, AB, and from the 
Bcale of equal parts- lay off AB equal to 408. Then, 
at A, lay off an angle equal to 58® D7', and at B an angle 
equal to 22° 37', and draw the lines AC and BO: then 
will ABG be the triangle required. 

The angle G may be measured with the protractor (see 
page 270), and when so measured, will be found equal to 




282 PLANE TKIGONOMETKY. 

99° 16'. The sides AC and BC may be measured by 
referring them to the scale of equal parts (see page 268). 
We shall find Jl (7=158.9 and £t7=351 yards. 



TRIGONOMETRICALLY BY LOGARITHMS. 

To the angle . . . A = 58° 07' 
Add the angle . . £ = 22^37' 

Their sum, = 80° 44' 

taken from . . . 180° 00' 

leaves C . . . . 99° 16', of which, as it ex- 

ceeds 90°, we use the supplement 80° 44'. 

To find the side BO, 

sin 99° 16' ar. comp. 0.005705 

: sin A 58° 07' 9.928972 

:: AB 408 2.610660 

: BO 351.024 (after rejecting 1(f) 2.545337 . 

Eemark. The logarithm of the fourth term of a pro- 
portion is obtained by adding the logarithm of the second 
term to that of the third, and subtracting from their sum 
the logarithm of the first term. But to subtract the first 
term is the same as to add its arithmetical complement 
and reject 10 from the sum (Int. Art. 13) : -hence, the arith- 
metical complement of the logarithm of the first term added 
to the logarithms of the second and third terms, minus ten, 
will give the logarithm of the fourth term. 

To find the side A 0. 

• 

sin C 99" 16' ar. comp. 0.005705 

: sin 5 22° 37' 9.584968 

:^ AB 408 '. 2.610660 



AC 158.C76 2.201383 



2. In a triangle ABC, there are given A = 38° 25', 
B— 57° 42', and AB = 4:00: required the remaining parts. 
Ans. C=83°53', 5(7=249.974, J.C= 340.04. 
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I 

CASE II. 

When two sides and an opposite angle are given, 
28. In a plane triangle, ABC^ 



there are given A (7= 216, OB = 117, 

the angle A = 22'' 37', to find the ^^ 

other parts. B'*'**--.^-" 




■:>'B' 



GEOMETRICALLY. 

29. Draw an indefinite right line ABB' : from any 
point, as A, draw AC, making BAG =22° 37', and make 
AC=21Q. With (7 as a centre, and a radius equal to 117, 
the other given side, describe the arc B'B; draw J5'C and 
BO: then will either of the triangles ABC or AlB'Cj an- 
iwer all the conditions of the question. 

TRIGONOMETRICALLY. 

To find Hie angle B, 

BC 117 ar. comp. 7.931814 

AG 216 . 2.334454. 

sin^ 22^37' 9.584968 



sin B' 45° IS' 55", or ABG 134° 4a' 05" 9.851236. 

The ambiguity in this, and similar examples, arises in 
consequence of the first proportion being true for either 
of the angles ABGj or ABG, which are supplements of 
each other, and therefore, have the same sine (Art. 13). 
As long as the two triangles exist, the ambiguity will con- 
tinue. But if the side GB, opposite the given angle, is 
greater than AG, the arc BB will cut the line ABB, on 
the same side of the point A, in but one point, and then 
there will be only one triangle answering the conditions. 

If the side GB is equal to the perpendicular Qi, the 
arc BB will be tangent to ABB, and in this case also 
there will be but one triangle. When GB is less than the' 
perpendicular Gd, the arc BB' will not intersect the base 
ABB, and in that case, no triangle can be formed, or it 
will be impossible to fulfil the conditions of the problem. 
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2. Given two sides of a triangle 50 and 40 respectively, 
and the angle opposite the latter equal to 32° : required 
the remaining parts of the triangle. 

Ans, If the angle opposite the side 50 is acute, it is 
equal to 41° 28' 59"; the third angle is then equal to 
106° 31' 01", and the third side to 72.368. K the angle 
opposite the side 50 is obtuse, it is equal to 138° 31' 01", 
the third angle to 9° 28' 59", and the remaining side to 
12.436. 

CASE IIL 

When the two sides and tJieir included angle are given. 

30. Let ABG be a triangle ; AB, a 

J?(7, the given sides, and B the 
given angle. 

Since B is known, we can find 
the sum of the two other angles 
for 

.4 +(7= 180° -5, and, 
1{A + C) = l{180''-B). 

We next find half the difference of the angles A and 
by Theorem it, viz., 

BG+BA : BG-BA :: tan^A+a).: tanK^-O), 

in which we consider BG greater than BA, and therefore 
A is greater than (7; since the greater angle must be op- 
posite the greater side. 

Having found half the difference of A and C, by add- 
ing it to the half sum, -J-(4 + 67), we obtain the greatei 
angle, and by subtracting it from half the sum, we obtain 
the less. That is, 

^{A+C) + }j{A-G) = A, and 
l{A+G)-l{A'-G)=G 

Having found the angles A and (7, the third side AC 
may be found by the proportion, 

sin A : sin B :: BC : AG. 
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EXAMPLES. 

1. la the triangle ABC, let 5(7=540, ^5 = 450, and 
the included angle jB = 80°: required the remaining parts 

GEOMETRICALLY. 

31. Draw an indefinite right line BG^ and from any 
point, as 5, lay off a distance 5C^=540. At B make the 
angle CBA = 80° : draw -B4, and make the distance 
iSA = 450; draw AG\ then will ABG hQ the required tri- 
angle. 

TRIGONOMETRICALLY. 

BG'\'BA^ 540 + 450 = 990 ; and BG-BA = 540 - 450 = 90. 
^+(7=180°-5=180°-80° = 100^ and therefore, 
i(.4+(7) = K100") = 50°. . 

To find \{A- G). 

BG+BA 990 ar. comp. 7.004365 

BG-BA 90 1.954243 

tan^^+C) 50° 10.076187 

taxi^A^O) 6°ir 9.034795.. 

Hence, 50° + 6° 11' = 56° IV = A] and 50° -6° 11'=' 
43° 49' =(7. 

To find the third side A G. 

sin G 43° 49' ar comp. 0.159672 

sin 5 80° 9.993351 

AB 450 . . 2.653213 



AG 640.082 2.806236. 



2. Given two sides of a plane triangle, 1686 and 960, 
and their included angle 128° 04' : required the other parts. 
An^. Angles, 33° 34' 39"; 18° 21' 21"; side 2400. 



CASE IV. 



32. Having given the three sides of a plane triangle, 
to find the angles. 
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Let fall a perpendicular from the angle opposite the 
greater side, dividing the given triangle into two right- 
angled triangles: then find the difference of the segments 
of the base by Theorem III. Half this difference being 
added to half the base, gives the greater segment; and, 
being subtracted from half the base, gives the less segment 
Then, since the greater segment belongs to the right-angled 
triangle having the greater hypothenuse, we have two 
sides and the right angle of each of two right-angled tri- 
angles, to find the acute angles. 

EXAMPLES. 



1. The sides of a plane triangle 
being given ; viz., 5(7= 40, J (7= 34, 
and AB = 25 : required the angles. 



GEOMETRICALLY. 

33. With the three givcin lines as sides construct a tri- 
angle as in Prob. IX. Then measure the angles of the 
triangle either with the protractor or scale of chords. 

TRIGONOMETRICALLY. 

BG : AO+AB :: AC-AB : CD-BD, 

That is, 40 : 59 :: 9 : 55^ = 13.275- 

40 

Then, ^0 + 13-275 ^ 26.6375 - CD, 
And, ^~^^-^^^ = 13.3625 = BD. 



In the triangle DA CJ to find the angle DA 0, 

AG 84: ar. comT>, 8.468521 

DG 26.6375 ........ 1.425498 

sin D 90° 10.000000 



ain DAG 51° 34' 40" ... . 9.894014. 
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In the triangle BAD, to find the angle BAD^ 

AB 25 ar. comp. 8.602060 

BD 13.3625 1.125887 

sin D 90° 10.000000 



?;mBAD 32M8'35" 9.727947. 



Hence, 90° - DAG--=- 90° - 51° 34' 40" = 38° 25' 20" = (7, 
and, 90° - BAD = 90° ~ 32° 18' 35" == 57° 41' 25" = B, 
and, BAD + DAG= 51° 34' 40" + 32° 18' 35" = 83° 53' 
15" = A 

•2. In a triangle, of which the sides are 4, 5, and 6, 
what are the angles? 

Ans. 41° 24' 35"; 55° 46' 16"; and 82° 49' 09". 



SOLUTION OF RIGHT-ANGLED TRIANGLES. 

34. The unknown parts of a right-angled triangle may 
be found by either of the four last cases ; or, if two of the 
sides are given, by means of the property that the square 
of the hypothenuse is equivalent to the sum of the squares 
of the two other sides. Or the parts may be found by 
Theorems IV. and V. 

EXAMPLES. 

1. In a right-angled triangle 
BAC, there are given the hypothe- 
nuse 5(7=250, and the base AG= 
240: required the other parts. 

Ans. J? = 73° 44' 23"; (7=16° 15' 37"; J5 = 70.0003. 

2. In a right-angled triangle BAG, there are giveu 
AC = 884:, and jB = 53° 08': required the remaining parts. 
Ans. AB = 287.96; 5^ = 479.979; (7 = 86° 52'. 
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APPLICATION TO HEIGHTS AND DISTANCES. 

1. A Horizontal Plane is one which is parallel to 
the water level. 

2. A plane which is perpendicular to a horizontal plane, 
is called a vertical plane, 

3. All lines parallel to the water level, are called hari- 
zontal lines, 

4. All lines which are perpendicular to a horizontal 
plane, are called vertical lines; and all lines which are in- 
clined to it, are called oblique lines, 

5. A Horizontal Angle is one whose sides are hori- 
zontal. 

6. A Vertical Angle is one, the plane of whose sides 
is vertical. 

7. An angle of elevation, is a vertical angle having one 
of its sides horizontal, and the inclined side above the 
horizontal side. 

8. An angle of depression, is a vertical angle having orte 
of its sides horizontal, and the inclined side under the 
horizontal side. 

I. To determine the hm^izontal distance to a point wJncJi is in- 
accessible by reason of an intervening river, 
35. Let be the point. Measure 
along the bank of the river a hori- 
zontal base line AB, and select the 
stations A and j9, in such a man-, 
ner that each can be seen from the 
other, and the point from both 
of them. Then measure the hori- 
zontal angles CAB and CBA with 
an instrument adapted to that purpose. 

Let us suppose that we have found u4B= 600 yards, 
CIB = 57° 35', and CBA = 64° 51'. 

The angle C = 180° - ( ^ + ^) - 57° 34'. 
7h find the distance BC, 
sin C 57° 34' . ar. comp. . 0.073649 

: sin A 57° 35' 9.926431 

:: AZ? 600 ■ 2.778151 

BO 600.11 yards .... 2.778231 
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To find the distance AG. 

sin 57° 34' ar. corap. 0.073649 

sin 5 64° 61' 9.956744 

AB 600 2.778151 

AG 643.94 yards 2.808544. 



II. To determine the altitude of an inaccessible object above a 
given horizontal plane. 

FIRST METHOD. 

36. Suppose D to be tlie inac- D 

cessible object, and BG the hori- --""" 'ly^ 

zontal plane from wliicli the alti- t> <rjlT.'[ *rfj^^!jo 

tude is to be estimated: then, if v / .'''j„ 

we suppose DG to be a vertical \ /x''-'''' 

line, it will represent the required \^2'''' 

altitude. A 

Measure any horizontal b^se line, as BA ; and at the 
extremities B and A^ measure the horizontal angles GBA 
and GAB, Measure also the angle of elevation DBG, 

Then in the triangle GBA there will be known, two 
angles and the side AB] 1;he side BO can therefore be 
determined. Having fouud BG^ we shall have, in the 
right-angled triangle DBG^ the base BG and the angle at 
the base, to find the perpendicular DG^ which measures 
the altitude of the point D above the horizontal plane BO. 

Let us suppose that we have found 

BA = 780 yards, the horizontal angle GBA = 41° 24'; 
the horizontal angle GAB=^ 96° 28', and the angle of eleva- 
tion i?i?C7=10°43'. 

In the triangle BGA^ to find the horizontal distance BG 
The angle BGA = 180° - (41° 24' + 96° 28') = 42° 08' = C 

sin G 42° 08' ar. comp. 0.173369 

sin J. 96° 28' 9.997228 . 

AB 780 2.892095 



BO 1155.29 8.062692, 

19 
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In the right-angled triangle DBG, to find DC. 

R ar. comp. 0.000000 

tSLuDBG 10° 43' 9.277043 

• BG 1155.29 3.062692 



DG 218.64 2.339735. 



Remark I. It might, at first, appear, that the solution 
which we have given, requires that the points B and A 
should be in the same horizontal plane; but it is entirely 
independent of such a supposition. 

For, the horizontal distance, which is represented by 
BA, is the same, whether the station J. is on the same 
level with B, above it, or below it. The horizontal angles 
GAB and CBA are also the same, so long as the point C 
is in the vertical line DG. Therefore, if the horizontal 
line through A should cut the vertical line DG, at any 
point, as JE, above or below CJ AB would still be the hori- 
zontal distance between B and A, and AU^ which is equal 
to A G, would be the horizontal distance between A and G, 

If at Aj we measure the angle of elevation of the point 
JO, we shall know in the right-angled triangle DAE, the 
base AEj and the angle at the base; from which the per- 
pendicular DJEJ can be determined. 

37. Let us suppose that we had measured the angle of 
elevation DAJE, and found it equal to 20"^ 15'. 

First: In the triangle BAG, to find AG or its equal AM 

sin G 42^ 08' ar. comp. 0.173369 

sin 5 41° 24' 9.820406 

AB 780 2.892095 



AG 768.9 2.885870. 



In tJie right-angled triangle DAE, to find DE. 

R ar. comp. 0.000000 

tan ^ 20° 15' 9.566932 

AE 768.9 2.885870 



DE 283.66 2.452802. 
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Now, since JDG is less than 
DJB, it follows that the station B 
is above the station A. That is, 

BF" DG= 283.66 ~ 218.64 = 
65.02 = jS?C; 
which expresses the vertical dis- 
tance that the station B is above 
the station A. 

Remaek n. It should be remembered, that the vertical 
distance which is obtained by the calculation, is estimated 
from a horizontal line passing through the eye at the time 
of observation. Hence, th^ height . of the instrument is to 
be added, in order to obtain the true result 





SECOND METHOD. 

38. When the nature of the ground will admit of it^ 
measure a base line AB in the direction of the object D. 
■Then measure with the instrument the angles of elevation 
at A and B, 

Then, since the ex- 
terior angle DBC is 
equal to the sum of 

the angles A and ADB^ t .--""" .--^^f-^'S^^-^ 
it follows that the an- 
gle ADB is equal to the difference of the angles of eleva- 
tion at A and B. Hence, we can find all the parts of the 
triangle ADB, Having found DB^ and knowing the angle 
DBG, we can find the altitude DG. 

This method supposes that the stations A and B are on 
the same horizontal plane ^ and therefore it can only be 
used when the line AB is nearly horizontal. 

Let us suppose that we have measured the base lineL 
and the two angles of elevation, and 

AB =975 yards, 
A =15^86', 
2?50^= 27" 29': 



found 



required the altitude DC, 
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Firat : ADB-= DBG -« ^ = 27^ 29' - 15** 86' = ir 5^. 

In the triangle ADB^ to find BD. 

Bin D W 53' ar. comp. 0.686302 

fSiTL A 15** 36' 9.429623 

AB 975 2.989005 

DB 1273.3 3.104930. 



In the triangle DBO, to find DO. 

R ar. comp. 0.000000 

Bin 5 27** 29' 9.664163 

DB 1273.3 ........ 3.104930 

DG 587.61 2.769093. 



HL To determine the perpendicular distance of an object hehw 
a given horizontal plane. 

39. Suppose (7 to be directly ^^ ^' 

over the given object, and A the ^""^---^i^/^^ \ 
point through which the horizon- = ^" ^ 
tal plane is supposed to pass. 

Measure a horizontal base line 
ABj and at the stations A and 
B conceive the two horizontal 
lines ACj BG, to be drawn. The 
oblique lines from A and B to the object are the hy- 
pothenuses of two right-angled triangles, of which AC, BC^ 
are the bases. The perpendiculars of these triangles are 
the distances from the horizontal lines AC, BG, to the 
object. If we turn the triangles about their bases AG, 
BG, until they become horizontal, the object, in the first 
case, will fall at G% and in the second at (7". 

Measure the horizontal angles GAB, GBA, and also Ae 
angles of depression G'AG, G"BG. 
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hot US sappose that ve have 



found - 



AB =672 yards 
BAG =72° 29* 
ABO =89° 20' 
G'AG = 27° 'i^ 
G"BO= 19" 10'. 



First: in the triangle ABC, 
the horizontal angle J. 03=180° 
49' = 68° 11'. 



-(^ + 5) = 180°-lir 



To find, the horiamUd diabmce AG. 

em 68° 11' ar. comp. 0.082275 

wa. B 89° 20* 9.801973 

AB 672 2.827369 

AG 458.79 2.661617. 



To find the horizcntal distance BG. 

sin G 68° 11' ar. oomp. 0.032275 

sin ui 72° 29' 9.979380 

AB 672 2.827369 



BG 



690.28 2.889024. 



In the triangle GAG', to find GG'. 

R ar. comp. 

tanC'^C 27° 49' 

: AG 458.79 

GG' 242.06 



0.000000 
9.722315 
2.661617 



2.383982 



In the triangle GBG", to find GG". 

B ar. oomp. 0.000000 

tan G"BG 19° 10' 9.541061 

BG 690.28 2.889024 

GG" 239.93 2.880085. 



Hence also, CC" - CC" = 242.06 - 289.93 = 2.18 yards, 
which is the height of the station A aboTe station B. 



294 



PLANS TRIGONOMETRY. 




PBOBLEMS. 

1. Wanting to know the distance between two inacces- 
sible objects, which Ke in a direct level line from the bot- 
tom of a tower of 120 feet in height, the angles of depres- 
sion are measured from the top of the tower, and are found 
to be, of the nearer 57®, of the more remote 25** 30' : re- 
quired the distance between the objects. 

Ans. 173.656 feet. 

2. In order to find the distance 
between two trees, A and jB, which 
could not be directly measured be- 
cause of a pool which occupied the 
intermediate space, the distances 
of a third point from each of 
them were measured, and also the 
included angle ACS: it was found that, 

CB = 672 yards, 
CA =588 yards, 
^CB=55°40'; 
required the distance AB. Ans. 592.967 yardo. 

3. Being on a horizontal plane, and wanting to ascer- 
tain the height of a tower, standing on the top of an in- 
accessible hill, there were measured, the angle of elevation 
of the top of the hill 40°, and of the top of the tower 51° ; 
then measuring in a direct line 180 feet farther from the 
hill, the angle of elevation of the top of the tower way 
33° 45' ; required the height of the tower. 

Ans. 83.998. 

4. Wanting to know the hori- 
zontal distance between two inac- 
cessible objects H and W, the fol- 
lowing measurements were made. 

AB =536 yards 
jB4Tr=40°16' 
viz.i TO^=57°40' 
ABJE =^42° 22' 
^^J5Tr=7r07'; 
required the distance JEW. 




X— —"B 



Ans. 939.527 yards. 
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5. Wanting to know the 
horizontal distance between 
two inacessible objects A 
and J5, and not finding any 
station from which both of 
them could be seen, two 
points C and Dy were chosen 
at a distance from each other, equal to 200 yards ; from 
the former of these points A could be seen^ and from the 
latter J5, and at each of the points G and D a staff was 
set up. From C a distance OF was measured, not in the 
direction DC, equal to 200 yards, and from D a distance 
DJS equal to 200 yards, and the following angles taken, 

f AFC = 83° 00', BDF = 54° 30', 
viz. ^ ^ CO = 53° 30', BDG = 156° 25', 
[ACF = 54° 31', BFD = 88° 80'. 

Ans. J. J? =345.467 yard& 



6. From a station P there 
can be seen three objects, -4, 
B and CJ whose distances from 
each other are known: viz., 
AB= 800, AC ^600, and BO 
= 400 yards. Now, there are 
measured the horizontal an- 
gles. 

J[P(7=33° 45' and BPO 
= 22° 30': it is required to 
find the "three distances FA, P(7, and PB. 

rP^ = 710.193 yaxda. 
^rw. J P(7 = 1042.522 
P5 = 934.291. 




P " ' 



7. This prpblem is much used in maritime survey 
ing, for the purpose of locating buoys and sounding boats. 
The trigonometrical solution is somewhat tedious, but it 
may be solved geometrically by the following easy con- 
struction. 
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Let Ay B, and be the 
three fixed points on shore, 
and P the position of the 
boat from which the angles 
APC=^ 83° 45', CPB= 22° 30', 
and ^Pi?= 56° 15', have been 
measured. 

Subtract twice APC= 67° 
SC from 180°, and lay ofif at 
A and C two angles, C40, 
A CO, each equal to half the 
remainder =56° 15'. With 
the point 0, thus determined, 
as a centre, and OA or 0(7 as a radius, describe the cir- 
oumference of a circle: then, any angle inscribed in the 
segment APC, will be equal to 33° 45'. 

Subtract, in like manner, twiqe GPB=4c6°, from 180°, 
and lay off half the remainder = 67° 30', at B .and C[ de- 
termining the centre ^ of a second circle, upon the cir- 
cumference of which the point P will be found. The 
Inquired point P will be at the intersection of these two 
eircumferences. If the point P fall on the circumference 
described through the three points -4, J?, and CJ the two 
auxiliary circles will coincide, and the problem will be in- 
determinate. 
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40. We have seen (Art. 2) that Plane Trigonometry 
explains the methods of computing the unknown parts of 
a plane triangle, when a sufficient number of the six parts 
is given. 

To aid us in these computations, certain lines were em- 
ployed, called sines, cosines, tangents, cotangents, &c., and 
a certain connection and dependence were found to exist 
between each of these lines and the arc to which it be- 
longed. 

All these lines exist and may be computed for every 
conceivable arc, and each will experience a change of value 
where the arc passes from one stage of magnitude to ano- 
ther. Hence, they are called functions of the arc; a term 
which implies such a connection between two varying 
quantities, that the value of the one shall always change 
with that of the other. 

In computing the parts of triangles, the terms, sine, co- 
sine, tangent, &c., are, for the sake of brevity, applied to 
angles, but have in fact, reference to the arcs which measure 
the angles. The terms when applied to angles, without 
reference to the measuring arcs, designate mere ratios, as is 
shown in Art. 88. 

41. In Plane Trigonometry, the numerical values of 
these functions were alone considered (Art. 13), and the 
arcs from which they were deduced were all less than 180 
degrees. Analytical Plane Trigonometry^ explains all the 
I)rocesses for computing the unknown parts of rectilineal 
triangles, and also, the nature and properties of the circular 
functions, together with the methods of deducing all tho 
formulas which express relations between them. 
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42. Let C be the centre of a circle, 
and DA^ EB^ two diameters at right 
angles to each other — dividing the cir- 
cumference into four quadrants. Then, 
AB is called the first quadrant ; BD 
the second quadrant ; DE the third 
quadrant; and EA the fourth quadrant. All angles hav- 
ing their vertices at CJ and to which we attribute the 
plus sign, are reckoned from the line C4, and in the direc- 
tion from right to left. The arcs which measure these angles 
are estimated from A in the direction to B^ to JD, to E^ and 
to A ; and so on. 

43. The value of any one of the circular functions will 
undergo a change with the angle to which it belongs, and 
also, with the radius of the measuring arc. When all the 
functions which enter into the same formula are derived 
from the same circle, the radius of that circle may be 
regarded as unity, and represented by 1. The circular 
functions will then be expressed in terms of 1 : that is, in 
terms of the radius. Formulas will be given for finding 
their values when the radius is changed from unity to any 
number denoted by R (Art. 87), 

44. We have occasion to refer to but one circular fimc- 
tion not already defined. It is called the versed sine. 

The versed sine of an arc, is that part of the diameter 
intercepted between the point where the measuring arcs be- 
gin and the foot of the sine. It is designated, ver-sin. 

45. The names which have been given of the circular 
functions (Art. 11) have no reference to the quadrants in 
which the measuring arcs may terminate; and hence, are 
equally applicable to all angles. 

First q^uadranU 

If C4 = l 
PM =^ sin a, 
CM = cos a, 
AT = tan a, 
GT = sec a, 
AM= ver-sin a. 
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Second quadranU 

PM'= sin a, 
CM = cos a, 
AT = tan a, 
OT = sec a, 
AM= ver-sin a. 

Third quadrant 

PM = sin a, 
CM = cos a, 
AT = tan a, 
CT = sec a, 
-4Jf = ver-sin a. 

Fourth quadrant 

PM = sin a, 
Cif = cos a, 
AT = tan a, 
(7^ = sec a, 
AM= ver-sin a. 



46. We will now proceed to established some of the im- 
portant general relations between the 
circular functions. 

Regarding the radius OP of the cir- 
cle as unity, and denoting it by 1 (Art. 
43); we have in the right-angled trian- 
gle CPM, 

pm" + cF = i?'' = 1, 

that is, sin a -j- cos a = 1, * . (1) 

47. Since the triangles CPM and CTA are similar, we 
have, 

AT PM 

CA "CM' ■ ' 





that is, 



tan a = 



sm a 
cos a' 



(2) 



* The eyinbols sin' a, cos' a, tan' a, &o., signify the 9qmr$ of tht mm, the 
$^ar€ qf 0*4 Conner <&c. 
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48. Substituting iu equation (2), 90 — a for a, we have, 

sin (90 - a) 

tan (90 - a) = — )^^ A 

^ ' cos (90 — a) 

cos €L 

that is (Art 12), cot a = -: (3) 

^ -" sin a ' 

49. Multiplying equations (2) and (3), member by mem- 
ber, we have, 

tan a X cot a = 1 (4) 

50. From the two similar triangles CPM and CTA^ wo 
have, 

CT _ CP_, 
CA ~ CM' 

that is, sec a = (5) 

' cos a ^ 

51. Substituting for a, 90 — a, we have, 

^(9Q-^) = cos(90-a) ' 

that is, cosec a = -; • (6) 

^ sin a ^ ^ 

52. In the right-angle CTA, we have, 

ra'' = CA' +Af^ ; 
that is, sec a = 1 + tan a. , , . , (7) 

53. Substituting (90— a) for a, in equation (7) and recol- 
lecting that sec (90— a)=cosec a, and tang (90— a) = cot a, 
we have 



cosec* a= 1 + cot'* a. . . . {8)n 



54. We have, AM equal to the versed sine of the arc 
AP; hence 

ver-sin a = 1— cos a. . . (9) 
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55. These nine formulas being ofken referred to, we 
•hall place them in a table. 

They are used so frequently, that they should be com- 
mitted to memory. , 



TABLE I. 



1. 






. 2 , 2 

. sm a + cos a 


= 


ij* = i. 


2. 


• 


• 


tan a 


= 


sin a 


cos a 


8. 






. cot a 


• 


cos a 


sin a 


4. 


• 


• 


tan a X cot a 


= 


1 


5. 






. sec a 




cos a 
1 


6. 


• 


• 


cosec a 


= 


sin a 


7. 






. sec' a 


= 


1 + tan a. 


8. 


• 


• 


cosec a 


= 


1 + cot a. 


9. 






. ver-sin a 


= 


1 — cos a. 



56. We will now explain the principles which deter- 
mine the algebraic signs of the trigonometrical functions. 
There are but two. 

1st. All lines estimated from DA, upwards, are consid- 
ered positive, or have the sign + : and all lines estimated 
from I>Aj in the opposite direction, that is, downwards, are 
considered negative, or have the sign — . 

2d. All lines estimated from EB along CA, that is, to 
Oie right, are considered positive, or have the sign + : and 
all lines estimated from EB along CD, that is, in the oppch 
site direction, are considered negative, or have the sign — . 
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57. Let us determine, from the above principles, the 
algebraic signs of the sines and cosines in the different 
quadrants. 

First quadrant 

58. In the first quadrant. 

PM = sin a, 
and Pm = CM = cos a, 

are both positive^ the former being above 
the line DA^ and the latter being esti- 
mated from C to the right (Art. 56). ^g' 



D 



"C 




M 




Second quadrant 

59. In the second quadrant, 

PM^= sin a, 
and Pm = CM = — cos a : 

the sine is positive, being above the line 
DA^ and the cosine negative being esti- 
mated to the left of BE. 

Third qtuidrant 

60. In the third quadrant, 

PM= — sin a, 
and Pm = CM = — cos a : 

the sine is negative, falling below the 
line DA, and the cosine is negative, 
being estimated to the left of the cen- 
tre a 

Fourth quadrant 

61. In the fourth quadrant, 

PM= — sin a, 
and Pm = CM = cos a : 

the sine is negative, falling below the 
line DAj and the cosine is positive, fall- 
ing on the right of EB. Hence, we 
conclude, that 
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1st The sine is positive in the first and second qiuidrants, and 
negative in i/ie third and fourth : 

2d. The cosine is positive in the first and fourth quadrants^ 
and negative in the second and third: 

In other words, 

IsL The sine of an angle less than 180° is positive ; and the 
sine of an angle greater than 180^ and less than 360°, is 
negative : 

2d. The cosine of an angle less than 90° is positive ; the cosine 
of an angle greater than 90°, and less than 270°, is nega- 
tive ; and the cosine of an angle greater than 270°, and less 
tJian 360°, is positive, 

62. The algebraic signs of the sine and cosine being 
determined, the signs of all the other trigonometrical func- 
tions may be at once established by means of the formulas 
of Table I. 

Thus, for example, 

sin a 



tan a = 



cos a 



Now, if the algebraic signs of sin a and cos a are alike, 
the tangent is positive ; if they are unlike, it is negative. 
Hence, the tangent is positive in the first and third quadrants^ 
and negative in Hie second and fourth. 

The same is also true of the cotangent : for. 





cos a 




sm a 


63. 


Again, since 




1 

sec a = ) 

cos a 



the sign of the secant is always the same as that of the cosine. 
And since, 

1 

coseo a = > 

sm a 

the sign of the cosecant is always the same as that of the 
sine. 
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64. The versed sine is constantly positive. For, it is 
always found by subtracting the cosine from radius, and 
the remainder is a positive quantity, since the cosine can 
never exceed radius. When the cosine is negative, the 
versed' sine becomes greater than radius. 

.65. Let q denote a quadrant: then the following table 
will show the algebraic signs of the trigonometrical lines 
in the diflferent quadrants. 

Fourth q. 





First 


?• 


Second q. 


Thiro 


sine 


+ 




+ 


— 


cosine 


+ 




— 


— 


tangent 


+ 




— 


+ 


cotangent 


+ 




— 


+ 




E 



66. We have thus far supposed all angles to be esti- 
mated from the line CA from right to left, that is in the 
direction from A to J9, to D, &c., and -g 

have also regarded such angles as posi- 
tive. It is sometimes convenient to 
give diflFerent signs to the angles them- 
selves. 

If we suppose the angles to be esti- 
mated from GA, in the direction from 
left to right, that is, in the . direction from A to F, io D, 
&c., we must treat the angles themselves as negative, and 
affect them with the sign — . 

For a negative angle less than 90®, the sine will be 
negative, and the cosine positive: for one greater than 90® 
and less than 180°, the sine and cosine will both be nega- 
tive. The algebraic sign of the sine always changes, when 
we change the sign of the arc, but the sign of the cosine 
remains the same. Hence, calling x the arc, we have m 
general. 



sin 


(- 


X) 


=: 


— sin 


X, 


cos 


(- 


X) 


= 


cos 


X, 


tan 


(- 


X) 


= 


— tan 


a?, 


cot 


(- 


X) 


= 


— cot 


X. 



67, We shall now examine the changes which take 
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place in the values of the trigonometrical lines, as the 
angle increases from to 860"^, and shall begin with the 
sine and cosine. 

When the arc is zero, the sine is 0, and the cosine 
equal to JS = 1. At 90° the sine becomes equal to i? = 1, 
and the cosine becomes 0. At 180°, the sine becomes 0, 
and the cosine equal to — i2 = — 1. At 270°, the sine 
becomes equal to — i2 = — 1, and the cosine equal to 0. 
At 360°, the sine becomes equal to 0, and the cosine to 
JB = 1. Hence, 

First quadrant 

As the arc increases from to 90° : 
The sine increases from to 1 : 
The cosine decreases from 1 to 0, 

Second quadrant 

As the arc increases from 90° to 180° : 

The sine decreases from 1 to 0: 

The cosine increases, numerically, from to — 1. 

. Third quadrant 

As the arc increases from 180° to 270° : . 

The sine increases, numerically, from to — 1 : 

The cosine decreases, numerically, from — 1 to 0. 

Fourth quadrant 

As the arc increases from 270° to 360°: 

The sine decreases, numerically, from — 1 to 0: 

The cosine increases from to -B = 1. 

68. By a careful ■ consideration of the preceding prind- 
pies and by making the proper substitutions in the formuka 
already deduced, we may now form the following Table: 
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TABLE II. 



sin =0, 


sin (180° + a) = - sin a, 


cos =1, 


•cos(180° + a) = - coso, 


tan =0, 


tan (180° + a) = tana, 


cot =00. 


cot (180° + a) = cot a. 


sin (90** — a) = cos a, 


sin (270° - a) = - cos a, 


cos (90** — a) = sin a, 


cos (270° — a) = — sin a, 


tan (90° - a) = cot a, 


tan (270° - a) = cot a, 


cot (90° - a) = tan a. 


cot (270° - a) = tan a. 


sin 90° = 1, 


sin 270° = - 1, 


cos 90° =0, 


cos 270° = 0, 


tan 90° =00, 


tan 270° = - 00, 


cot 90° = 0. 


cot 270° = 0. 


sin (90° + a) = cos a, 


sin (270° + a) = — cos a, 


cos (90° + a) = — sin a, 


cos (270° + a) = sin a, 


tan (90° + a) = - cot a, 


tan (270° + a) = - cot a, 


cot (90° + a) = - tan a. 


cot (270° + a) = - tan a. 


sin (180° - a) = sin a, 


sin (360° — a) = — sin a, 


cos (180° - a) = - cos a, 


cos (360° - a) = cos a, 


tan (180° - a) = - tan a, 


tan (360° -a) = ~ tana, 


cot (180° - fl) = - cot a, 


cot (360° - a) = - cot a. 


sin 180° = 0, 


sin 360° = 0, 


«^os 180° = - 1, 


cos 360° = 1, 


tan 180° =0, 


-tan 360° = 0, 


cot 180° = - 00. 


cot 360° =00. 



69. The examinations thus far, have been limited to 
arcs which do not exceed 360°. It is easily shown, 
liowever, that the addition of 360° to any arc as a:, will 
make no difference in its trigonometrical functions; for, 
such addition would terminate the arc at precisely the 
same point of the circumference. Hence, if Q represent an 
entire circumference, or 360°, and n any. whole number, 
we shall have, 

sin ((7 + «) = sin a; ; or, sin (n X C' + a; ) = sin a:. 
The same is also true of the other functions. 
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70. It will furtlier appear, that whatever be the value 
of an arc denoted by x, the sine may be expressed by 
that of an arc less than 180°. For, in the first place, we 
may subtract 360° from the arc x, as often as 360° is 
contained in it: then denoting the remainder by y, we 
have, 

sin X — sin y. 

Then, if y is greater than 180°, make 

y - 180° = z, 
and we shall have, 

sin y = — sin z. 

Thus, all the cases are reduced to that in which the arc 
whose functions we take, is less than 180° ; and since we 
also know that, 

sin (90 +<c) = sin (90 ~ x\ 

they are ultimately reducible to the case of arcs between 
and 90°. 

GENERAL FORMULAa 

71. To find the formula for the sine of the difference of two 
angles or arcs. 

Let J-CB be a triangle. From the 
vertex G let fall the perpendicular C©, 
on the base AB^ produced. 

Denote the exterior angle CBD hy 
a, and the angle GAB by 6. 

Thei>, AB^AD-DB. 

Eut (Art. 26), AB'=^ AG cos i, and BD = BO cos GBT>, 

Hence, AB == AG cos h — BG cos a. 

Dividing both members by AB^ we have 

^ AG ^ BG 
l^^QOBb-^jj^cosa, 

But, since sin a = sin CR4, we have (Art. 21). 
. AG sin a , BG sin b 

AB smC y . AB Bin G' 
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liencc, 



or. 



sin a , fiin 6 

1 = -. 7- cos h : 7y cos CL 

sm C 8ia (7 ^ 

sin C = sin a cos 6 — sin & cos a. 




,Ov 



But the angle G is equal to the difference between tli« 
angles a and h (Geom. B. L, P. 25, C. 6) : hence, 

sin (a — J) = sin a cos b — cos a sin J ; . . (a) 

that is, The siiie of the difference of any two arcs or angles 
is equal to the sine of Hie first into Vie cosine of Hie second^ 
minus Hie cosine of the first into the^ sine of the second. 

It is plain that the formula is 
equally true in whichever quadrant 
the vertex of the angle C be placed: 
hence, the formula is true for all 
values, of the arcs a and b. ^ 

72. To find the formula for the sine of the sum of two angla 

or arcs. 

By formula (a) 

sin (a — 6) = sin a cos 6 — cos a sin 6, 
substituting fori,— &, and recollecting (Art. 66) that, 
sin ( — x) = — sin x 
and cos (— a:) = coscc; 

and also that a —(—&) = a + J, 
we shall have, after making the substitutions and combining 
the algebraic signs, 

sin (a + h) = sin a cos 6 + cos a sin, b. . (6) 

78. To find the formula for the cosine of the sum of tm 
angles or arcs. 

By formula (J) we have, 

sin (a + i) = sin a cos J + cos a sin ft, 

substitute for a, 90"* + a, and we have, 

sin [(90° + a) +6] = sin (90*^ + a)cos6 4- cos (90** + a) sin& 
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But^ «n [90^ + (a + i)] = cos (a + b) (Table IL) : 

Bin (90** + a) ='cos a, 
and, cos (90° + a) = — sin a ; 

making the substitutions, we have, 

cos {a + i) = cosva cos i — sin a sin i. . . (c) 

74. To find pie formula for the cosine of the diffm^ence between 
two angles or arcs. 

By formula (6) we have, 

sin (a + b) = sin a cos 6 + cos a sin 6. 
VoT a substitute 90° — a, and we have, 
sin [90° -.(a,- Z>)] = sin (90° - a) cos i + cos (90° - a) sin 6. 
But, sin [90° - (a - i)] = cos (a - b) (Table H.), 
^in (90° — a) = cos a, 
cos (90° — a) = sin a ; 
making the substitutions, we have, 

cos (a — 6) = cos a cos 6 + sin a sin 6. . . {d) 

75- jfb ^«d the formula for iJie tangent of tlie sum of two 



arcs. 



By Table 1, 

. . ,. sin (a + b) 

tan (a + 6) = ; , ,( j 

^ ' cos (a + Z>) 

sin a cos b + cos a sin & , ^^v , , . 

= _ ^ ^ — ^ |3y (M and (c) , 

cos a cos — sm a sm 6 -^ ^ ^ ^ ' ' 

dividing both numerator and denominator by cos a cos ft, 

sin a cos 6 cos a sin 6 

. -^ =■» 

= cos a cos 6 cos a cos 6 

- sin a sin & 

cos a cos 6 

tan a + tan i / ^n 

tan (a + 6) = :^ -. ^ \J ) 

^ '^ 1 — tan a tan b 
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76. lb fini the tangent of the difference of two arcs. 

- , sin (a - b) (Table I). 

tan (a - i) = 7 tc > ^ . 

^ ' cos (a — £>) 

^ sing cos ft -cos asm 5 . (a)aDd(ci). 
. . cos a cos J + sin a sm 6 "^ ^ -^ 

Dividing both numerator and denominator by cos a cos 0, 

.. tan a — tan i /^\ 

77. The student' will find no difiBlculty in deducing the 
following fonnulas. 

cot a cot & — 1 



X / 1 M c^^ g cot g» — 1 /j\ 

cot (g + ft) = — 7 1 ZT^ » • • ^ ^ 

wu V -r / ^^^ g + cot ft 

-. cot g cot ft + 
•^^ («-*)= cot & - cot a 



cot g cot ft + 1 ^ dj\ 



78. Jb ^nd <A« sine of twice an arc, in functions of Hie art 

and radius. 
By formula (ft) 

sin (a + ft) = sin g cos ft + cos a sin ft. 
Make g = ft, and the formula becomes, 

sin 2g = 2 sin a cos a. • . . (*) 

If we substitute for a, -- » we have, 

sin g = 2 sin \a cos \a. • . (^ 1) 

79. To find the cosine of twice an arc in functions of Uie art 

and radius. 
By formula (c) 

cos (g + ft) = cos a cos ft — sin g sin ft. 
Make a ^ b^ and we have, 

cos 2a = cos^ g — sin^ g. . . . • (0 
By Table I., siu^ a = 1 — cos*^ g; hence, by substitution, 

cos 2a = 2 cos^ g — 1. . . . {II) 
Again, since cos^ g = 1 — sin^ g, we also have, 

cos 2a = 1 - 2 sin2 a. ... (^ 2) 
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80. To determine the tangent of twice or thrice a given arc in 

functions of the arc and radius. 

By formula (/) 

, . -. tan a + tan h 

tan (a + 6) = -:. r 1 7 • 

^ ' 1 — tan a tan b 

Make 6 = a, and we have, 

tan2a = /*!\" • • • • W 
1 — tan* a 

Marking h = 2a, we have, 

o tan a + tan 2a 

tan 8a = ^ ^ ; 

1 — tan a tan 2a ' 

substituting the value of tan 2a, and reducing, we have^ 
„ 8 tan a — tan' a . /«^ i\ 

^^""^ l-3taar ^ ' • • ^""^^ 
The student will readily find 

^ rt cot a — tan a / x 

cot 2a = ^ {ny 

81. To find t1i£ sine of half an arc in terms of the functions 

of the arc and radius. 
By formula {I 2) 

cos 2a = 1 — 2 sin- a. 
For a, substitute ^a, and we have, 

cos a = 1 — 2 sin- \a ; 
hence, 2 sin" ^ = 1 — cos a, 

sin \a - y^^LZ?^ . . . (o) 

82. jfb ^wcZ the cosine of half a given arc in terms of the 

functions of the arc and radius. 

By formula {11) 

cos 2a = 2 cos^ a — 1. 
For a, substitute ^a, and we have, 

cos a = 2 cos* Ja — 1 ; 

, . /l + cos a , N 

hence, cos ^a = y ^ ' ' \P) 
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83. To find the tangent of half a given arc^ in /unctions of 
the arc and raditis. 

Divide formula (o) by (p), and we have, 

tania = */lZ^, . . . (g) 
^ 1 + COS a 



Multiplying both terms of the second member by Vl — cos a, 

and reducing tan la = — : > • • • • fe 1) 

° ^ sm a 

Multiplying both terms by the denominator VI + cos a» 

and reducing tan ia = q— ; , • • • -v (2 2) 

* 1 + cos a 



GENERAL FOBKULAa ^ 

84. The formulas of Articles 71, 72, 73, 74, furnish a 
great number of consequences; among which it will be 
enough to mention those of most frequent use. By adding 
and subtracting we obtain the four which follow, 

sin {a + h) + sin (a — i) = 2 sin a cos J, . (r) 

sin (a + &) — sin (a — J) = 2 sin 6 cos a, . (s) 

cos (a + t) + cos (a — i) = 2 cos a cos b, . {t) 

cos {a — 6) — cos (a + 6) = 2 sin a sin i, . (w) 

and which serve to change a product of several sines or 
cosines into linear sines or cosines, • that is, into sines and 
cosines multiplied only by constant quantities. 

85. If in these formulas we put a +b = p, a -- b ^= q^ 
which gives a = ' '^ o^ ' * ^ ^ ^ ^ > we shall find 

sin 2^ + sin q = 2 sin l{p + q) cos ^(j; "-<?), • . [v) 

sin 2> "— sin g = 2 sin ^(p — q) cos ^(^ + ?)» • • {^) 

cos ^ 4- cos (7=2 cos ^(p + q) cos ^-(2? — ff), • . (y) 

iX)s <7 — cos jp = 2 sin i (jp + g) sin ^ (^ — j), . (2) 
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If we make q = 0, we shall have, 

fiitt ^ = 2 sin Ip cos ip, • • • > {x 1) 

1 + cos ^ = 2 cos® i j>, . • . . (y 1) 

1 — cos ^ = 2 sin® Jjp, . . . . {z 1) 

86. From formulas (v), {x), (y), (25), and {k 1), we obtain ; 

sm jp + sin g __ sin ^{p + q) cos ^{p — q) _ tang jjp + q) 
sin ^ — sin 2 "" cos j(p + q) sin-J(p — ?)""tang J(^— j)* 

sin p + sin q sin J (o + g) ^ , , , . 

^~i ^ = 1 / . V = tang i{p + q). 

cos p + cos q GOS^(p + q) o ^ ^^ ^^ 

cos q — C0SJ3 smi(p — 2) 

sin » — sin g sin J ( o — g) ' , . . 

^-—i = ^1-7^^ ^ = tang Hp — q). 

COS ^ + COS 2 cos J (p — 2) o ^ v^ x/ 

sin » — sin 2 cos J(o + q) . , , , . 

cos q •— cos p sm J Q> + 2) , '' ^^ ^' 

cos p + cos 2 _ cos ^(jp + q) cos ^(jt> ~ g) _ cot i{p + q) 
cos 2 — cos^ ~ sin ^{p + q) sin ^{p — g) ™ tang^(p — qY 

sin ^ + sin (7 __ 2sin -J- {p + q) cos ^ ( j> — g) __ cos Ki^ "" (?) 
sin 0> + g) ~ 2sin l'{p + q) cos \{p + q)^ cos i(jp + g)' 

sin p — sin g __ 2sin \{p — q) cos -J- (p + g) __ sin ^ (p — g) 
sin (p 4- g) "" 2sin ^{p + g) cos \{p + q)~' sin ^(p + g)' 

These formulas are the algebraic enunciations of so 
many theorems. The first expresses that, the sum of iJie 
sines of two arcs is to the difference of those sines^ as the tail' 
gent of half the sum of the arcs is to the tangent of half their 
difference. 

HOMOGENEITY OF TERMS. 

87. An expression is said to be homogeneous, when 
each of its terms contains the same number of literal fixc- 
tors. Thus, 

sin® a + cos® a ^ R^ .... (1) 

is homogeneous, since each term contains two literal factors. 
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If we suppose -B = 1, we have, 

sin2 a + cos^ a^-1 (2) 

This equation merely expresses the numerical relation 
between the values of sin* a, cos* a, and unity. K we pass 
from the radius 1 to any other radius, as iJ, it becomes 
necessary to replace these abstract numbers by their corres- 
ponding literal factors. For this, we must observe, that 
the radius of a circle bears the same 
ratio to any one of the functions of an 
arc, (the sine for example,) as the radius 
of any other circle, to the corresponding 
function of a similar arc in that circle. 
For example, 

1 : sin a : : jB : sin a ; 
sin a sin a 




-J 



hence, 1 - K 

in which the sin a, in the first member, is calculated to the 
radius 1, and in the second, to the radius R, 

If, now, we substitute this value of sin a to radius 1, 
in equation (2), we have, 

sin a sin a cos a cos a __ ^ 

or, sin^ a + cos* a = R\ 

an expression which is homogeneous: and any expression 
may be made homogeneous in the same manner; or, it 
may be made so, hy simply multiplying each term by such a 
power of R as shall give the same number of linear factors in 
all the terms, 

88. Since the sine of an arc divided by the radius is 
equal to the sine of another arc containing an equal num- 
ber of degrees divided by its radius, we may, if we please, 
define the sine of an arc to be the ratio of the radius to 
the perpendicular let fall from one extremity of the ai'c 
on a diameter passing through the other extremity. Giving 
similar definitions to the other functions of the arc, each 
will have a corresponding function in either angle of a tri- 
angle. For, if in a right angled triangle, we let 
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A. == right angle; JS= angle at base; £7= vertical angle; 
a = hypothenuse ; c = base ; h = perpendicular, 

we may deduce all the functions of the angle without any 

reference to the circle. 

For, let us call, by definition, 

I e 

sin £ = — ) cos £ = — » 
a a 

h c 

tan jB = — J cot £ = nn 
c 

sec jB = — ) cosec 5 = -~. 
c 

Each of these expressions, regarded as a ratio, is a mere 
abstract number. If we make the hypothenuse a = 1, the 
abstract numbers will then represent parts of a right- 
angled triangle, or the corresponding functions of a circle 
whose radius is unity. 

Fo7^mulas relating to Triangles. 

89. Let AGB be any triangle, and 
designate the sides by the letters a, 6, c; 
then (Art. 21), 

sin J. ^ a . sin J. __ a , sin J5 __ * . /1^ 

that is, the sines of the angles are to each other as their oppo* 
nle sides. 

90. We also have (Art. 22), 

a + h : a- 6 :: tan i{A + B) : tSLn ^{A - £) : 

thaj is, the sum of any two sides is to their difference^ as the 
tangent of half the sum of the opposite angles to tJie tangent of 
half their difference, 

91. In case of a right-angled triangle, in which the 
right angle is B, we have (Art. 24), 

I : tan A : : c : a] hence, a = c tan -4, . (2) 

And again (Art. 25), 

1 : cos J. : : 6 : c ; hence, c = b cos A, . (3) 
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92. There is but one additional case, that in which the 
three sides are given to find an angle. 

Let ACB be any triangle, and CD C 

a perpendicular upon the base. Then, 
whether the perpendicular falls without 
or within the triangle, we shall have 
(B. IV., P. 12), ^ ^ BD 

CB^oI^ + AB^ - 2^5 X AD. 
But, AD = AC cos A ; 

and representing the sides by letters, and substituting for 
AJD, its value, we have, 

, i« + (« - a« 
^^'^ = 2fc 

If we ' now substitute for cos j4, its value from formula 
(Art. 81), we shall have, 

28m« \A = \ ^ , 

26c ~ (!>^ + c« - 0^ 

_ a^ - V^ - <? + 2hc _ d? - {b - if 

~ 2bc ~ 2k ' 

_{a + h — c ) {a + c — h) 
" 26c ' 



sin \A = J{^ + h-c){a + c-hl 
^ 46c 

If now, we make 
\{a + h + c) = s^ we have a + i + c = 25, and 
a + i — c = 25 — 2c; also, a + c — 6 = 25 — 26: 



hence, sin \A = JV^A±ZI\ 

^ he 

93. If we add 1 to each member of the equation 
above, in which we have the value of cos -4, we shall 
have, 

I + cos A = — = ^ -\ 

26c 2/>c 
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_ (b + c + a) {b + c - g) 



1 + cos -4. = 



2bc 

2s (s — a) 



; and. 



be 



Substituting for 1 + cos A, its value (Art. 82), and reduc- 
ing, we have, 



cos 



M = v^^'- 



94. If, now, we recollect that the tangent is equal to 
the sine divided by the cosine (Art. 47), we have, 



and observing that the same formula applies equally to 
either of the other angles we have, 



tor, i » - « / (^ - a) js -^ . 



. ^ . /{« — a) (s ' 



- g) (g - b) 



CONSTRUCTION OF TRIGONOMETRICAL TABLES. 

95. If the radius of a circle is taken equal to 1, and 
the lengths of the lines representing the sines, cosines, 
tangents, cotangents, &c., for every minute of the quadrant 
be calculated, and written in a table, this would be a table 
of natural sines, cosines^ &c. 

96. If such a table were known, it would be easy to 
calculate a table of sines, &c., to any other radius; since, 
in different circles, the sines, cosines, &c., of arcs contain- 
ing the same number of degrees, are to each other as their 
radii (Art 87). 

97. Let us glance for a moment at some of the method* 
of calculating a table of natural sines. 

When the radius of a circle is 1, the semi-circumfer* 
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ence is known to be 3.14159265858979. This being divid 
ed successively, by 180 and 60, or at once by 10800, gives 
.0002908882086657, for the arc of 1 minute. Of so small 
an arc, the sine, chord, and arc, diflfer almost imperceptibly 
from each other; so that the first ten of the preceding 
figures, that is, .0002908882 may be regarded as express- 
ing the sine of 1' ; and, in fact, the sine given in the 
tables, which run to seven places of decimals is .0002909 
By Art. 46, we have. 



cos = -/(l — sin*). 

This gives, in the present case, cos 1' = .9999999577. Then 
we ha\e (Art. 84), 

2 cos 1' X sin 1' - sin 0' = sin 2' = .0005817764, 
2 cos 1' X sin 2' - sin 1' = sin 3' - .0008726646, 
2 cos V X sin '3' - sin 2' = sin 4' = .0011635526, 
2 cos 1' X sin 4' - sin 3' = sin 5' = .0014544407, 
2 cos V X sin 5' - sin 4' = sin 6' = .0017453284, 
&c., &c., &c. 

Thus may the work be continued to any extent, the 
whole difficulty consisting in the multiplication of each 
successive result by the quantity 2 cos 1' = 1.9999999154. 

Or, having found the sines of 1' and 2', we may deter- 
mine new formulas applicable to further computation. 

If we multiply together formulas (a) and (6) (Art. 71-72), 
and substitute for cos^ a, 1 — sin^ a, and for cos- i, 1 — sin^ 6, 
we shall obtain, after reducing, 

sin (a + b) sin (a — 6) = sin- a — sin- b ; 

and hence, sin (a + b) sin (a — 6) = (sin a + sin b) (sin a — sin J) 

or, sin (a — b) : sin a — sin 6 : : sin a + sin 6 : sin (a + h). 

Applying this proportion, we have. 



sin 1' 


: sin 2' — sin 1' 


: : sin 2' + sin 1' : 


sin S', 


sin 2' 


: sin 3' — sin 1' 


: : sin 3' + sin 1' : 


sin 4'. 


sin 3' 


: sin 4' — sin 1' 


: : sin 4' + sin 1' : 


sin 5', 


sin 4' 


: sin 5' — sin 1' 


: : sin 5' + sin V : 


sin 6', 




&c., 


&a, &c. 
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In like manner, the computer might proceed for the 
Bines of degrees, &c., thus : 



sinr 


: sin T - sin 1° : ; sin 2° + sin 1° : 


sin 3'', 


sin 2^ 


: sin 3° - sin 1° : : sin 3^ + sin V : 


sin 4**, 


sin 3^ 


: sin 4"* - sin 1° : : sin 4^ + sin 1^ : 
&c., &c., &c. 


sin 5"*, 




Having found the sines and cosines, the tangents, co* 
tangents, secants, and cosecants, may be computed from 
them (Table I). 

98. There are yet other mettods of computation and 
verification, which it may be well to notice. 

Let AP be an arc of 60° : then the 
chord AP is equal to the radius OA 
(b. v., p. 4) : and the triangle CPA is 
equilateral. Hence, PM bisects CA, or 
cos 60° = ^ P, or equal to one-half, when 
i2=l. 

But cos 60° = sin 30° (Art. 12) : 
hence, sin 30° = J ; and, 

cos 30° = Vl - sin2 30°= ^ VsT 
Then, by formulas of Articles 81, and 82, we can find 
the sine and cosine of 15°, 7° 30', 3° 45', &c. 

99. K the arc AP were 45°, the right-angled triangle 
(TPJf would be isosceles, and we should have CM=^ PM; 
that is, 

sin 45° = cos 45°. 
Hence, sin* a + cos* a = 1, 

gives 2 sin* 45° = 1 ; 

or, sin 45° = cos 45° = -/^ = ^ y^. 

sin 45° 



Also, 



tan 45° = 



cos 45"^ 



= 1 = cot 45° 



Above 45°, the process of computation may be simpli 
lied by means of the formula for the tangent of the sum 
of two arcs (Art. 75). 

tan (45°-f 6)=- - - -, • 
^ ^ 1 — tan 6 
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100. If the trigonometrical lines themselves were used, 
it would be necessary, in the calculations, to perform tho 
operations of multiplication and division. To avoid so 
tedious a method of calculation, we use the logarithms of 
the sines, cosines, &c. ; so that the tables in common use 
show the values of the logarithms of the sines, cosines, 
tangents, cotangents, &c., for each degree and minute of 
the quadrant, calculated to a given radius. This radius is 
10,000,000,000, and consequently, its logarithm is 10. 

The logarithms of the secants and cosecants are not 
entered in the tables, being easily found from the cosines 
and sines. The secant of any arc is equal to the square 
of radius divided by the cosine, and the cosecant to the 
square of radius divided by the sine (Table I) : hence, the 
logarithm of the former is found by subtracting the loga- 
rithm of the cosine from 20, and that of the latter, by 
iubti^acting the logarithm of the sine from 20 
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1. A Spherical Triangle is a portion of the surface 

of a sphere included by the arcs of three great circles 
(b. IX., I). 1). Hence, evefy spherical triangle has six parts; 
three sides and three angles. 

2. Spherical Trigonometry explains the processes of 
determining, by calculation, the unknown sides and angles 
of a spherical triangle, when any three of the six parts are 
given. For these processes, certain formulas are employed 
which express relations between the six parts of the tri- 
angle. 

3. Any two parts of a spherical triangle are said to be 
of the same species when they are both less or both gi-eater 
than 90° ; and they are of different species, when one is 
less and the other greater than 90°. 

4. Let ABG be a spherical trian- 
gle, and P the centre of the sphere. 
The angles of the triangle are 
equal to the diedral angles included P <CI — [ Y^ / 
between the planes which determine ^o""-^ "\ 
its sides ; viz. : the angle A to the 
angle included by the planes PAB ^' 
and PAC; the angle B to the angle included by the planes 
PBO and PBA ; the angle G to the angle included by the 
planes PCB and PCA (b. ix., d. 1). If we regard the side 
PA as unity, the sides CB, CAj AB, of the spherical triangle 
will measure the angles CPB, CPxi^ APBj at the centre of the 
sphere. Denote these sides or angles, respectively, by a^ i, andc. 

5. On PA^ the intersection of two faces, assume any 
point, as i/, and in the planes APB^ APC^ draw MN and 

21 
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MO^ both perpendicular to the com- 
mon intersection PA : then, OMN 
will measure the angle between these 
planes (B. vi., D. 4), and hence, will 
be equal to the angle A of the tri- 
angle. Join and N by the straight 
line ON. 

In the triangles NPO and NMO, we have (Plane Trig., 
Art. 92). 

COS i> = COS fl ^ 2P:^-^rP0 — *'*^ i^- cos ^ UioyTMlr — • 

and by reducing to entire terms, . 

^PNxPOxcxysa^FN^-\-Fd'^Nd\2MOxMNXeo&A'=M2P-\-Md^'-'Nff, 

By subtracting the second equation from the first, we have, 

2{PNXP0X cosa - MO xMNcos A)=^ PN^-^-MN^-^Pff-MC^^ 2PM^, 

and by dividing both members by 2PN X PO, we have, 

MO MN , PM^PM 

cos a - p^- X p^ X cos 4 = ^^ X ^^. 

But (Plane Trig., Art. 88), gives 

MO . , MN . PM PM ^ 

p^ = sm h, -p^r = sm c, y^^ cos c, p^ = cos b ; 

substituting these values, we have, 

cos a — sin & sin c cos A = cos b cos c ; 

and by transposing, 

cos a = cos b cos c + sin 6 sin c cos A. 

A similar equation may be deduced for the cosine of either 
of the other sides : hence, 

cos a = cos b cos c + sin J sin c cos -4, 

cos b = cos a cos c + sin a sin c cos B, >■ (1) 

cos c = cos a cos 5 + sin a sin b cos C, 

That is: The cosine of either side of a spherical triangle is equal 
io tlie product of the cosines of the tvjo other sides plus the 
product of ilieir sines into Hie cosine of their included angle. 

The three equations (1) contain all the six parts of the 
i^hciical triangle. If three of the six quantities which 
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enter into these equations be given or known, the remain- 
ing three can be determined (Bourdon, Art. 103) ; hence, 
if three parts of a spherical triangle be known, the other 
three may be determined from them. These are the 
primary formulas of Spherical Trigonometry. They require 
to be put under other forms to adapt them to logarithmic 
computation. 

6. Let the angles of the spherical triangle, polar to 
ABO^ be denoted respectively by A\ B\ C", and the sides 
by a', 6', c'. Then (b. ix., p. 6), 

a' = 180° -A, J' = 180° - 5, c' = 180° - (7, 
A' = 180° - a, B' = 180° - 6, f7' = 180° - c. 

Since equations (1) are equally applicable to the polar tri- 
angle, we have, 

cos a' = cos h' cos d + sin h' sin d cos A' : 

substituting for a', &', d and A', their values from the polar 
triangle, we have, 

— cos A = cos B cos (7 — sin 5 sin Q cos a ; 

and changing the signs of the terras, we obtain, 

cos A = sin B sin G cos a — cos B cos C. 

Similar equations may be deduced from the second and 
third of equations (1); hence, 

cos A ■= sm B sin C cos a — cos B cos 0, 

cos jB = sin ^ sin C cos h — cos A cos (7, I (2) 

cos 67 •= sin -4 sin B cos c — cos A cos B, 

That is : The cosine of eWier angle of a spherical triangle, is 
equal to the product of the sines of the two other angles into 
the cosine of their included side, minus the product of the 
cosines of those angles, 

7. The first and second of equations (1) give, after 
transposing the terms, 

cos a — cos 6 cos c = sin 6 sin c cos A, 
cos 6 — cos a cos c = sin a sin c cos B\ 
by adding, we have, 

ooea + oosft — oosc (oob « + eo8 6) » mt (ein 5 oos ^i + sin a cos J9); 
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and by substracting the second from the first, 

cos a — cofi 6 -f cos c (cos a — cos 6) •=• sin c {sin b cos ^ ~ sin a cos B) ; 

these equations may be placed under the forms, 

(1 — cos c) (cos a + cos b) = sin c (sin b cos A + sin a cos B), 
(1 + cos c) (cos a — cos 5) = sin c (sin b cos A — sin a cos 2?) ; 

multiplying these equations, member by member, we obtain, 

(1 — cos^ c) (cos^ a — cos^i) = sin^c (sin^i cos' A— sin'a cos^ B): 

substituting sin^ c for 1 — cos^ c, 1 — sin- A for cos^ A, and 
1 — sin^ B for cos- J5, and dividing by sin- c, we have, 

cos® a — cos® b = sin® b — sin® b sin® A — sin® a + sin® a sin® B: 

then, since cos® a — cos® J = sin® b — sin® a, we have, 

sin® 6 sin® A = sin® a sin® B] 

and, by extracting the square root, 

sin 6 sin -4 = sin a sin B. 

By employing the first and third of equations (1) we shall 
find, 

3in c sin J. = sin a sin C; 

and, by employing the second and third, 

sin b sin G ^ sin c siri jB ; hence, 

sin A sin a 



• x^ — . , , or sin J5 : sin j1 ; : sin J : sin a, 
sm B sm 6 ' 

sin A sin a . xv . j 

-: — - = -: ; or sm C I siTi A 11 sm c : sm a, 

sm 6^ sm c ' 

sin (7 sin c • t> • /r • r • 

-: — 5T = — : — T ', OT sm B I sin u I I sm 6 : sm c. 
sin ij sin 6 ' 



(8) 



That is : In every spherical triangle, the sines of the angles are 
to each other as the sines of their opposite sides, 

8. Each of the formulas designated (1) involves the 
three sides of the triangle together with one of the angles. 
These formulas are used to determine the angles when the 
three sides are known. It is necessary, however, to put 
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them under another form to adapt them to logarithmia 
computation. 

Taking the first equation, we have, 



cos A = 



cos a — cos h cos c 



sin b sin c 
Adding 1 to each member, we have, 

cos a + sin i sin c — cos b cos c 

1 + cos J. = -. — T — -. • 

sm b siu c 

But, 1 + cos ^ = 2 cosH A (Plane Trig., Art. 86), 

and, sin J sin <? — cos 6 cos c = — cos (6 + c) (Art 73) ; 



hence. 



- _ . >. cos a •- cos (6 + c) 

2 eos^ I A = : — 5—^-^ ■ 

** sm sm c 



smi(a + 6 + <j) sm ^(6 4- c - a) 

or, cos' \A = - --^ ;— 4 — r— ^^-^= (Art. 85). 

' ** sin 6 sm c "^ ' 

Putting 5 = a + 6 + c, we shall have, 

^5 = 1 (a -f J + c) and ^5 — a = ^(6 + c — a) : 

hence. cos j^ =v/.g!gi(^) f (^^ - ^)/ 

V Rin /I sin /? 



sin h sin c 



cos 1 5 = W ^sin^(g)siu ( ig-6) ^ • 

'^ .Qin /?. sin /? 



sm a sm c 



COS 



1 (7-^ /s^^M^) sin {Is- c) ^ 
^ V sin a sin b 



(4) 



9. Had we subtracted each member of the first equa- 
tion in the last article, from 1, instead of adding, we should, 
by making similar reductions, have found, 



*> 



%m\A = y /sin \{a+b-c) sin \{a + . 
^ sin b sin c 

sin i J? = ^/ sin i(a + ^' - c) sin \lb + c - a)^ 

» sin #7. sin /* 



sm a sm c 



sin i <7 = W ^sin ^(a + c -- b) sin ^(6 + c - a) ^ 
*^ sin a sin i 



(5) 



S26 
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Patting s = a + b + c, we shall hare, 

ls—a=^{bhc—a), ^s—b=^(a+c—b), and ^s —c—l(a+b—e); 



hence, sin U = ^/^^^fZA^SIE3, 



sin b sin c 



sin i 5 = . /sin g^ - c) sin Qs - a ) 

V sin a sin c 

sin i C = ys^(^-^)8;^(^^-«) , 
'^ sin a sin 6 

10. From equations (4) and (6) we obtain, 



m 



tan^A =^ 8iP(i»-c ) Bin (js-b) ^ 
^ sin ^(s) sin (j« — a) 

taniJ5 =^w^ sin(la-c) sin(i8-a) ^ 
* sin i(s) ain {^s — b) 



(7) 



tan J =.y /^i^{^S'-h)sm(^s-a) ^ 
^ sin J (5) sin (Js — c) 

11 We may deduce the value of the side of a trian- 
gle in tqrms of the three angles by applying equations (5),. 
to the polar triangle. Thus, if a', 6', c', A*, B', C", repre- 
sent the sides and angles of the polar triangle, we shall 
have (b. IX., p. 6), 

A = 180° - a', B= 180° - b\ 0^ 180° - c'; 

a = 180° - A', b== 180° - £', and c = 180° - G' ; 

hence, omitting the ', since the equations are applicable to 
any triangle, we shall have. 



IS ^a = ^cos 1{A + B- C) cos jjA + C - B) ^ 
^ sin ^ sin (7 

,s J?, = ^cos|(^ + B- 0) cos \{B+ 0- A) ^ 
^ s sin A sin G 

^ /WH^ + 0- B) cos UB + G- A) 

>S i C = V — ; T—^~^ ' 

^ Sin ^ sm B 



(8) 



Putting 



S^ A + B + G, we shall have 
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IS- A = ^iC+B-A), ^S-B=::^{A+ C - B), 



and, 
hence, 



cos 



\S- C=\{A+B- C); 

^ sill B. sin G 

cos U - J<^H\S-C)cos{\S-A) ^ 
^ sin A sm C 



k») 



cos io ^^cos a^-^) "cos( ^^-^) ^ 
^ sin J. sin B 

12. All the formulas necessary for the solution of spheri- 
cal triangles, may be deduced from equations marked (1). 
K we substitute for cos b in the third equation, its value 
taken from the second, and substitute for cos^ a its value 
1 — sin^ a, and then divide by the common factor, sin a, 
we shall have, 

cos c sin a = sin c cos a cos B + sin h cos G 

^ . ,«x . . - sin jB sin c 

But equations (3) give sin o = 



hence, by substitution, 

cos c sin a = sin c cos a cos B + 

Dividing by sin c, we have, 

cos c 

—. — sin a = cos a cos B + 

sm c 



sin C ' 

sin B cos G sin c 

sin 67 

sin ^ cos G 
sin (7 



But, 



-,— =z cot (Art. 56). 
sin ^ . ' 



(10) 



Therefore, cot c sin a = cos a cos J5 + cot G sin J9. 

Hence we may write the three symmetrical equations, 
cot a sin h = cos h cos G + cot ^ sin G, 
cot & sin c = cos c cos A + cot J5 sin A, 
cot c sin a = cos a cos 5 4- cot f7 sin 5. 

That is: /?^ €yery spherical triangle^ the cotangent of one o, 
the sides into ilie sine of a second side^ is equal to the cosine 
of the second side into the cosine of the included angle^ plus the 
cotangent of ilw angle opposite the first side into the sine of the 
included angle. 
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napieb's analogies. 

13. If from the first and third of equations (1), cos c be 
eliminated, there will result, after a little reduction, 

cos A sin c = cos a sin b — cos G sin a cos b. 

From the second and third of equations (1), we get, 

cos i? sin c = cos 6 sin a — cos sin 6 cos a. 

Hence, by adding these two equations, and reducing, we 
shall have, 

sin c (cos A + cos 5) = (1 — cos C) sin (a + &)• 

^ . sin c sin a sin 6 , ,, ^ 

But since, —. — 7.= - — z = —. — yj* we shall have, 

sin smA sinij ' 

sin c (sin A + sin 5) = sin (sin a + sin &), 

and, sin c (sin A — sin J5) == sin G (sin a — sin b). 

Dividing these two equations, successively, by the preced- 
ing, member by member, we shall have, 

sin ^ + sin J5 _ sin C sin a + sin i 

cos A + cos B~~ i — cos G sin (a + b) 

sin J. — sin i? sin G sin a — sin b 

COS A + cos JJ ~~ 1 — cos G sin {a + b) 

reducing these by the formulas (Plane Trig., Arts. 85, 86), 
we have, 

w i . T^v , ^ <^os I (a — b) 

, . . -r^^ -. ^ sin 4 (a — b) 

tang }j (A - B) = cot -i G X -.— ; ) , ; V 

° -* ^ ^ • sm |(a + 6) 

Hence, two sides, a and 5, with the included angle G being 
given, the two other angles A and B may be found by the 
proportions^ 

cos J (a + b) : cos ^ (a — Z>) : : cot ^ G : tang i (^ 4- 5), 
sin i{a + 6) : sin ^(a — 6) : : cot ^ C7 : tang i(J. — B), 
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We may apply the same proportions to the triangle, polar 
to ABO^ by putting 

180^ - A', 180° - B\ 180° - a', 180° - h\ 180° - d, 

instead of a, &, J., B^ CJ respectively; and after reducing 
and omitting the accents, we shall have, 

cos ^(A + B) : cos \{A — B) : : tang ^c : tang i{a + b\ 
sm ^{A 4- B) : sin ^{A — B) : : tang ic : tang i(a — 6); 

by means of which, when a side c and the two adjacent 
angles A and B are given, we are enabled to find the two 
other sides a and b. These four proportions are known by 
the name of Napier's Analogies, 

14. In the case in which there are given two sides and 
an angle opposite one of them, there will in general be 
two solutions corresponding to the two results in Case 11., 
of rectilineal triangles. It is also plain, that this ambi- 
guity will extend itself to the corresponding case of the 
polar triangle, that is, to the case in which there are given 
two angles and a side opposite one of them. In every 
case we shall avoid all false solutions by recollecting, 

1st. That evei^y angle, and every side of a spherical trian* 
gle is less than 180°. 

2d. That the greater angle lies opposite the greater side, and 
the least angle opposite the hast side, and reciprocally. 

KAPIER*S CIRCULAR PARTS. 

15. Besides the analogies of Napier already demonstrat 
ed, that Geometer invented rules for the solution of all 
the cases of right-angled spherical triangles. 

In every right-angled spher- 
ical triangle BAC, there are 
six parts : three sides and three 
angles. If we omit the con- 
sideration of the right angle, 
which is always known, there 
are five remaining parts, two 
of which must be given before 
the others can be determined. 
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The circular parts^ as they 
are called, are the two sides c 
and b, about the right angle, 
the complements of the oblique 
angles B and (7, and the com- 
plement of the hypothenuse a. 
Hence, there are five circular 
parts. The right angle A not 
being a circular part, is supposed not to separate the cir- 
cular parts c and b, so that these parts are considered as 
lying adjacent to each other. 

'If any two parts of the triangle are given, their cor- 
responding circular parts are also known, and these, to- 
gether Avith a required part, will make three parts under 
consideration. Now, these three parts will all lie together, 
or one of tiiem will be separated from botJi of the . others, ' For 
example, if B and c were given, and a required, the three 
parts considered would lie together. 

But, if 5 and C were given, and b required, the parts 
would not lie together; for B would be separated from 
comp. G ' by the part comp. a, and from b by the part c. 
In either case, comp. 5 is the middle part. Hence, when 
there are three of the circular parts under consideration, 
the middle part is that one of them to which both of the others 
are adjacent, or from which both of them, are separated. In 
the former case, the parts are said to be adjacent, and in 
the latter case, the parts are said to be opposite. 

This being premised, we are now to pfove the follow- 
ing theorems for the solution of right-angled spherical tri- 
angles, which, it must be remembered, apply to the circu- 
lar parts, as already defined. 

1st. Radius into the sine of the middle part is equal to the, 
rectangle of ilie tangents of the adjacent parts, 

2d. Radius into the sine of the middle part is equal to the 
ftctangle of the cosines of the opposite paints. 

These theorems are proved by assuming each of the five 
circular parts, in succession, as the middle part, and by 
taking the extremes first opposite, and then adjacent 
Having thus fixed the three parts which are to be consid- 
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ered, take that one of the general equations for oblique- 
angled triangles, that will contain the three correspond- 
ing parts of the triangle, together with the right angle; 
then make A = 90°, and after making the reductions cor* 
responding to this supposition, the resulting equation will 
prove the rule for that particular case. 

For example, let comp. a, be the middle part and the 
extremes opposite. The equation to be applied in this 
case must contain a, i, c, and A. The first of equations 
(1) contains these four quantities: 

cos a = cos 6 cos c + sin 6 sin c cos A. 

If A = 90° cos ^ = 0; ^ 

hence, cos a = cos h cos c ; 

that is, radius, which is 1, into the sine of the middle 
part, (which is the complement of a,) is equal to . the rect- 
angle of the cosines of the opposite parts. 

Suppose, now, that the comple- 
ment of a were the middle part 
and the other parts adjacent. The 
equation to be applied must con- 
tain the four quantities a, 5, CJ and 
A. It is the first of equations (2): 

cos -4 = sin J? sin C cos a — cos B cos C 
Making A = 90°, we have, 

sin B sin (7 cos a = cos B cos Q 
or, cos a = cot 5 cot (7; 

that is, radius, which is 1, into the sine of the middle 
part is equal to the rectangle of the tangent of the com- 
plement of By into the tangent of the complement of CJ 
that is, to the rectangle of the tangents of the adjacent 
circular parts. 

Let us now take the comp. B^ for the middle part and 
the extremes opposite. The two other parts under consid- 
eration will then be the perpendicular b and the comp. of 
the angle C. The equation to be applied must contain the 
four parts A^ J?, (7, and t : it is the second of equations (2). 
cos B =•• sin A sin (7 cos i — cos A cos 0. 
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Making A = 90°, we have, 

cos 5 = sin 67 cos 6. 

Let comp. B be still the middle part and the extremea 
adjacent. The equation to be applied must then contain 
the four parts a, B^ c, and A. It is similar to equa* 
tions (10) ; 

cot a sin c = cos c cos B + cot A sin B. 

But, if ^ = 90°, cot ^ = ; 

hence, cot a sin c = cos c cos B : 

or, cos B = cot a tang c. 

By pursuing the same method of demonstration when each 
circular part is made the middle part, and making the 
terms homogeneous, when we change the radius from 1 to 
R (Plane Trig., Art. 87), we obtain the jfive following equa- 
tions, which embrace all the cases. 

R cos a = cos h cos c = cot B cot (7, 

Bcos B = cos b sin (7= cot a tang c, 

B cos C= cos c sin ^ = cot a tang J, |- (11) 

i? sin b = sin a sin ^= tang c cot 0, 

-B sin c = sin a sin (7 = tang i cot B. 

We see from these equations that, if the middle part is 
required we must begin the proportion with radius; and when 
one of the extremes is required we mu^t begin the proportion 
with Hie other extreme. 

We also conclude, from the first of the equations, that 
when the hypothenuse is less than 90°, the sides b and c 
are of the same species, and also that the angles B and 
C are likewise of the same species. When a is greater 
than 90°, the sides b and c are of different species, and 
the same is true of the angles B and (7. We also see 
from the last two equations that a side and its opposite 
angle are always of the same species. 

.These properties are proved by considering the algebraic 
signs which have been attributed to the trigonometrical 
functions, and by remembering that the two members of 
an equation must always have the same algebraic sign. 
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SOLUTION OF RIGHT-ANGLED SPHERICAL TRIANGLES BT 
LOGARITHMS. 

16. It is to be observed, that when any part of a tri- 
angle becomes known by means of its sine only, there may 
be two values for this part, and consequently two triangles 
that will satisfy the question; because, the same sine which 
corresponds to an angle or an arc, corresponds likewise to 
its supplement. 'This will not take place, when the un- 
known quantity is determined by means of its cosine, its 
tangent, or cotangent. In all these cases, the sign will 
enable us to decide whether the part in question is less or 
greater than 90® ; the part is less than 90°, if its cosine, 
tangent, or cotangent, has the sign + ; it is greater if one 
of these quantities has the sign — . 

In order to discover the species of the required part of 
the triangle, we shall annex the minus sign to the loga- 
rithms of all the elements whose cosines, tangents, or co- 
tangents, are negative. Then, by recollecting that the pro- 
duct of the two extremes has the same sign as that of the 
means, we can at once determine the sign which is to be 
given to the required element, and then its species will be 
known. 

It has already been observed, that the tables are calcu- 
lated to the radius i?, whose logarithm is 10 (Plane Trig., 
Art. 100) ; hence, all expressions involving the circular funo- 
tions, must be made homogeneous, to adapt them to the 
logarithmic formulas. 

EXAMPLES. 

1. In the right-angled spherical 
triangle BAO^ right-angled at A^ 
there are given a = 64° 40' and 
h = 42° 12' : required the remain- 
ing parts. 

First, to find the side c. 
The hypothenuse a corresponds to the middle part, and 
the extremes are opposite: hence, 

R cos a = cos b cos c, or, 




884 SPHEEICAL TEIGONOMETRY. 

cos 6 42° 12' ar.comp. log. 0.130296 

: R 10.000000 

: : cos a 64° 40' .... 9.631326 

: cos c 54° 43' 07" .... 9.761622 

To find the angle B. 

The side 6 is the middle part and the extremes oppo- 
site: hence, 

i? sin i = cos (comp. a) X cos (comp. B) = sin a sin B. 

sin a 64° 40' ar. comp. log. 0.043911 

: sin b 42° 12' .... 9.827189 

:: li 10.000000 

: sin B 48° 00' 14" .... 9.871100 

To find the angle G 

The angle G is the middle part and the extremes adja- 
cent: hence, 

R cos G = cot a tang b. 

R . . ar.comp. log. 0,000000 

: cot a 64° 40' . . , . 9.675237 

: : tang 6 42° 12' .... 9.957485 

: cos G 64° 34' 46" .... 9.632722 

2. In a right-angled triangle BAG^ there are given the 
bypothenuse a = 105° 34', and the angle B = 80° 40' : re- 
quired the remaining parts. 

To find the angle (7. 
The hypothenuse is the middle part and the extremes 
adjacent : hence, 

R cos a = cot B cot C. 

cot B 80° 40' ar.comp. log. 0.784220 + 

: cos a 105° 34' ..... 9.428717 - 

R . . . . . ' . 10.000000 + 

: cot G 148° 30' 54" .... 10.212937 - 

Since the cotangent of G is negative, the angle G is greater 
than 90°, and is the supplement of the arc which would 
correspond to the cotangent, if it were positive. 
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To find the side c. 

The angle B corresponds to the middle part, and the 
extremes are adjacent: hence, 



jB cos J? = cot a tang c. 




cot a 105° 34' ar. comp. log. 
R 

cos B 80° 40' ... . 


0.555053 - 

10.000000 + 

9.209992 + 


tang c 149° 47' 86" 


9.765045 - 



To find the side h. 

The side h is the middle part and the extremes are 
opposite: hence, , 

i2 sin i = sin a sin B. 



R . ar, comp. 

: sin a 105° 34' 

: sin B 80° 40' 

: sin b 71° 54' 33" 



log. 



0.000000 
9.983770 
9.994212 

9.977982 



OF QUADRAKTAL TRIANGLES. 

17. A quadrantal spherical triangle is one which has 
one of its sides equal to 90°, 

Let BAO be a quadrantal tri- 
angle of which thQ side a = 90°. 
If we pass to the corresponding 
polar triangle, we shall have 

A' = 180° - a = 90°, B' = 180° - 6, 
C = 180° -c, a' = 180° - A, 
h' = 180''-B, c' = 180°-(7; 

from which we see, that the polar triangle will be right- 
angled at A\ and hence, every case may be referred to a 
right-angled triangle. 

But we can solve the quadrantal triangle by means rf 
the right-angled triangle in a manner still more simple. 
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Let the side BG of the quad- q 

rantal triangle BA CJ be equal to /\ 

90° ; produce the side CA till CD / \ 

is equal to 90°, and conceive the y/^ \ 

arc of a great circle to be drawn ^^^ k 

through B and D, "^^^ — --^'j 

Then G will be the pole of \.^.^^ "^ M 

the arc BD^ and the angle a***--— ,/ 

will be measured by BD (b. ix., 

p. 4), and the angles GBD and B will be right angles. 
Now before the remaining parts of the quadrantal* triangle 
can be found, at least two parts must be given in addition 
to the side BG = 90° ; in which case two parts of the 
right-angled triangle BDA^ together with the right angle, 
become known. Hence, the conditions which enable us to 
determine one of these triangles, will enable us also to 
determine the other. 

EXAMPLES. 

1. In the quadrantal triangle BGA^ there are given 
CB = 90°, the angle G = 42° 12', and the angle A = 115° 20^; 
required the remaining parts. 

Having produced GA to D^ making GB = 90°, and 
drawn the arc BD^ there will then be given in the right- 
angled triangle BAD^ the side a ^ G =^ 42° 12', and the 
angle BAD = 180° - BAG = 180° - 115° 20' = 64° 40', to 
find the remaining parts. 

To find the side d. 
The side a is the middle part, and the extremes oppo- 
site: hence, 

i? sin a = sin A sin d. 



sin 
sin 


A 
R 
a 
d 


64° 40' ar. comp. 

42° 12' 

48" 00' 14" . 


log. 

• • 

• • 


0.043911 

10.000000 

9.827189 


sin 


0.871100 



To find the angle B. 

The angle A corresponds to the middle part, and the 
extremes are opposite: hence, 
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B cos A = mnB cos a. 



cos a 42" 12' ar. comp. log. 

: B 

: : cos ^ 64° 40' 


0.130296 

10.000000 

9.631326 


: sin B 35° l6' 53" ... 


9.761622 


To find the side b. 




Tlie side b is the middle part, and the extremes are 
adjacent: hence, 


B sinb — cot A tang a. 




jB , . ar. comp. log. 


0.000000 



: cot 4 64° 40* . . . . 9.675287 

:.: tang a 42° 12' .... 9.957485 

: sin b 25° 25' 14" .... 9.63272 2 

Hence, C4 = 90° - 6 = 90° - 25° 25' 14" = 64° 34' 46" 
CBA = 90° - ABD = 90° - 35° 16' 53" = 54° 43' 07" 
BA = d . . . . . .= 48° 00' 14" 

2. In the right-angled triangle BAG, right-angled at j*,. 
there are given a = 115° 25', and c = 60° 69' : required, 
the remaining parts. 

( 5 = 148° 66' 45" 

Ans. -1(7= 75° 30* 38" 

(.6 = 152° 13' 50" 

8. In the right-angled spherical triangle BAG, right- 
angled at A, there are given c = 116° 80' 43", and b = 
29° 41' 82" : required the remaining parts. 

( G = 103° 52' 46" 

Ans. \b= 32° 30* 22" 

( a = 112° 48' 58" 

4. In a quadrantal triangle, there are given the quad- 
rautal side = 90°, an adjacent side = 115° 09', and the ia- 
cluded angle — 115° 55' : required the remaining parts. 

( side, 118° 18' 19" - 

I "°S'^' i 101° 40* 07"- 

22 
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aOLUTION OF ^OBLIQUE-ANGLED TRIANGLES BY LOGARITniCS. 

18. There are six cases which occur in the solutio^i of 
oblique-angled spherical triangles. 

1. Having given two sides, and an angle opposite one 
of them. 

2. Having given two angles, and a side opposite on© 
of them. 

S. Having given the three sides of a triangle, to find 
the angles. 

4. Having given the three angles of a triangle, to find 
the sides. 

5. Having given two sides and the included angle. 

6. Having given two angles and the included side. 

CASE L 

Given two sides, and an angle opposite one of them, to find 
the remaining parts. 

19. For this case, we employ proportions (8) ; 

sin a : sin 6 : : sin A 

Ex, 1. Given the side a = 
44° 13' 45", h = 84° 14' 29", 
and the angle A -= 82° 26' 07" : 
required the remaining parts. 

To find the angle B. 

sin a 44° 13' 45" ar. comp. Ibg. 0.156437 

: sin h 84° 14' 29" . . . . 9.997803 

: : sin A 32^ 26' 07" .... 9.729445 

: sin B 49^^ 54' 38", or sin B' 180° 5' 22" 9.883685 

Since the sine of an arc is the same as the sine of its 
supplement, there are two angles corresponding to the 
logarithmic sine 9.883685, and these angles are supple- 
ments of each other. It does not follow, however, that 
both of them will satisfy all the other conditions of the 
question. K they do, there will be two triangles ACB\ 
ACB] if not, there will be but one. 
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To determine the circumstances under which this ambi- 
guity arises, we will consider the 2d of equations (1) 

cos b = cos a cos c + sin a sin c cos B, 

from which we obtain, 

^ cos b — cos a cos c 

cos B = : : • 

sm a sm c 

Now, if cos b be greater than cos a, we shall have, 

cos b > cos a cos c, 

or, the sign of the second member of the equation will 
depend on that of cos b. Hence, cos B and cos b will have 
the same sign, or B and b will be of the same species, 
and there will be but one triangle. 

But when cos b > cos a, then sin i < sin a : hence, 

If the sine of the side opposite the required angle be less than 
the sine of the other given side^ there vnll be but one triangle. 
If, however, sin b > sin a, the cos b will be less than 
cos a, and it is plain that such a value may then be given 
to c, as to render 

cos b < cos a cos c, 

or, the sign of the second member may be made to depend 
on cos c. 

We can therefore give such values to c as to satisfy the 
two equations, 

cos b — cos a cos c 



+ cos B= 
— cos jB = 



sin a sin c 

cos b — cos a cos c 
sin a sin c 



hence, if the sine of the side opposite the required angle be 
greater than the sine of the other given side, there mill be tvx> 
triangles which will fulfil tlie given conditions. 

Let us, however, consider the triangle ACB, in which 
we are yet to find the base AB and the angle (7. We can 
find these parts by dividing the triangle into two right- 
angled triangles. Draw the arc OP perpendicular to the 
l/ase AB : then, in each of the triangles there will be given 
the hypothenuse and the angle at the base. And generally. 
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when it is proposed to solve aa oblique-angled triangle by 
means of the right-angled triangle, we must so draw the 
perpendicular, that it shaU pass Uirovgh Hie extremity of a 
given side^ and lie opposite to a given angle. 

To find the angle C, in the triangle ACD. 

cot A 82° 26' 07" ar. comp. log. 9.803105 

: R 10.000000 . 

: : cos h 84° 14' 29" .... 9.001465 

: cot ul CD 86° 21' 06" • . . . 8.804570 



To find the angle C in the triangle DCB. 



Hence, 



cot B 49° 54' 38" ar, comp. log. 

B 

cos o 44° 13' 45" . 


0.074810 

10.000000 

9.855250 


cot i?C!B 49° 85' 38", . . . 


9,930060 


3, ^GB=135° 56'44", 




To find the side AB. 




sin A 32° 26' 07" ar. comp, log, 
sin C 135° 56' 44" . 
sin o 44° 13' 45" . 


0.270555 
9.842198 
9.84356S 



: sin c 115° 16' 12" .... 9.956316 

The arc 64° 43' 48", which corresponds to sin c is not 
the value of the side AB: for the side AB must be 
greater than b, since it lies opposite to a greater angle. 
But b = 84° 14' 29" : hence, the side AB must be the 
supplement of 64° 43' 48", or, 115° 16' 12". 

Ex. 2. Given b = 91° 03' 25", o = 40° 36' 37", and 
A = 85° 57' 15": required the remaining parts, when the 
obtuse angle B is taken, 

(5=115° 35' 41" 

Ans.\o= 58° 30' 67" 

( c = 70° 68' 62" 
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CASE II. 

Saving given two angles and a side opposite one of ihern^ to 
find the remaining parts. 

20. For this case, we employ the proportions (S). 
sin A : sin j5 : : sin a : sin 6. 

jEc 1. In a spherical triangle ABC, C 

there are given the angle A = 50° 12', ^^.•'''' /\ '*'*\ 
£ = 58° 8', and the side a = 62° ^2' ] ^%:^,/\\^^\' 
to find the remainiAg parts. B" " A 

To find the side 5. 

sin A .50° 12' ar. comp. log. 0.114478 

: sin £ 58° 08' 9.929060 

: : sin a 62° 42' 9.948715 

: sin b 79° 12' 10", or, 100° 47' 50" 9.992243 

We see here, as in the last example, that there are two 
angles corresponding to the 4th term of the proportion, and 
these angles are supplements of each other, since they h4ve 
the same sine. It does not follow, however, that both of 
them will satisfy all the conditions of the question. If 
they do, there will be two triangles; if not there will be 
but one. 

To determine when there are two triangles, and also 
when there is but one, let us consider the second of equa- 
tions (2), 

cos J? = sin A sin C cos b — cos A cos 0^ 

, . , . , cos B + cos A cos G 

which gives, cos o = -. — i, — : — 77 • 

° ' sin A sm U 

Now, if cos B be greater than cos J, we shall have, 

cos J? > cos -4 cos C, 

and hence, the sign of the second member of the equa- 
tion will depend on that of cos Bj and consequently cos b 
and cos B will have the same algebraic sign, or b and B 
will be of the same species. But when cos B > cos A the 
sin J? < sin -4 : hence, 

J^ the sine of Hie angle opposite the required side be less 
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than the sine of the other given angle, there mill be hvJt one 
$olviion. 

If, however, sin B > sin A, the cos B will be less than 
cos -4, and it is plain that such a value may then be given 
to cos (7, as to render 

cos B < cos A cos (7, 

or, the sign of the second member of the equation maj 
be made to depend on cos C. We can therefore give such 
values to (7 as to satisfy the two equations, 

cos J5 + cos J. cos C 



+ cos 6 = 
and — cos i = 



sin A sin C 

cos Jg + cos ^ cos C 
sin -4. sin (7 



Hence, if the sine of the angle opposite the required side 
he greater than the sine of the other given angle, there will be 
tvjo solutions. 

Let us first suppose the side b to be less than 90°, or, 
equal to 79° 12' 10". 

If, now, we let fall from the angle C, a perpendicular 
on the base BA, the triangle wil be divided into two right- 
angled triangles, in each of which there will be two parts 
known besides the right angle. 

Calculating the parts by Napier's rules, we find, 

C= 130° 54' 28" 
c = 119° 03' 26'' 

If we take the side b = 100° 47' 50", we shall find, 

(7=156° 15' 06" 
c = 152° 14' 18" 

Ex, 2. In a spherical triangle ABC, there are given 
A = 103° 59' 57'-, J?= 46° 18' 07", and a = 42° 08' 48"; 
required the remaining parts. 

There will be but one triangle, since sin B < sin A, 

( & = 80° 
Ans. ^ (7= 86° 07' 54" 
( c = 24° OS' 66" 



SPHERICAL TEIGONOMETRY. 348 

CASE III. . 

Having given the three sides of a spherical triangle, to find the 

angles. 

21. For this case we use equations (4), 



cos M = Wsm^.siD(i ^j^) 
" sm sin c 

Ex. 1. In an oblique-angled spherical triangle, there are 
given a = 56° 40', b = 83" 13', and c = 114° 80' : requir- 
ed the angles. 

^{a + b + c)=^s = 127° 11' 30", 
i(J 4- c - a) = (Js - a) = 70° 31' 30". 

log sin is 127° 11' 30''. . . 9.901250 

log sin (J« - a) 70° 31' 30" . . . 9.974413 

- log sin b 83° 13' ar. comp. 0.003061 

- log sin c 114° 30' ar, comp. 0.040977 

Sum 19.919691 

Half sum = log cos J A 24° 15' 39" . , . 9.959845 

Hence, angle A = 48° 31' 18". 

The addition of twice the logarithm of radius, or 20, 
to the numerator of the quantity under the radical, just 
cancels the 20 which is to be subtracted on account of the 
arithmetical complements, so that the 20, in both cases, 
may be omitted. 

Applying the same formulas to the angles B and O, we 
find, 

B = 62° 55' 46" 
C = 125° 19' 02" 
Ex. 2. In a spherical triangle there are given a = 40' 
18' 29", b = 67° 14' 28", and c = 89° 47' 06" : required 
the three angles. 

tA= 34° 22' 16" 

Ans.\B= 53° 35' 16' 

( = 119° 13' 32" 



Mi 
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CASE IV. 

Having given the Hiree angles of a spherical triangle, to find 
the three sides. 

22. For this case we employ equations (9). 



cos ia = IiJ^MEK^MI^. 
" sin B sin C 

Mc 1. In a spherical triangle ABO there are given 
4 = 48° 80', B= 125" 20', and C= 62° 54' ; required the 
sides. 

^{A+B + Cy=iS= 118° 22' 
{^S-A) . . = 69° 52' 
l^S - B) . . =r - 6° 68' 
{^S- C) . . = 65° 28' 
log cos {^S-B) - 6° 68' 
log coa {^S- C) 55° 28' 

— log sin B 125° 20* ar, comp. 

— log sin C 62° 54' ar. comp. 

Sum 

Half sum = log cos ia 28° 1^ 48" . 

Hence, side a = 66° 39' 86". 

In a similar manner we find, 

b = 114° 29' 58" 
c = 83° 12' 06" 

Mk. 2. In a spherical triangle ABG, there are given 
A = 109° 55' 42", B= 116° 38' 33", and C= 120° 43' 87"; 
required the three sides. 

ia= 98" 21' 40" 

Ans.\b= 109° 60' 22" 

( c = 115° 13' 26" 



9.996782 
9.763495 
0.088415 
0.050606 
19.889198 
9.944699 



CASE V. 



Hiving given in a spherical triangle, two sides and their »»• 
cltcded angle, to find the remaining parts. 

23. For this case we employ the two first of Napier's 
Analogies. 
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cos i{a + b) : eos •J-(a — J) : : cot ^ (7 : tang |(^ + B), 
sin i(a + 6) : sin i{a — fi) : : cot ^ (7 : tang |(4 — 5). 

Having found the half sum and the half difference of 
the angles A and B, the angles themselves become known ; 
for, the greater angle is equal to the half sum plus the 
half difference, and the lesser is equal to the half sum 
minus the half difference. 

The greater angle is then to be placed opposite the 
greater side. The remaining side of the triangle can be 
found by Case 11. 

jEc. 1. In a spherical triangle ABC, there are given 
a = 68° 46' 02", b = 87° 10', and (7= 39° 23'; to find 
the remaining parts. ^ 

^ i(a + 6) = 52° 58' 1", i{a - 6)= 15° 48' 01", i(7= 19° 41' 30". 

cos i(a + b) 52° 58' 01" log. ar. comp. 0.220205 

: cos i{a-b) 15° 48' 01" . . . 9.983272 

: : cot iG 19° 41' 30" . . . 10.446253 

: tang i{A + B) 77° 22' 25" . . . 10.649730 

sin i{a + b) 52° 58' 01" log. ar. comp. 0.097840 

: sin i{a-b) 15° 48' 01" . . . 9.435023 

: : cot iO 19° 41' 30" . . . 10.446253 

: tang i(4-.£)43° 37' 21" . . . 9.979116 

Hence, A = 77° 22' 25" + 43° 37' 21" = 120° 59' 47" 
B = 77° 22' 25" - 43° 37' 21" = 33° 45' 03" 
'v side c . . . , . = 43° 37' 37" 
JEx. 2. In a spherical triangle ABOj .there are given 
b = 83° 19' 42", c = 23° 27' 46" ; the contained angle 
A = 20° 39' 48" : to find the remaining parts. 

(5=156° 30 16" 

Ans. < 0= 9° 11' 48" 

( a = 61° 32' 12" 

CASE VI. 

Tn a spherical triangle, having given two angles and the in* 
eluded side, to find the remaining parts, 

24. For this case, we employ the second of Napier's 
Analogies. 
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cobI{A + B) : cos J (A — B) :: tang ^c : tang ^(a + 6), 
ahi^{A + B) : sin ^{A — B) :: tang Jc : tang J(a — 6). 

From which a and 6 are found as in the last case. The 
remaining angle can then be found by Case I. 

Mc. 1. In a spherical triangle ABC, there are given 
A = 81° 38' 20", B = 70° 09' 38", c = 59° 16' 23" : to 
'find the remaining parts. 

\iA+B)=75° 53' 59", i{A-B)=5'' 44' 21", ^c=29° 38' 11". 

cos i{A+B) 75° 53' 59" log. ar. comp. 0.613287 

: cos ^{A- B) 5° 44' 21" . . . 9.997818 

:: tangle , 29° 38' 11" . . . 9.755051 

: tang i (« + *) 66° 42' 52" . . . 10.366156 

sin ^{A + B) 75° 53' 59" log. ar. comp. 0.018286' 

: sin f{A- B) 5° 14' 21" . . . 9.000000 

:: tang Ic 29° 38' 11" . . . 9.755051 

: tang |(a - b) 3° 21' 25" . . . 8.768337 

Hence, a = 66° 42' 52" + 3° 21' 25" = 70° 04' 17" 
b = 66° 42' 52" - 3° 21' 25" = 63° 21' 27" 
angle . . . . = 64° 46' 33" 

Mc. 2. In a spherical triangle ABC, there are given 
A = 34° 15' 03", B = 42° 15 13", and c = 76° 35' 36" : 
to find the remaining parts. 

(a= 40° 00' 10" 

Ans. \b= 50° ib' 80" 

( C= 121° 86' 19" 
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1. We determine tlie area, or contents of a surface, by 
finding how many times the given surface contains some 
other surface which is assumed as the unit of measure. 
Thus, when we say that a square yard contains 9 square 
feet, we should understand that one square foot is taken for 
the unit of measure, and that this unit is contained 9 times 
in the square yard. 

2. The most convenient unit of measure for a surface, 
is a square whose side is the linear unit in which the linear 
dimensions of the figure are estintated. Thus, if the linear 
dimensions are feet, it will be most convenient to express 
the area in square feet ; if the linear dimensions are yards, 
it will be most convenient to express the area in square 
yards, &c. 

3. We have already seen (b. iv., p. 4, s. 2), that the term, 
rectangle or product of two lines, designates the rectangle 
constructed on the lines as sides; and that the numerical 
value of this product expresses the number of times which 
the rectangle contains its unit of measure. 

4. To find the area of a square, a rectangle, or a parallel- 
ogram. 
Multiply the hose hy the altitude^ and the product will he the 
area (b. iv., p. 5). 
Ex. 1. To find the area of a parallelogram, the base 
being 12.25, and the altitude 8.5. Arts. 104.125. 

2. What is the area of a square whose side is 204.3 
feet? Arts. 41738.49 sq.ft. 

3. What are the contents, in square yards, of a rectan- 
gle whose base is 66.3 feet, and altitude 33.3 feet? 

Arts. 245.31. 
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4. To find the area of a rectangular board, whose 
length is 12 J feet, and breadth 9 inches. Ans, 9| sq. ft 

5. To find the number of square yards of painting in 
a parallelogram, whose base is 87 feet, and altitude 5 feet 
8 inches. Am, 21^. 

5. To find the area of a triangle. . 

CASE I. 

When the base and altitude are given. 

Multiply the lose by the aUUvde^ and take ludf the product 

Or, multiply one of these dimensions by half the oilier 

(b. IV., p. 6). 

Ex. 1. To find the area of a triangle, whose base is 625, 
and altitude 520 feet. Ans. 162500 sq, ft 

2. To find the number of square yards in a triangle, 
whose base is 40, and altitude 80 feet. Ans. 66f . 

8. To find the number of square yards in a triangle, 
whose base is 49, and altitude 2b\ feet. Ans. 68.7361. 

CASE II, 

6. When two sides and their included angle are given. 

Add together the logarithms of the two sides and the logarithm 
mic sine of their included angle; from this sum subtro/d 
the logarithm of the radius, which is 10, and the remainder 
will be Hie logarithm of double tJie area of the triangle. 
Find, from the table, the number answering to this logarithm^ 
and divide it by 2] the quotient will be the required area. 

Let BAC be a triangle, in which 
there are given BA, BG, and the in- 
cluded angle B, 

From the vertex A draw AD per- 
pendicular to the base BG, and repre- ^ 
sent the area of the triangle by Q. Then (Trig. Th. L), 
E : sm B :: BA : AD] 
BA X sin B 




hence, AD = 



B 



T5 * r. BGX AD ,.^ ^. 
But, Q = (Art. 5) : 



Then, log. 2 $ = 
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hence, by substituting for AD its value, we have, 

^ BOX BAx sin B „^ BG X BA X mi B 
^ ^= 2B ' «''. 2G = ^ —• 

Taking the logarithms of both members, we have, 
log. 2 g = log. BG + log, BA + log. sinjB - log B] 
the formula of the rule as enunciated. 

Ex. 1. What is the area of a triangle whose sides are, 
BC = 125.81, BA = 57.65, and the included angle B =s 
57^ 25'? 

' + log. BG 125.81 2.099716 
+ log. BA 57.65 1.760799 
+ log. sinjB bV 25' 9.925626 

- log. B . . -10 

log. 2 ^ / • . . . 8.786140 

and 2 C = 6111.4, or ^ = 3055.7, the required area. 

2. What is the area of a triangle whose sides are 80 
and 40, and their included angle 28** 57' ? 

Ans. 290.427. 

8. What is the number of square yards in a triangle 
of which the sides are 25 feet and 21.25 feet, and their 
included angle 45° ? Am. 20.8694. 

CASE IIL 

7. When the three sides are known. 

1. Add the three sides toget/ier, and take half their sum, 

2. From this half-sum svhtract each side separately. 

8 Multiply together the half-sum and each of the three re 
mxiinderSy and the product will be Hie square of the area 
of the triangle. Then^ extract the square root of this pro* 
ductj for tfie required area. 

Or, AJier having obtained the three remainderSj add together 
the logarilJim of the half sum and the logarithms of the 
respective remainders^ and divide their sum by 2: the quo^/ 
tient tviU be the logarithm of the area. 
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Let -4.CB be a triangle: and denote 
the area by Q : then, by the last case, 
wo have, 

g = J Jc X sinA 
But, we have (Plane Trig., Art. 78), 

sin -4. = 2 sin iA cos iA ; 
hence, ^ = 6c sin ^^ cosiA. 

By substituting in this equation the values of sin iA, and 
cos iA, found in Arts. 92 and 93, Plane Trigonometry, we 
obtain, 

e= V sis- a) (s-b) (s-c). 
Ex, 1. To find the area of a triangle whose three sides 
20, 30, and 40. 

20 45 45 45 half-sum. 

30 20 30 40 

40 25 1s t rem, 15 2d rem. _^ 3d rem. 

2)90 
45 half-sum. 
Then, 46 X 25 X 15 X 5 = 84375. 

The square root of which is 290.4737, the required area. 

2. How many square yards of plastering are there in a 
triangle whose sides are 30, 40, and 50 feet ? Ans. 66f . 

8. To find the area of a trapezoid,- 

Add together the two parallel sides : then multiply their sum by 
the altitude of Hie trapezoid, and half the product will be 
the required area (b. IV., P. 7). 
Ex. 1. In a trapezoid the parallel sides are 750 and 

1225, and the perpendicular distance between them is 1540 ; 

what is the area? Ans, 152075. 

2. How many square feet are contained in a . plank, 
whose length is 12 feet 6 inches, the breadth at the greater 
end 15 inches, and at the less end 11 inches? 

Ans. 18i^ sq. ft 

3. How many square yards are there in a trapezoid, 
whose parallel sides are 240 feet, 320 feet, and altitude 66 
feet? Ans. 2053i. 



i 
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9. To find the area of a quadrilateral. 

Join two of the angles by a diagonal, dividing the qitadrilateral 
into two triangles. Then, from each of the other angles 
let fall a perpendicular on the diagonal: then multiply the 
diagonal hy half the sum of the two perpendiculars, and 
the product will he the area. 
Ex. 1. What is the area of the 
quadrilateral ABCD, the diagonal 
AO being 42, and the perpendic- 
ulars Dg, Bbj equal to 18 and 16 feet ? 

Ans, 714. 

2, How many square yards of paving are there in the 
quadrilateral whose diagonal is 65 feet, and the two per- 
pendiculars let fall on it -28 and 83^ feet? Ans, 222^'^. 

10. To find the area of an irregular polygon. 

Draw diagonals dividing the proposed polygon into trapezoids 
and triangles. Then find the areas of these figures sepa- 
rately, and add them together for the contents of the whole 
polygon. 

Ex, 1, Let it be required to deter- 
mine the contents of the polygon 
ABODE, having five sides. 

Let us suppose that we have 
measured the diagonals and perpen- 
diculars, and found AG = 86.21, 
EG= 39.11, Bh = 4:, I)d=^ 7.26, Aa 
area. 




4.18 : required the 
Ans. 296.1292. 



11 



To find the area of a long and irregular figure, 
bounded on one side by a right line. 

1. At the extremities of the right line measure the perpendicu- 
lar breadths of the figure; then divide the line into any 
number of equal parts, and measure the breadth at each 
point of division. 

2. Add together the inta^mediate breadths and half die sum of 
the extreme ones: then multiply this sum by one of the 
equal parts of the base line : the product vnU be the require 
ed area, very nmrly. 
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Let AEea be an irregular figure, ^^ 

having for its base the right line r-->.§ — T \ j 

AE, Divide AE into equal parts, '» '■ 1 — i- — ^ 

and at the points of division A^ B, 

C, D, and E, erect the perpendiculars Aa, Bb, Cb, Dd, Ee^ 

to the base line AE^ and designate them respectively by 

the letters a, 6, c, d, and e. 

It 

Then, the area of the trapezoid ABha = — ^ — X AB^ 

6 + c 
the area of the trapezoid BCcb = — ^— X BG^ 

c + rf 
the area of the trapezoid CDdc=^ —j: — X CD, 

d + e 
and the area of the trapezoid BEed = — ^ — X BE ; 

hence, their sum, or the area of the whole figure, is equal to 

since AB^ BC^ &c., are equal to each other. But this sum 
is also equal to 

(^ + 6 + c + d + y)x AB, 

which corresponds with the enunciation of the rule. 

Ex. 1. The breadths of an ,irregular figure at five equi- 
distant places being 8.2, 7.4, 9.2, 10.2, and 8.6, and the 
length of the base 40: required the area. 

8.2 4)40 

8.6 10 one of the equal parta 
2 )16.8 

8.4 mean of the extremes. 

7.4 35.2 sum. 

9.2 _10 

10.2 352 = area. 
85.2 sum. 

2.'- The length of an irregular figure being 84, and the 
breadths at six equidistant places 17.4, 20.6, 14.2, 16.5, 20.1, 
and 24.4; what is the area? Ans. 1550.64. 
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12. To find the area of a regular polygon. 

Multiply half the perimeter of the polygon by the apoihem^ 
or peipendicular let fall fvm Hie centre on one of the sides^ 
and the product loill he the area required (b. v., p. 8). 

Remark I. — The following is the manner of determining 
tJirt perpendicular when one side and the number of sides 
lof the regular polygon are known : 

First, divide 860 degrees by the number of sides of 
the polygon, and the quotient will be the angle at the 
centre ; that is, the angle subtended by one of the equal 
sides. Divide this angle by 2, and half the angle at the 
centre will then be known. 

Now, the line drawn from the centre to an angle of the 
polygon, the perpendicular let fall on one ,of the equal 
sides, and half this side, form a right-angled triangle, in 
which there are known the base, which is half the side of 
the polj^gon, and the angle at the vertex. Hence, the per- 
pendicular can be determined. 

Ex. 1. To find the area of a reg- 
ular hexagon, whose sides are 20 feet 
each. 

6)860° 

60° = A CBj the angle at the centre. 
30° = ACB, half the angle at centre. 

Also, CAD = 90° - ^CD = 60° ;• 

and, AD =10, 

Then, sin ^ CD . 80°, ar. comp. 

: sin CAD . 60°, 

: : AD ,. 10, ... 

: CD . 17.8205 

Perimeter = 120, and half the perimeter = 60. 

Then, 60 X 17.8205 = 1039.28, the area. 

2. What is the area of an octagon whose side is 20? 

Ans. 1981.86886. 
Remark II. — The area of a regular polygon of any 
number of sides is easily calculated by the above rule. 

23 




0.801080 
9.987531 
1.000000 
1.238o61 
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Let the areas of the regular polygons whose sides are unity, 
or 1, be calculated and arranged in the following 

TABLE. 



XAMES. 


BIDEB. 


AREAS. 


NAMES. 


BIDES. 


AREAS. 


Triangle . 


. 8 . 


. 0.4830127 


Octagon . 


. 8 . 


4.8284271 


Square 


. 4 . 


. 1.0000000 


Nonagon . 


. 9 . 


6.1818242 


Pentagon , 


. 6 . 


. 1.7204774 


Decagon . 


. 10 . 


7.6942088 


Hexagon . 


. 6 . 


. 2.5980762 


Undecagon 


. 11 . 


9.3656399 


Heptagon 


. 1 . 


. 3.6339124 


Dodecagon 


.12 . 


11.1961524 



Now, since the areas of similar polygons are to each 
other as the squares of their homologous sides (b. IV., p. 27), 
we have, 

2 

1 : any side squared : : tabular area : area. 
Hence, to find the area of any regular polygon, 

1. Square the side of the polygon. 

2. Then multiply that square hy the tabular area set opposite 
the polygon of the same number of sides, and the product 
will be tlie required area. 

Ex, 1. What is the area of a regular hexagon whose 
side is 20? 

20^ = 400, tabular area = 2.5980762. 
Hence, 2.5980762 X 400 = 1039.2804800, as before. 

2. To find the area of a pentagon whose side is 25. 

Ans. 1075.298375. 

3. To find the area of a decagon* whose side is 20. 

Arts. 3077.68352. 

13. To find the circumference of a circle when the diame- 
ter is given, or the diameter when the circumference is 
given. 

Xtultiply the diameter by 3.1416, ani the product will be the 
circumference; or, divide the circumference by 3.1416, and 
the quotient will be the diameter. 

It is shown (b. v., p. 16, s. 1), that the circumference of 
a circle whose diameter is 1, is 8.1415926, or 8.1416. But, 
since the circumferences of circles are to each other as their 
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radii or diameters, we have, by calling the diameter of the 
. second circle cf, 

1 : d : : 3.1416 : circumference, 

hence, d X 3.1416 = circumference. 

T_r 1 7 circumference 
Hence, also, d = sHie 

Ux. 1. What is the circumference of a circle whose 
diameter is 25 ? Ans, 78.54. 

2. If the diameter of the earth is 7921 miles, what is 
the circumference? Arts. 24884.6136. 

3. What is the diameter of a circle whose circumfer- 
ence is 11652.1904? Am. 3709. 

4. What is the diameter of a circle whose circumfer- 
ence is 6850? Ans. 2180.41. 

14. To find the length of an arc of a circle containing any 
number of degrees. 

Multiply the number of degrees in the given arc hy 0.0087266, 
.and the product hy the diameter of the circle. 

Since the circumference of a circle whose diameter is 1, 

is 3.1416, it follows, that if 3.1416 be divided by 360 

degrees, the quotient will be the length of an arc of I 

R 1 4-1 fi 
degree : that is, ' />/^ = 0.0087266 = arc of one degree 

to the diameter 1. This being multiplied by the number 
of degrees in an arc, the product will be the length of 
that arc in the circle whose diameter is 1; and this pro- 
duct being then multiplied by the diameter, the product is 
tho^ length of the arc for any diameter whatever. 

Eehark. — When the arc contains degrees and minutes, 
reduce the minutes to the decimal of a degree, which is 
doi.e by dividing them by 60. 

Ex. 1. To find the length of an arc of 30 degrees, the 
diameter being 18 feet. Ans. 4.712364. 

2. To find the length of an arc of 12'' 10' or 12^°, the 
diameter being 20 feet. Ans. 2.123472. 

3. What is the length of an arc of 10° 15', or 10}°, in 
a circle whose diameter is 68? Ans. 6.082396. 
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15. To find the area of a circle. 
1. Multiply the circumference by half the raditis (b. v., p. 15), 
Or, 2. Multiply the square of the radius by 3.1416 (b. v., p. 
16). 

Ex, 1. To find the area of a circle whose diameter is 
10, and circumference 31.416. Ans. 78.54:. ^ 

2. Find the area of a circle whose diameter is 7, and 
circumference 21.9912. Ans. 38.4846. 

8. How many square yards in a circle whose diameter 
is H feet? Ans. 1.069016. 

4. What is the area of a circle whose circumference is 
12 feet? Ans. 11.4591. 

16. To find the area of a sector of a circle. 

1. Multiply Hie arc of the sector by half Hie radius (b. v., p. 
15, c). 

Or, 2. Compute tfie area of the whole circle: tJien say, as 360 
degrees is to the degrees in tJie arc of Uie sector, so is the 
area of Hie vjhok circle to the area of Hie sector. 

Ex. 1. To find the area of a circular sector whose arc 
contains 18 degrees, the diameter of the circle being 3 feet 

Ans. 0.35343. 

2. To find the area of a sector whose arc is 20 feet, 
the radius being 10. Ans. 100. 

3. Required the area of a sector whose arc is 147° 29', 
and radius 25 feet. Ans. 804.3986. 

17. To find the area of a segment of a circle. 

1. Find the area of the sector having the same arc, by the lad 
problem. 

2. Find the area of the triangle formed by the chord of Hie 
segment and the two radii of the sector. 

8. Then add these two together for the answer when the seg- 
ment is greater than a semicircle, and subtract the triangle 
from the sector when it is less. 
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Ex. 1. To find the area of the seg- 
ment ACB, its chord AB being 12, 
and the radius EA, 10 feet 

EA 10 ar. cpmp. 9.000000 

: AD 6 . . 0.778151 

: : sin Z? 90° . . 10.000000 

: sin AED 36° 52' = 36.87 9.778151 

2 

73.74 = the degrees in the arc ACR 

Then, 0.0087266 X 73.74 X 20 = 12.87 = arc ABC nearly. 

5 

64.35 = areaEACB. 




•Again, V EA^ -■ AL^ =:^ V 100 -36= ^^6i = 8 = ED. 
and, 6 X 8 = 48 = the area of the triangle EAB. 
Hence, sect. EA OB - EAB = 64.35 - 48 = 16.35 = A CB, 

2. Find the area of the segment whose height is 18, 
the diameter of the circle being 50. Am, 636.4834. 

3. Eequired the area of the segment whose chord is 
16, the diameter being 20. Am, 44.764. 

18. To find the area of a circular ring: that is, the area 
included between the circumferences of two circles which 
have a common centre. 

Take the difference between the areas of Hie two circles. 
Or, subtract the square of the less radius from the square of Hie 
greater^ and multiply the remainder by 3.1416. 



r2< 



For the area of the larger is . . . 
and of the smaller 

Their difference, or the area of the ring, is {R — r^. 

Ex. 1, The diameters of two concentric circles being 10 
and 6, required the area of the ring contained between 
their circumferences. Ans, 50.2656. 

2. What is the area of the ring when the diameters 
of the circles are 10 and 20? Ans. 235.62. 
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1. The mensuration of solids is divided into two parts : 
First The mensuration of their surfaces; and, 
Second, The mensuration of their solidities. 

2. We have already seen, that the unit of measure for 
plane surfaces is a square whose side is the unit of length. 

A curved line which is expressed by numbers is also 
referred to a unit of length, and its numerical value is the 
number of times which the line contains its unit. If then, 
we suppose the linear unit to be reduced to a right line, 
and a square constructed on this line, this square will be 
the unit of measure for curved surfaces. 

3. The unit of solidity is a cube, the face of which is 
equal to the superficial unit in which the surface of the 
solid is estimated, and the edge is equal to the linear unit 
in which the linear dimensions of the solid are expressed 
(b. VII., P. 13, s. 1). 

The following is a table of solid measures: 
1728 cubic inches = 1 cubic foot. 
27 cubic feet = 1 cubic yard. 
4492|- cubic feet = 1 cubic rod. 

OF POLYEDRONS, OR, SURFACES BOUNDED BY PLANES. 

4. To find the surface of a right prism. 

Multiply the perimeter of the hose hy the altiivde^ and the pro* 
duct will he the convex surface (b. VII., P. 1). To tliis add 
the area of the two bases, when the entire suiface is required, 

Ex. 1. To find the surface of a cube, the length of 
each side being 20 feet. Ans. 2400 sq. ft. 

2. To find the whole surface of a triangular prism, 
whose base is an equilateral triangle, having each of its 
sides equal to 18 inches, and altitude 20 feet. 

Ans. 91.949. 
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3. What must be paid for lining a rectangular cistern 
^ith lea/l, at 2c?. a pound, the thickness of the lead being 
such as to require *llbs. for each square foot of surface-, 
the innf r dimensions of the cistern being as follows, viz. : 
the length 3 feet 2 inches, the breadth 2 feet 8 inches, and 
the depth 2 feet 6 inches? Am. 2?. 85. lOgd 

5. To find the surface of a right pyramid. 

Multiply the perimeter of the base by half the slant height, and 
the product will be the convex surface (b. VII., P. 4) : to this 
add the area of die base, when the entire surface is required, 

Ex. 1. To find the convex surface of a right trian- 
gular pyramid, the slant height being 20 feet, and each 
side of the base 8 feet. Ans. 90 5^'. ft. 

2. What is the entire surface of a right; pyramid, 
whose slant height is 16 feet, and the base a pentagon, of 
which each side is 25 feet? Ans. 2012.798. 

6. To find the convex surface of the frustum of a right 

pyramid. 

Multiply tlie half sum of the perimeters of the two bases by the 
slant height of the frustum, and the product will be the con- 
vex surface (b. vii., P. 4, c.) 

Ex. 1. How many square feet are there in the convex 
surface of the frustum of a square pyramid, whose slant 
height is 10 feet, each side of the lower base 3 feet 4 
inches, and each side of the upper base 2 feet 2 inches? 

Ans. 110 sq. ft. 

2. What is the convex surface of the frustum of an 
heptagonal pyramid whose slant height is 56 feet, each side 
of the lower base 8 feet, and each side of the upper base 
4 feet? Ans. 2310 sq. ft 

7. To find the solidity of a prism. 

1. Find the area of the basel 

2. Multiply the area of the base by Hie altitude, and the pro- 
duct ivill be the solidity of the prism (b. VII., P. XIV). 

Ex. 1. What are the solid contents of a cube whose 
Bide is 24 inches? Ans. 13824 
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2. How many cubic feet in a block of marble, of wliicli 
the length, is 8 feet 2 inches, breadth 2 feet 8 inches, and 
height or thickness 2 feet 6 inches? Ans. 21J. 

8. How many gallons of water, ale measure, will a 
cistern contain, whose dimensions are the same as in the 
list example? Ans, 129|^. 

4. Required the solidity of a triangular prism, whose 
height is 10 feet, and the three sides of its triangular base 
8, 4, and 5 feet. Ans. 60. 

8. To find the solidity of a pyramid. 

Mxdtiply the area of tlie base by one-third of the altitude^ and 
the product will be the solidity (b. VII., P. 17). 

Ex. 1. Required the solidity of a square pyramid, each 
side of its base being 80, and the altitude 25. 

Ans. 7500. 

2. To find the solidity of a triangular pyramid, whose 
altitude is 30, and each side of the base 8 feet. 

Ans. 38.9711. 

3. To find the solidity of a triangular pyramid, its alti- 
tude being 14 feet 6 inches, and the three sides of its base 
5, 6, and 7 feet. ^ Ans. 71.0352. 

4. What is the solidity of a pentagonal pyramid, its 
altitude being 12 feet, and each side of its base 2 feet? 

Ans. 27.5276. 

5. What is the solidity of an hexagonal pyramid, whose 
altitude is 6.4 feet, and each side of its base 6 inches? 

Ans. 1.88564. 

9. To find the solidity of the frustum of a pyramid. 

Add together the areas of the two bases of the frustum, and a 
mean proportional between them, and Hien multiply tlie sum 
by one-third of the altitude (b. VII., P. 18). 

£Jx. 1. To find the number of solid feet in a piece of 
timber, whose bases are squares, each side of the lower 
base being 15 inches, and each side of the upper base 
6 inches, the altitude being 24 feet. Ans. 19.5. 
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2. Required the solidity of a pentagonal frustum, whose 
altitude is 5 feet, each side of the lower base 18 inches, 
and each side of the upper base 6 inches. 

Ans. 9.31925. 




H 



DEFINITIONS. 

10. A Wedge is a solid bound- 
ed by five planes : viz., a rectangle, 
ABCD, called the base of the wedge ; 
two trapezoids ABBG, DGHG, which 
are called the sides of the wedge, 
and which intersect each other in 
the edge GH] and the two triangles 
GDA, IICB, which are called the ends of the wedge. 

When AB, the length of the base, is equal to GB] the 
trapezoids ABHG, DCHG, become parallelograms, and the 
wedge is then one-half the parallelopipedon described on the 
base ABCD^ and having the same altitude with the wedge. 

The altitude of the wedge is the perpendicular let fall 
from any point of the line GH^ on the base ABCD. 

11. A Rectangular Prismoid is a solid resembling 
the frustum of a quadrangular pyramid. The upper and 
lower bases are rectangles, having their corresponding sides 
parallel, and the convex surface is made up of four trape- 
zoids. The altitude of the prismoid is the perpendicular 
distance between its bases. 



TO FIND THE SOLIDITY OF THE WEDGE. 

Let L = ABy the length of 
the base, 1= GII^ the length 
of the edge, h = BG^ the breadth 
of the base, h = PG^ the alti- 
tude of the wedge. 

Then, L-l^ AB- GH 
^^ AM, 

Suppose AB^ the length of 
the base, to be equal to GH^ the lengtii of the edge, the 
solidity will then be equal to half the parallelopipedon, 
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into the triangular prism 



having the same base and the 
same altitude (b. vii., P. 7). 
Hence, the solidity will be 
equal to iblh (b. vii., p. 14). 

If the length of the base is 
greater than that of the edge, 
let a section MNQ be made 
parallel to the end BCK The 
wedge will then be divided 
£CH-G, and the quadrangular pyramid O-AMND, 

Then, the solidity of the prism 

= ^hlil ; the solidity of the pyramid = ^ M (i — Z) ; 
and their sum, 
^bhl + \bh{L - = i ^^3Z + \bli 2L - \bmi = \bh{2L + 1). 

If the length of the base is less than the length of the 
edge, the solidity of the wedge will be equal to the differ- 
ence between the prism and pyramid, and we shall have 
for the solidity of the wedge, 

^bhl - ibk{l - i) = ibh8l - ibh2l + \bh2L = \bh{2L + Z). 

Ex. 1. If the base of a wedge is 40 by 20 feet, the 
edge 35 feet, and the altitude 10 feet, what is the solidity? 

Ans. 3833.33. 
2. The base of a wedge being 18 feet by 9, the edge 
20 feet, and the altitude 6 feet, what is the solidity? 

Ans, 504. 

12. To find the solidity of a rectangular prismoid. 

Add togetJier the areas of the two bases and four times the 
area of a parallel section at equal distances from the bases : 
then multiply the sum by one-sixth of the altitude. 

For, let L and B denote the length 
and breadth of the lower base, I and 
b the length and breadth of the 
upper base, M and m the length 
and breadth of the section equidis- 
tant from the bases, and h the alti- 
tude of the prismoid. 

Through the diagonal edges L 




M 
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and V let a plane be passed, and it will divide the pris- 
moid into two wedges, having for bases, the bases of the 
prismoid, and for edges the lines L and V = I. 

The solidity of these wedges, and consequently, of the 
prismoid,* is 

\Bh{2L +l) + ihh{2l + i) = ^h{2BL + BI + 2bl + bL) 
= \h(BL + Bl + hL + U + BL + bl). 
But since M is equally distant from L and Z, we have, 

21f = i + Z, and 2m = J5 + J ; 
hence, 4i/m = {L+l) X {B + b) =: BL + Bl + bL + bl 

Substituting 4:Mm for its value in the preceding equa- 
tion, and we have for the solidity 

\h{BL + bl + 4:Mm). 

Eemark. — This rule may be applied to any prismoid 
whatever. For, whatever be the form of the bases, there 
may be inscribed in each the same number of rectangles, 
and the number of these rectangles may be made so great 
that their sum in each base will differ from that base, by 
less than any assignable quantity. Now, if on these rect- 
angles, rectangular prismoids be constructed, their sum will 
differ from the given prismoid by less than any assignable 
quantity. Hence, the rule is general. 

Mc, 1. One of the bases of a rectangular prismoid is 
25 feet by 20, the other 45 feet by 10, and the altitude 
12 feet; required the solidity. Ans. 8700. 

2. What is the solidity of a stick of hewn timber, 
whose ends are 80 inches by 27, and 24 inches by 18, its 
length being 24 feet? Ans. 102 ft. 

OF THE MEASURES OF THE THREE BOUND BODIES. 

13. To find the surface of a cylinder. 

Multiply the circumference of the base by the altitude^ and the 
product will be the convex surfojce (b. VIII., P. 1). To this 
add the areas of the two bases^ when the entire surface is 
required. 
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JEr. 1. What is the convex surface of a cylinder, the 
diameter of whose base is 20, and whose altitude is 50? 

Ans. 3141.6. 
2. Required the entire surface of a cylinder, whose alti- 
tude is 20 feet, and the diameter of its base 2 feet 

Ans. 131.9472. 

_14. To find the convex surface of a cone. 

Multiply the circumference of the base by half the slani keigJU 
(b. VIII., P. 3) : to which add the area of the base, when the 
entire surface is required. 

Ex, 1. Required the convex surface of a cone, whose 
slant height is 50 feet, and the diameter of its base 8^ feet? 

Ans. 667.59. 
2. Required the entire surface of a cone, whose slant 
height is 36, and the diameter of its base 18 feet. 

Ans. 1272.34a 

15. To find the surface of a frustum of a cone. 

Multiply the slant height of the frustum by half the sum of tlie 
circumferences of the two bases, for the convex surface (b. VIII., 
P. 4) : to which add the areas of the two bases, when the entire 
surface is required. 

Ex. 1. To find the convex surface of the frustum of a 
cone, the slant height of the frustum being 12^ feet, and the 
circumferences of the bases 8.4 feet and 6 feet. Ans. 90. 

2. To find the entire surface of the frustum of a cone, 
the slant height being 16 feet, and the radii of the bases 
S feet and 2 feet. Ans. 292.1688. 

16. To find the solidity of a cylinder. 

Multiply the area of the base by the altitude (b. vill., P. 2). 

Ex. 1. Required the solidity of a cylinder whose alti> 
tude is 12 feet, and the diameter of its base 15 feet. 

Ans. 2120.58. 

2. Required the solidity of a cylinder whose altitude ia 
20 feet, and the circumference of whose base is 5 feet 6 
inches. Ans. 48.144. 
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17. To find the solidity of a cone. 

iftdtiply the area of the base by the altitude^ and take on^tinrd 
of t/ie jproduct (b. vill., P. 5). 

Ex. 1. Required the solidity of a cone whose altitude 
IS 27 feet, and the diameter of the base 10 feet; 

Arts. 706.86. 

2. Required the solidity of a cone whose altitude is lOi 
feet, and the circumference of its base 9 feet. 

Arts, 22.56. 

18. To find the solidity of a frustum of a cone. 

Add together the areas of the two bases and a mean propor- 
tional between theni^ and then mxdtiply Hie sum by one-third 
of the altitude (b. Vlll., P. 6). 

Ex. 1. To find the solidity of the frustum of a cone, 
the altitude being 18, the diameter of the lower base 8, 
and that of the upper base 4. An^. 527.7888. 

2. What is the solidity of the frustum of a cone, the 
altitude being 25, the circumference of the lower base 20, 
and that of the upper base 10? Ans. 464.216. 

3. If a cask which is composed of two equal conic 
frustums joined together at their larger bases, have its bung 
diameter 28 inches, the head diameter 20 inches, and the 
length 40 inches, how many gallons of wine will it con- 
tain, there being 281 cubic inches in a gallon? 

Ans. 79.0618. 

19. To find the surface of a spherical zone. 

Multiply ilie altitude of the zone by the circumference of a great 
circle of the sphere^ and the product will be the surface (b. 
VIII., P. 10, c. 2). 

Ex. 1. The diameter of a sphere being 42 inches, what 
is the convex surface of a zone whose altitude is 9 inches? 

Ans. 1187.5248 sq. in. 

2. If the diameter of a sphere is 12^ feet, what will 
be the surface of a zone whose altitude is 2 feet? 

Ans. 78.54 sq. ft 



866 MENSUEATION OF SOLIDS. 

20. To -find the solidity of a sphere. 
1. Multiply tJie surface by one-third of the radius (b. VIIL, P. 14). 
Or, 2. Cube the diameter and multiply the number thus found 
by lie: that is, by 0.6236 (b. viii., P. 14, s. 3). 
Mc. 1. What is the solidity of a sphere whose diame^ 
ter is 12? Ans. 904.7808. 

2. What is the solidity of the earth, if the mean diam 
eter be takeu equal to 7918.7 miles? 

Ans. 259992792083. 

21. To find the solidity of a spherical segment 

Find the areas of t/ie two bases, and multiply iJidr sum by 
half the height of the segment; to this product add the 
solidity of a sphere whose diameter is equal to the height 
of the segment (b. Vlii., P. 17). 
Remark. — When the segment has but one base, the 

other is to be considered equal to (b. viii., d. 15). 

Ux. 1. What is the solidity of a spherical segment, the 

diameter of the sphere being 40, and the distances from 

the centre to the bases, 16 and 10? Ans. 4297.7088. 

2. What is the solidity of a spherical segment with 
one base, the diameter of the sphere being 8, and the alti- 
tude of the segment 2 feet? Aqis. 41.888. 

3. What is the solidity of a spherical segment with 
one base, the diameter of the sphere being 20, and the 
altitude of the segment 9 feet? Ans, 1781.2872. 

22. To find the surface of a spherical triangle. 

1. Compute the surface of the sphere on which the triangle is 
formed, and divide it by 8 ; tlie qicotient will be the sin face 
of the tri-rectangular triangle, 

2 Add the three angles together; from their sum subtract 180% 
and divide the remainder by 90° : then multiply the tri- 
rectangular triangle by this quotient, and the product wiU 
be tlie surface of the triangle (b. IX, P. 18). 

Mc. 1. Required the surface of a triangle described on 
a sphere, whose diameter is 80 feet, the angles being 14()**, 
92^ and 68°. Ans, 471.24 sq. ft 
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2. Required the surface of a triangle described on a 
sphere of 20 feet diameter, the angles being 120° each. 

Ans. 31416 sq. Jt 

23. To find the surface of a spherical polygon. 

1, Fi?id the tH-rectangular triangle as before, 

2 From the sum of all the angles take th£ product of two 
right angles hy the numbei* of sides less two. Divide the 
remainder hy 90°, and multiply the iri-rectangular triangle 
hy the quotient : the product will he the surface of Hie poly- 
gon (B. IX., P. 19). 

Ex, 1. What is the surface of a polygon of seven sides, 
described on a sphere whose diameter is 17 feet, the sum 
of the angles being 1080° ? Ans, 226.98. 

2. What is the surface of a regular polygon of eight 
sides, described on a sphere whose diameter is 80, each 
angle of the polygon being 140°? Ans, 157.08. 

OF THE REGULAR POLYEDRONS. 

24. In determining the solidities of the regular polye* 
drons, it becomes necessary to know, for each of them, the 
angle contained between any two of the adjacent faces. 
The determination of this angle involves the following 
property of a regular polygon, viz. : 

Half the diagonal which joins the extremities of two adjacent 
sides of a regular polygon, is equal to the side of the poly- 
gon multiplied hy the cosine of the angle which is obtained 
hy dividing 360° hy twice the number of sides: the radius 
being eqv/il to unity. 

For, let ABODE be any regular 
polygon. Draw the diagonal AC^ and 
from the centre F^ draw FG perpen- 
dicular to AB, Draw also, AF^ FB\ 
the latter will be perpendicular to 
the diagonal AC^ and will bisect it 
at H (b. III., p. 6, s.) 

Let the number of sides of the 
polygon be designated by n: then, 
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860° 360° 

AFB = ^^^, and AFG = CAB = 



n ' 2n 

But, in the right-angled triangle ABH, we have, 

AH = AB cos A = AB cos ^ (Trig., Th. 5). 

Eemark 1. — ^When the polygon in question is the equi* 
lateral triangle, the diagonal becomes a side, and conse- 
quently, half the diagonal becomes half a side of the tri- 
angle. 

Remark 2. — The perpendicular BH— AB sin -^ — 

25. To determine the angle included between two adja- 
cent faces of either of the regular polyedrons, let us sup- 
pose a plane to be passed perpendicular to the axis of a 
polyedral angle, and through the vertices of the polyedral 
angles which lie .adjacent. This plane will intersect the 
convex surface of the polyedron in a regular polygon ; the 
number of sides of this polygon will be equal to the 
number of planes which meet at the vertex of either of 
the polyedral angles, and each side will be a diagonal of 
one of the equal faces of the polyedron. 

Let D be the vertex of a polyedral 
angle, CD the intersection of two adja- 
cent faces, and ABC the section made 
in the convex surface of the polyedron 
by a plane perpendicular to the axis 
through D. 

Through AB let a plane be drawn 
perpendicular to CD^ produced, if necessary, and suppose 
AE^ BE, to be the lines in which this plane intersects the 
adjacent faces. Then will AEB be the angle included 
between the adjacent faces, and FEB will be half that 
ivngle which we will represent by ^A. 

Then, if we represent by n the number of faces which 
meet at the vertex of the solid angle, and by m the num- 
ber of sides of each face, we shall have, from what haa 
already been shown, 




MBNSUEATION OF SOLIDS. 



869 



BF = BC cos-^ , and EB = BG sin ^• 

BF 
But, -^rB = sin i^^JB = sin \A^ to the radius of unity ; 



EB 



cos 



hence, 



sin \A = 



860° 
In 



sm 



. 360° 
2m 



This formula gives, for the diedral angle formed by 
any two adjacent faces of the 

Tetraedron .... 70° 81' 42" 



Hexahedron 
Octaedron 
Dodecaedron , 
Icosaedron 



90° 
109° 28' 18" 
116° 83' 54" 
138° 11' 23" 



Having thus found the diedral angle included between 
the adjacent faces, we can easily calculate the perpendicu- 
lar let fall from the centre of the polyedron on one of its 
faces, when the faces themselves are known. 

The following table shows the solidities and surfaces of 
the regular polyedrons, when the edges are equal to 1. 

A TABLE OF. EEGULAB POLYEDRONS WHOSE EDGES ARE 1. 

NAMES. NO. OT 7A0S9. 8UR7A0B. SOLIDIXT. 



Tetraedron 


4 


1.7320508 


. 0.1178513 


Hexiaedron 


6 


6.0000000 


. 1.0000000 


Octaedron 


8 


3.4641016 


. 0.4714045 


Dodecaedron 


12 


. 20.6457288 


. 7,6631189 


Icosaedron 


20 . 


8.6602540 . 


2.1816950 



26. To find the solidity of a regular polyedron. 

1. MuUvply the surface by one-tJiird of the perpendicular let fall 
from the centre on one of the faceSj and the product will be 
the solidity. 

Or, 2. Multiply the cube of one of the edges by the solidity of 
a similar polyedron^ whose edge is 1. 

The first rule results fi:om the division of the polye- 
dron into as many equal pyramids as it has faces, having 

24 
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their common vertex at the centre of the polyedron. The 
second is proved by considering that two regular polyedrons 
having the same number of faces may be divided into an 
equal number of similar pyramids, and that the sum of 
the pyramids which make up one of the polyedrons will 
i)e to the sum of the pjrramids which make up the other 
polyedron, as a pyramid of the first sum to a pyramid of 
the second (b. ii., p. 10) ; that is, as the cubes of their 
homologous edges (b. vii., P. 20) ; 'that is, as the cubes of 
the edges of the polyedron. 

Ex, 1. What is the solidity of a tetraedron whose edge 
is 15 ? Arts, 397.75. 

2. What is the solidity of a hexaedron whose edge is 
12? Ans. 1728. 

3. What is the solidity of a octaedron whose edge is 
20? ^m. 3771.286. 

4. What is the solidity of a dodecaedron whose edge 
is 25? Ans. 119736.2328. 

5. What is the solidity of an icosaedron whose edge is 
20? Ans. 17453.56. 



A TABLE 

or 

LOGARfTHMS OF NUMBERS 

FROM 1 TO 10,000. , 



N. 

I 


Log. 


N. 


Log. 


N. 


Log. 


N. 


Log. 


0- 000000 


26 


1-414973 
i.43i364 


5i 


1-707570 
1. 716003 


~w 


1-880814 


3 


o-3oio3o 


^? 


52 


?2 


1-886491 


3 


0.477121 


1-447158 


53 


1-724276 


1-892095 


4 


0* 602060 


29 


1.462398 


¥. 


1.732394 
1-740363 


Vo 


1-897627 
1.903090 


5 


0-698970 


3o 


4.477"i 


55 


6 


o«778i5i 
0.^45098 


3i 


f. 491362 


56 


1.748188 


81 


1-908485 


\ 


32 


l-5o5i5o 


% 


1.755875 


82 


1-913814 


0.903090 


33 


I.5i85i4 


1-763428 


83 


1-919078 


9 


0-954243 


34 


I. 53 1479 
1.544068 


59 


1.770852 


84 


1-924279 


10 


I '000000 


35 


60 


1.778151 


85 


1-929419 


II 


i.o4i3o3 
1-079181 
1-113943 


36 


i.5563o3 


61 


1.785330 


86 


1.934498 


12 


'^ 


1-568202 


62 


1.792392 


^J 


I. 939510 
1-944483 


i3 


1-579784 


63 


1-806181 


U 


1-146128 


39 


I -591065 


64 


89 


1.949390 


i5 


1-176091 


40 


1-602060 


65 


1-812913 


90 


1.954243 


i6 


I -204120 


41 


1-612784 


66 


I. 819544 


91 , 


1-959041 
1.963788 


% 


.1-230449 
1-255273 

1-27871)4 


42 


1.623249 
1-633468 


% 


1-826075 


92 


43 


1-832509 


93 


1.968483 


19 


44 


1-643453 


69 


1.838840 
1.845098 


94 


I -973128 


20 


I -301030 


45 


I. 653213 


70 


95 


1-977724 


21 


1*322210 

1-342423 


46 


V662758 


71 


I -851258 


96 


1-982271 


22 


% 


1 .672098 
1-681 241 


72 


1-857333 


'^ 


1-986772 


23 


1.361728 


73 


1-863323 


1.991226 


34 


I.3802II 


49 


I. 690196 


7i 


1-869232 
1.875061 1 


99 


1-995635 


25 


1.397940 


5o 


1-698970 


75 


100 


2-000000 



Eemark. In the following table, in the nine right hand 
columns of each page, where the first or leading figures 
change fi:om 9's to O's, points or dots are introduced in 
stead of the O's, to catch the eye, and to indicate thai from 
thence the two figures of the Logarithm to be taken from 
the second column, stand in the next line below. 
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A TABLE OF LOGARITHMS FROM 1 TO 10,000. 



N. 1 1 I 1 2 
1 ( 1 


3 


4 


5 


6 


7 


8 


9 i D. 


100 000000, 0434 


0868 


i3oi 


1734 


2166 


2598 


3029 


3461 


3891 432 


lOI 


4321 


4751 


5i8i 


5609 
9876 


6o38 


6466 


6894 


7321 


7748 


8174 i 428 


102 


8600 


9026 
•3259 


?68o 


•3oo 


•724 


1147 


1570 


1993 


241 5 424 


io3 


012837 


4100 


4521 


4940 


536o 


5779 


6197 


6616 


419 


104 


7033 


745i 


7868 


8284 


8700 
2841 


0116 

3252 


o53i 
3664 


9947 


•36i 


•775 


416 


io5 


021189 
53o6 


i6o3 


2016 


2428 


4073 
8164 


4486 


4896 


412 


106 


5715 


6125 


6533 


6942 


7350 


7757 


8571 


8978 


408 


107 


0384 
033424 


Itl 


•195 


•600 


1004 


1408 


1812 


2216 


2619 


302I 


404 


108 


4227 
8223 


4628 


5029 


543o 


5830 


6230 


6629 


7028 


400 


109 


7426 


7825 


8620 


9017 


9414 


981 1 


•207 


•602 


•998 


396 


no 


041393 


1787 


2182 


2576 


l^ 


3362 


3755 


4148 


4540 


4932 


3o3 


III 


5323 


9^06 
3463 


6io5 


'.t 


ii53 


7664 


eo53 


8442 


883o 


389 


112 


9218 
053078 


^l 


•766 
46i3 


1 538 


1924 


23o9 


2694 


386 


ii3 


423o 


4996 


5378 
9185 


5760 


6142 


6524 


382 


114 


6905 


7286 


7666 


8046 


8426 


88o5 


9563 


0942 
3709 
7443 


•320 


379 
376 


ii5 


""^^8 


1075 
4832 


1452 


1829 


2206 


2582 


2958 
6699 


3333 


4o83 


116 


5206 


5580 


5o53 
?352 


6326 


7071 


7815 


372 


;i2 


8186 


8557 


8928 


6640 


••33 


•407 
4o85 


•776 


1145 


i5i4 


^3^ 


071882 


225o 


2617 
6276 


3718 


445i 


4816 


5i82 


119 


5547 


5912 


7004 


7368 


7731 


8094 


8457 


8819 


363 


120 


079181 

082785 


§543 
3i44 


Ki 


•266 


•626 


8i]6 


i347 


1707 


2067 


2426 


36o 


121 


3861 


4219 


4934^ 


5291 


5647 
919S 


6004 


in 


122 


636o 


6716 


7071 


7426 


7781 
i3i5 


8490 


8845 


o552 
3071 


123 


0905 
09^422 


•258 


•611 


•963 


1667 


2018 


2370 


2721 


35i 


124 


3772 


4122 


4471 
7951 


4820 


5169 


55i8 


5866 


62i5 


6562 


349 
346 


125 


. 6910 
100J71 


7257 
0715 


7604 


8298 


8644 


8990 
2434 


9335 


0681 
J119 


••26 


126 


1059 


i4o3 


1747 


2091 


2777 


3462 


343 


]ll 


38o4 


4146 


T^ 


4828 


5169 
8565 


55io 


585 1 


6191 


653 1 


6871 


340 


7210 


7549 
0926 


8227 


8903 


9241 


9579 


T4 


•253 


338 


129 


110590 


1263 


1599 


1934 


2270 


2605 


2940 


3609 


335 


i3o 


II 3943 


4277 


4611 ' 


4944 


5278 


56ii 


5943 


6276 


6608 


6940 


333 


i3i 


7271 


7603 


7934 


8265 


8505 


8926 


9256 


9586 


?i98 


•245 


33o 


l32 


120574 


0903 


I23l 


i56o 


2216 


2344 


2871 


3525 


328 


i33 


3852 


4178 


45o4 


483o 


5 1 56 


5481 


58o6 


6i3i 


6436 


6781 


325 


i34 


7105 


7420 
0655 


7753 


8076 


8399 


8722 


9045 


9368 


9690 


••12 


323 


i35 


i3o334 


0977 


1298 


1619 


If^t 


2260 


258o 


2900 


3219 
64o3 


321 


1 36 


3539 


3858 


'lUl 


449^ 


4814 


545i 


5769 


6086 


3i8 


137 


6721 


7037 


7671 


7987 


83o3 


8618 


8934 


9249 


9564 


3i5 


i38 


i43oi5 


•194 


•5o8 


•822 


ii36 


i45o 


1763 
4885 


2076 


2389 


2702 


3i4 


139 


3327 


3639 


3951 


4263 


4574 


5196 


5507 


58i8 


3ii 


140 


146128 


6438 


6748 
9835 


7o58 


7367 


7676 


7985 


8294 


86o3 


891 1 


309 


141 


I 52 28? 


9527 


•142 


•449 


•756 
38i5 


!o63 


1370 


1676 


1982 


307 


142 


2594 


2900 


32o5 


35io 


4120 


4424 


4728 


5o32 


3o5 


143 


5336 


5640 


5943 


6246 


6549 


6852 


7»54 


7457 


7759 


8061 


3o3 


144 


8362 


8664 


8965 


9266 


9567 


9868 


•i63 


•469 


•769 


1068 


3oi 


145 


i6i368 


1667 


1967 


2266 


2564 


2863 


3i6i 


3460 


3758 


4o55 


299 


146 


4353 


465o 


494^ 
0848 


5244 


5541 


5838 


6i34 


6430 


6726 


7022 


297 


148 


7317 


7^1^ 


82o3 


8497 
1434 


8792 


9086 


9330 


9674 


tl 


295 


170262 


o555 


1141 


1726 


2019 


23ll 


26o3 


293 


149 


3i86 


3473 


3769 


4060 


435i 


4641 


4932 


5222 


55i2 


58o2 


2911 


i5o 


1 7609 1 


638i 


6670 
95^2 


%l 


7248 


7536 


7825 


8ii3 


8401 


8689 
1 558 


289 


i5i 


I 8 1844 


9264 


•126 


•4i3 


ztQ 


•935 

3839 


1272 


^l 


1 53 


2129 


24i5 


2700 
5542 


2085 
5825 


3270 


4123 


4407 


1 53 


4691 


5259 


6108 


6391 


6674 


6956 


7239 


283 


i54 


7521 


8084 


8366 


8647 


8928 


9209 


IX 


9771 


••Si 


281 


1 55 


190332 0612 


0892 
368i 


39?9 


i45i 


1730 


2010 


2567 


2846 


279 


i56 


3 125 34o3 


423] 
7005 


45i4 


% 


5069 


5346 


5623 


278 


'H 


5899' 


6176 


6453 


6729 


7281 


7832 


8107 


8382 


276 


i58 1 865-7 


8o32 
1670 


9206 


9481 


9755 


••29 


•3o3 


IPol 


•85o 


1 124 


274 


__i59_ 


201397 


1943 


2216 


2488 


2761 


3o33 


3577 


3848 
9 


272 


N. 





1 


3 


3 


4 


5 


6 


7 


8 
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N. 





I 


3 


3 


4 


5 


6 


7 


8 


9 


271 


160 


204120 


43oi 


4663 


7?34 
•3i9 


5204 


5475 


5746 


6oi6, 


6286 


6556 


161 
162 


6826 7096 
95 1 5 9783 


7365 
••51 


7904 
•386 


8173 
•853 


8441 

II3I 


8710 
i388 


%l 


9247 
1921 
4579 


269 

26^ 


i63 


2 121 88; 2454 


2720 
5373 


5?38 


3252 


35i8 


3783 


4049 


43 14 


164 


4844' 5109 


5902 
8536 


6166 


643o 


6694 


6057 


7221 


264 


i65 


7484! 7747 


8010 


8273 


8798 


9060 


9323 


9585 


9846 


262 


166 


220108J 0370 


o63i 


0892 


ii53 


1414 


1675 


iq36 
4533 


2196 


2456 


261 


\u 


5309I 5?68 


3236 


3496 
6084 


3755 
6342 


4oi5 


4274 
6858 


4792 


5o5i 


259 


5826 


6600 


7115 


7630 


258 


169 


7887 


8144 


8400 


8657 


8913 


9170 


9426 


9682 


•193 


256 


170 


230449 


0704 


0960 
35o4 


I2l5 


1470 


1724 


1979 
4517 


2234 


2488 


2742 


254 


ni 


325o 


628? 


401 1 


4264 


4770 


5o23 


5276 


253 


172 


5781 


6o33 


6537 


6789 


7041 


7292 


7544 


lit 


252 


173 


8046 


8297 


8548 


8799 


ra 


9299 
1795 


9550 


9800 


••50 


25o 


174 


240549 


11^6 


1048 


V,ll 


2044 


2293 


2541 


VZ 


lit 


175 


3o38 


3534 


4o3o 


P.l 


4525 


4772 
7237 


5019 


176 


55i3 


5759 


6006 


6252 


'4n 

1395 


6991 


7482 


7728 


246 


\]l 


7973 

25o420 


8219 
0664 


8464 
0908 
3333 


8709 

ii5i 


Vefs 


9443 
i88i 


9687 

2120 


td 


.176 

2610 


245 
243 


179 


2853 


3096 


358o 


3822 


4064 


43o6 


4548 


4790 


5o3i 


242 


180 

i8i 


255273 
7679 


55i4 
7018 
o3io 


5755 
81 58 


0787 


6237 

8637 

1025 


^^77 
8877 

1263 


6718 
9116 


6058 
9355 


7198 
9594 


'^ 


241 

l^ 


182 


260071 
245 1 


0548 


1501 


1739 


\nt 


22U 


i83 


2688 


2925 


3162 


'57^ 


3636 


3873 


4109 


4582 


lU 


184 


4818 


5o54 


5290 


5525 


^ 


6232 


6467 


6702 


6937 


i85 


7172 


7406 


7641 


7875 


8110 


8578 


8812 


9046 


9279 


234 


186 


95i3 


9746 


^ 


•2l3 


•446 


•679 


•912 


1 144 


^6^ 


1609 


233 


III 


271842 


2074 
4389 


2538 


mr 


3ooi 


3233 


3464 


3927 


232 


4i58 


4620 


485o 


53u 


5542 


a? 


6002 


6232 


23o 


189 


6462 


6692 


6921 


7i5i 


7380 


7609 


7838 


8296 


8525 


229 


190 


278754 
281033 


8982 


9211 


lf.t 


9667 


9805 
2169 


•123 


•35i 


•578 


•806 


228 


191 


1 261 


1488 


1942 


2396 


2622 


2849 


3075 
5332 


III 


192 


33oi 


3527 


3753 


3979 


42o5 


443; 


46D6 


4882 


5io7 


193 


5557 


5782 


6007 


6232 


6456 


6681 


6905 


7i3o 


7354 


7578 


225 


194 


7802 


8026 


8249 


8473 


8696 


8920 


9143 


9366 


tl^ 


9812 


223 


195 


290035 


0257 
2478 
4687 


0480 


0702 


0925 


3363 


i369 


1591 


2o34 


222 


196 


2256 


2699 


2920 


3i4i 


3584 


38o4 


4025 


4246 


221 


III 


4466 


4907 


5127 
7323 


5347 


5567 


5787 


6007 
8198 


6226 


6446 


220 


6665 


6884 


7104 


7542 


7761 


7979 


8416 


8635 


l^ 


199 


8853 


9071 


9289 


9507 


9725 


9943 


•161 


•378 


•595 


•8i3 


200 


3oio3o 


1247 


1464 


1681 


1898 
4059 


2114 


233 1 


2547 
4706 
6854 


2764 


2980 


lU 


201 


3196 
53 5 1 


3412 


3628 


3844 


4275 


4491 
6639 
8778 


4921 


5i36 


202 


5566 


5781 


5996 


621 1 


6425 


7068 


7282 


2l5 


203 


X 


1^\° 


7924 


•26^ 


835i 


8564 


8991 


9204 


9417 


2l3 


204 


••56 


•481 


•693 


•906 


1118 


i33o 


1 542 


212 


205 


311754 


1966 


2177 
4289 


2389 


260a 


28i2 


3623 


3234 


3445 


3656 


211 


206 


3867 


4078 
6180 
8272 


4499 


4710 


4920 


5i3o 


5340 


555i 


5760 
7854 
9938 


210 


III 


Iz 


6390 
8481 


'^ 


7018 
9106 


7227 
9314 


7436 
9522 


7646 
?^5 


208 


209 


320146 


o3d4 


o562 


0769 


0977 


1184 


1391 


1598 


2012 


207 


210 


322219 


2426 


2633 


2839 


3046 


3252 


3458 


3665 


3871 


iui 


206 


211 


4282 


4488 


4694 


^6^ 


5io5 


53io 


55i6 


5721 


5926 


205 


212 


6336 


6541 


6745 


7155 


ll^ 


7563 


%l 


7972 


8176 


204 


2l3 


838o 


8583 


8787 


8991 


9194 


9601 


•••8 


•211 


203 


214 


33o4i4 


0617 


0819 


1022 


1225 


1427 


i63o 


i832 


2o34 


2236 


202 


2l5 


2438 2640 


2842 


3o44 


3246 


3447 
545d 


3640 
5658 


385o 


4o5i 


4253 


203 


216 


4454; 4655 
6460' 6660 


4856 


5o57 


5257 


5859 
7858 


6059 
8o58 


6260 


201 


217 


6860 


7060 


7260 


7459 


7659 


8257 


200 


2l3 


8456: 8656 


8855 


9054 


9253 


945i 


9656 


9849 


2028 


•246 


IP 


219 


340444 


0642 


0841 


1039 


1237 


1435 


i632 


i83o 


2225 


N. 





I 


2 


3 


' 


5 


6 


7 


8 


9 



15 



A TABLE* OF LOGARITHMS FROM 1 TO 10,000. 



N. 


1 I 


3 


3 


4 


5 


6 


7 


8 


9 


D. 


220 


342423 1 2620 


iSin 

4isi 


3oi4 


3212 


3409 


36o6 


38o2 


3999 


4196 
61D7 


197 


221 


43o2 
6353 


4589 


4981 


5178 

7.i5 


5374 
7330 


5570 


5766 


5962 


196 


222 


6549 


6744 


^^ 


7525 


7720 


79i5 


8110 


195 


223 


83o5 


85oo 


^?6 


9083 


9278 


9472 


9666 


9860 


••54 


194 


224 


350248 


0442 


0829 


1023 


1216 


1410 


i6o3 


1796 


1989 


193 


225 


2i83 


2375 


2568 


2761 


2954 


3 147 


3339 


3532 


3724 


3916 
5834 


193 


226 


4108 


43oi 


4493 


4685 


4876 


^8 


5260 


5452 


5643. 


192 


228 


6026 


6217 
8125 


6408 


85^ 


6790 


6981 1 7172 


7363 


7554 


7744 


191 


%l 


83 16 


8696 




9076 


9266 


9456 


9646 


\% 


229 


••25 


•2l5 


•404 


•593 


•783 


•972 


1161 


i35o 


1539 


23o 


361728 
3612 


Zl 


2io5 


2294 


2482 


tl\ 


2859 


3048 


3236 


3424 


188 


23l 


3988 


4176 


4363 


U^o 


4926 


5ii3 


5301 


188 


232 


5488 


5675 


5862 


6040 
7915 


6236 


6423 


86?^ 


6983 


7169 


187 


233 


7356 


7542 


11^ 


8101 


2JS 


8473 


8845 


0o3o 


186 


234 


9216 


9401 


9772 


?^ 


•328 


•513 


•698 


•883 


i85 


235 


371068 


1253 


1437 


1622 


im 


2175 


236o 


2544 


2728 
4565 


184 


236 


2912 


3oo6 
49J2 


3280 


3464 


3647 


401 5 


4198 


4382 


184 


237 


4748 


5ii5 


5298 


5481 


5664 


5846 


6029 


6212 


6394 


i83 


238 


6577 
8398 


tl^ 


6942 


7124 
8943 


7306 


7488 


It 


7852 


8o34 


8216 


182 


239 


8761 


9124 


9306 


9668 


9849 


••3o 


181 


240 


3802II 


0392 


0573 


4353 


0934 


iii5 


1296 


1476 


1656 


1837 
3636 


181 


241 


2017 
38i5 


V^l 


2377 


2737 


2917 


3097 


3277 


3456 


180 


242 


4174 
5964 


4533 


4712 


4891 


5070 
6856 


5249 


5428 


1?? 


243 


56o6 


^ni 


6142 


6321 


6499 


6677 


^li 


7212 
M9 


244 


7390 
9166 


7746 
9020 


7023 


8101 


8279 


8436 


8634 


178 


24^ 

240 


9343 


9875 


••51 


•228 


•4o5 


•582 


2D21 


\Ve 


390935 


1112 


1288 


1641 


1817 
3575 


It 

55oi, 


2169 
3926 
5676 


2345 


247 
248 


2697 
4402 


2873 


3048 


3224 


3400 


4101 


'^11 


176 


4627 


4802 


4977 


5i52 


5326 


5850 


175 


249 


6199 


6374 


6548 


6722 


6896 


7071 


7245 


7419 


7592 


7766 


174 


25o 


397940 
9674 


8114 


8287 


8461 


8634 


8'8o8 


8981 


9154 


9328 


9501 


173 


25l 


9847 


••20 


•192 


•365 


•538 


•7;; 


•883 


io56 


1228 


173 


252 


401401 


1573 


1745 


I9I7 

3634 


2089 


2261 


2433 


26o5 


2777 


2940 


172 


253 


3l21 


3292 


3464 


3807 


lul 


4J49 


4320 


4492 


4663 


171 


254 


4834 


5oo5 


lu'. 


5346 


5517 


5808 


6029 


6199 


6370 


171 


255 


6540 


6710 


7o5i 
8749 


7221 


73oi 
9087 


7561 


7731 


?i 

2964 

4639 


8070 


170 


256 


8240 


8410 


8579 


9257 


9426 


9764 


169 


257 
258 


9933 
41 1620 


•102 

1788 


•271 

19% 


•440 
2124 


2 29 J 


2461 


•946 
2629 
43o5 


1114 

2796 


I45i 
3i32 


;^ 


259 


33oo 


3467 


3635 


38o3 


3970 


4i37 


4472 


4806 


167 


260 


414973 


5i4o 


5307 


5474 

•451 


5641 


58o8 


5974 
7638 


6141 


63o8 


6474 


167 


261 


6641 


6807 


^ll 


7306 
8964 


7472 


7804 


^I? 


8i35 


166 


262 


83oi 


8467 


9129 


9?95 


9460 


9701 


i65 


263 


9956 


*121 


•286 


•616 


•781 


•945 
2090 


IIIO 


1275 


1439 


1 65 


264 


421604 


1788 


1933 
3574 


2007 
3737 


2261 


2426 


2754 


2918 
4555 


3082 


164 


265 


3246 


3410 


3901 
5534 


4o65 


4228 


4392 


4718 
6340 

7973 
9591 


164 


266 


4882 


5045 


5208 


5371 


5697 


586o 


6023 


6186 


i63 


267 


65ii 


6674 


6836 


tiv. 


7161 
8783 


7324 
8944 


7486 


7648 


7811 


162 


268 


8i35 


8297 


1'4 


9106 


9?^^ 


9429 


16a 


269 


9752 


9914 


•236 


•398 


•659 


•720 


•881 


1042 


1203 


161 


270 


43 1 364 


1525 


i685 


1846 


2007 


2167 


2328 


2488 


2649 


2809 


161 


271 


2969 


3i3o 


3290 

4888 


3450 


3610 


lir, 


3930 
5526 


4090 
5685 


4249 


4409 


160 


272 


4569 


4729 


5048 


5207 


5844 


6004 


159 


273 


6i63 


6322 


6481 


6640 


tt% 


7116 
8701 


7275 


7433 


7592 


;t§ 


274 


775i 


7909 


8067 
9648 


8226 


8859 


9017 


9175 


275 


9333 


9491 


9806 


li 


•122 


i852 


•437 


•594 
2166 


•752 

2ia3 


i53 


276 


440909 


1066 


1224 


i38i 


1695 


2009 


i57 


l^l 


2480 


2637 


5915 


2950 
45i3 


3io6 


3263 


3419 


3576 


3732 


3889 


\U 


4045 


4201 


4669 
6226 


4825 


4981 
6537 


5i37 


5293 


5449 
7003 


279 


56o4 


5760 


6071 


6382 


6692 


6848 


i55 


N. 





I 


2 


~1~ 


4 5 1 


6 


7 


8 


9 


D. 



A TABLE OF LOGARITHMS FROM 1 TO 10,000. 



N. 





I 


2 


3 


4 


5 


6, 


7 


8 


9 


D. 


280 


447158 
8706 


73 13 
8861 


7468 


7623 


7778 


7933 


8088 


8242 


8397 


8552 


i55 


381 


ooiS 


9170 


9324 


9478 


9633 


9787 


9941 


leh 


i54 


282 


450249 


o4o3 


o557 


0711 


0865 


1018 


1172 


i326 


1479 


1 54 


283 


1786 
33i8 


1940 


2093 


2247 


2400 


2553 


2706 


2859 


3oi2 


3i65 


1 53 


284 


3471 


3624 


3777 


3930 


4082 


4235 


4387 


4540 


4692 


1 53 


285 


4845 


4997 


5i5o 


53o2 


5454 


56o6 


5758 


5910 


6062 


6214 


l52 


286 


6366 


tVii 


6670 


6821 


6973 


7125 
8638 


8789 


7428 
8940 


7579 


7731 


1 52 




7882 


•8o33 


8i84 


8330 


8487 
9995 


9091 


2'^? 


x5i 


9392 


9543 


9694 


9545 


•146 


•296 


•447 
1948 


2^2 


•748 


i5i 


289 


460898 


1048 


U98 


1348 


1499 


1649 


1799 


2248 


i5o 


290 
291 


462398 
3893 
5383 


2548 
4042 


2697 
4191 
568o 


2847 
4340 


2997 
4490 


3146 
4639 
6126 


3206 

4788 


3445 
4936 


35o4 
5o85 


3744 
5234 


i5o 
149 


202 


5532 


5829 


5977 


6274 
7756 


6423 


t^V 


6719 


=1 


293 


6868 


7016 
1438 


7164 
8643 


7312 

1732 


7460 


7608 


9|o 


8o52 


8200 


294 


8347 


8938 


9085 


9233 


2464 


9675 


148 


295 
296 


9822 
4216 


•116 
1 585 


•410 
1878 


•557 

2023 


•704 
2171 


•85i 
23i8 


1 145 

2610 


146 


lU 


2oo3 
4^62 


3o4o 
45o8 


3195 

4653 


3341 

6252 


3487 
4944 

6397 


3633 
5090 


im 


3o25 
5381 


4071 
5526 


146 
146 


7^ 
299 


5671 


58i6 


5962 


6107 


6542 


6687 


6832 


6976 


145 


3oo 


477121 


7266 
871 1 


741 1 
8855 


7555 


7700 


7844 


7989 


8i33 


8278 


8422 


145 


3oi 


8566 


9143 


9287 


9431 


9575 


?]^ 


9863 


144 


302 


480007 
1443 


oi5i 


0294 


o582 


0725 


0869 


1012 


27J1 


144 


3o3 


1 586 


1729 


1872 


2016 


2i59 


2302 


2445 


2588 


143 


3o4 


2874 


3oi6 


3 159 
4585 


3302 


3445 


3587 


3730 


3872 


401 5 


4157 


X43 


3o5 


43oo 


4442 


4727 


4869 


5oii 


5i53 


5295 


Hll 


5579 


142 


3o6 


5721 


5863 


6oo5 


6147 


6289 


643o 


6572 


6714 


6855 


6997 


142 


3^8 


7i38 
855i 


7280 


7421 
8833 


7563 


7704 


7845 


ioi 


8127 


8269 


8410 


141 


8692 


9"4 


9255 


9537 


?S] 


9818 


141 


3o9 


9958 


••99 


•239 


•520 


•661 




•941 


1222 


140 


3io 


491362 


l502 


. 1642 


1782 


1922 


2062 


2201 


2341 


2481 


2621 


140 


3ii 


2760 


2900 


3040 


3179 


3319 


3458 


3507 


nil 


3876 


40x5 


139 


3l2 


41 55 


4294 


4433 


4572 


471 1 


485o 


5267 


5406 


139 


3i3 


5544 


5683 


5822 


5960 
7344 
8724 


6oog 

7483 


6238 


65i5 


o'79; 


\ll 


3i4 


^' 


7068 
8448 


7206 


7621 

8999 
•374 


7759 


7897 
9275 


8o35 


8173 
9550 


3^5 


8586 


8862 


9137 


9412 


1 38 


3i6 


9687 


9824 


?333 


••99 


•236 


•5ii 


•648 


•78D 


•922 


■37 


3^7 
3iS 


5oio59 
2427 


25^4 


1470 
2837 


1607 
2073 
4335 


1744 


1880 


2017 


2i54 


2291 
3655 


\ll 


2700 


3109 


3246 


3382 


35i8 


319 


3791 


3927 


4o63 


4199 


4471 


4607 


4743 


4878 


5di4 


1 36 


320 


5o5i5o 


5286 


5421 


5557 


5693 


5828 


5964 


6099 


6234 


6370 


1 36 


321 


65o5 


6640 


6776 


6911 


7046 
8395 


7181 
8530 


7316 


7401 


7586 
8934 


'^'^11 


i35 


322 


7856 


'X 


8126 


8260 


8664 


8799 


9068 


i35 


323 


9203 


9471 


9606 


9740 


9874 


•••9 


•143 


•277 


•411 


x34 


324 


5io545 


0679 


081 3 


0947 


1081 


I2l5 


i349 


1482 


1616 


1750 


i34 


325 


1883 


2017 


2l5l 


2284 


2418 


255i 


2684 


2818 


2951 


3084 


1 33 


326 


3218 


335i 


3484 


3617 
4946 


3750 


3883 


4016 


4149 
5476 


4282 


4414 


i33 


328 


4548 


468i 


48i3 


5070 
64o3 


52n 


5344 


5609 


5741 


1 33 


5874 


6006 


6139 


6271 


6535 


6668 


6800 


6932 


7064 


l32 


329 


7196 


7328 


7460 


7592 


7724 


7855 


7987 


8119 


825i 


8382 


l32 


33o 


5i85i4 


864^ 


8777 


8909 


9040 


•484 


93o3 


9434 


9566 


9697 


i3i 


33 1 


9828 


9959 


••90 


•221 


•353 


•6i5 


•745 


•876 


1007 


i3i 


332 


521 i38 


1269 
2575 


1400 


i53o 


1661 


1792 


1922 


2o53 


2i83 


23x4 


i3i 


333 


2444 


2705 


2835 


2966 


30^6 


3?26 


3356 


3486 


36i6 


i3o 


334 


3746 


3876 


4006 


4i36 


4266 


4396 


4526 


4656 


4785 


4915 


i3o 


335 


5o45 


5x74 
6469 


53o4 


5434 


5563 


-5693 


5822 


5951 


6081 


6210 


129 


336 


6339 


6598 


6727 


6856 


69»5 


7114 
8402 


2?f 


lUl 


75ox 

8788 


129 


337 
338 


7630 
8917 


7759 
9040 


7888 


8016 


8145 


8274 
9599 


853 1 


\l^ 


9n4 


9302 


9430 


^l 


9815 


9943 


:*?? 


339 


53o2oo| o328 


0456 j o584 


0712 


0840 


1096 


1223 


128 


N. 





I 


2 


3 . 


4 


5 


6 


7 


8 


9 



A TABLE OF LOGARITHMS FROM 1 TO 10,000. 



N. 


1 I 


2 


3 


4 


• 5 


6 


7 


8 


9 


D. 


"34^ 


531479 J607 


1734 


1862 


IZ 


2117 


2245 


2372 


25oo 


2627 


128 


341 


2754' 2882 


3009 


3i36 


3391 
4661 


35i8 


3645 


3772 


3899 


127 


342 


4026' 41 53 


4280 


4407 


4534 


11 


4914 


siii 


5167 


\ll 


343 


5294! 5421 
6558 6685 
7819' 7945 
9076 9202 


5547 


8197 


58oo 


5927 


6180 


63o6 


6432 


344 
345 


681 1 
8071 


7063 

8322 


D 


8574 


7441 
6609 
9954 


m 


2,t 


126 
126 


346 


9327 


9402 


lUl 


97o3 


9829 


:^t 


•204 


125 


347 


540329 


0455 


o58o 


0705 


6955 


1080 


I205 


1454 


125 


34b 


1379 


1704 


1829 


1953 


2078 


2203 


2327 


2452 


2576 


2701 


125 


349 


2825 


2950 


^074 


3199 


3323 


3447 


3571 


3696 


3820 


3944 


124 


350 


544068 


54?? 


43 16 


4440 


4564 


4688 


4812 


4936 


5o6o 


5i83 


124 


351 


5307 
6543 


5555 


5678 


58o2 


5925 


6049 


6172 


6296 


6419 


124 


352 


6666 


6789 


6913 


7o36 
8267 


7159 


7282 


74o5 
8635 


m 


7652 


123 


353 


7775 


7898 


802i 


8144 


9616 


85i2 


838i 


123 


354. 


9003 


9126 


9240 
0473 


9371 


9494 


9739 


9861 


9984 


•106 


123 


355 


550228 


o35i 


0595 


0717 


0840 


0962 


1084 


1206 


1328 


122 


356 


i45o 


1572 


1694 


1816 


1938 


2060 


2181 


23o3 


2425 


2547 


122 


357 


2668 


2790 


2911 


3o33 


3i55 


3276 
4489 


3398 


3519 


3640 


376i 


121 


35« 


3883 


4004 


4126 


4247 


4368 


4610 


4731 


4852 


4973 


121 


359 


5094 


52i5 


5336 


5457 


5578 


5699 


5820 


5940 


6061 


6182 


121 


360 


5563o3 


6423 


6544 


6664 


6785 


6905 


7026 


7146 
8349 


IZ 


7387 


120 


361 


7507 


III] 


7748 


7868 


7988 


8108 


8228 


858^ 


120 


362 


8709 


8948 


9068 


9188 


9308 


9428 


9548 


t] 


9787 


120 


363 


9907 


••26 


•146 


•265 


•385 


•5o4 


•624 


•743 


•982 


119 


364 


56II01 


1221 


i34o 


1459 


1578 
2769 


1698 


30^6 


1936 


2o55. 


2174 


119 


365 


2293 


2412 


253i 


2650 


2887 


3i25 


3244 


3362 


119 


366 


3481 


3600 


3718 


3837 


3955 


5257 


4192 


43ii 


4429 


4548 


:;? 


367 


4666 


4784 


4903 


502I 


5i39 


5376 
6555 


5494 


56i2 


5730 


368 


5848 


5966 


6084 


6202 


6320 


6437 


6673 


6791 


6909 


118 


369 


7026 


7144 


7262 


7379 


7497 


7614 


7732 


7849 


7967 


8084 


118 


370 


568?02 


83 19 


8436 


8554 


8671 


8788 


8905 


9023 


9140 


9257 


117 


371 


9374 


'X 


9608 


9725 


9842 


9959 


••76 


•io3 
i35q 

2523 


•309 


•426 


"7 


?7^ 


570543 


0776 


0893 
20D8 


1010 


1126 


1243 


1476 


1592 


lU 


1"^^ 


'1,1 
4o3i 


1825 


1942 


2174 


2291 


2407 
3568 


2639 


2765 


I'^i 


2988 


3io4 


3220 


3336 


34D2 


3684 


3800 


3915 


116 


I'^l 


4147 


4263 


4379 


44o4 
565o 


4610 


4726 


4841 


4957 


5o72 


n6 


376 


5i83 


53o3 


5419 


5534 


5765 


588o 


5996 


61 1 1 


6226 


ii5 


lu 


6341 


6457 


6572 


6687 

7836 
8983 


6802 


PJi 


7o32 


V.^ 


7262 


7377 
8525 


1x5 


3■^6 


7492 


l^ll 


8868 


7951 


8181 


8410 


ii5 


379 


8639 


9097 


9212 


9326 


9441 


9555 


9669 


114 


380 
381 


579784 
580925 


9808 
io39 


••12 
ii53 


•126 
1267 


•241 
i38i 


•355 
1495 
263 1 


•460 
1608 


•583 
1722 

2858 


^l 


•811 

IgDo 


114 
X14 


382 


2o63 


2177 


2291 


2404 


25i8 


2745 


2972 


3o85 


114 


383 


^?? 


3312 


3426 


3539 


3652 


3765 
4896 


3879 


3992 


4io5 


4218 


ii3 


384 


4444 


4557 


4670 


4783 


5oo9 


5T22 


5235 


5348 


ii3 


385 


5461 


5574 


5686 


5799 


5912 


6024 


6137 


6250 


6362 


6475 


ii3 


386 


6587 


6700 


6812 


692D 


^037 
8160 


7149 
8272 


7262 
8384 


11-^ 


7486 
6608 


9838 


112 


387 


lUl 


7823 
8944 


7935 


8047 


112 


388 


9656 


9167 


2^^ 


9391 


95o3 


96i5 


ut 


112 


389 


9950 


••61 


•173 


•284 


•507 


•619 


•730 


•953 


112 


390 


591065 


1176 

2288 


1287 


1399 


i5io 


1621 


1732 
2843 


1843 


1955 


2066 


III 


391 


2177 


f^ 


25lO 


2621 


2732 
3840 


2954 


3064 


3175 


III 


in 


3286 


'Ml 


36i8 


3729 


3950 


4061 


4171 


4282 


HI 


393 


4393 


4614 


4724 


4834 


4945 


5655 


5i65 


5276 


5386 


no 


i^i 


5496 


56o6 


5717 


5827 


5937 


6047 


6,57 
7256 
8353 


6267 
7366 


6377 


6487 


no 


?9,^ 


6597 
7695 


6707 
7805 
8900 


6927 


8i34 


7476 
8d72 


7586 
8681 


1101 


396 


7914 


8024 


8462 


no 


in 


9009 


9119 


9228 


'if.l 


9446 


9556 


9665 


9774 


109 


398 


VX 


•101 


•210 


•319 
1408 


•53] 
1625 


•646 


i?43 


•864 


109 


399 

N. 


600973 


1191 


1299 


i5i7 


1734 


1951 


109 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 



A TABLE OF LOGARITHMS FROM 1 TO 10,000. 



N. 





. 1 2 


3 


4 


5 


6 


.7 


8 


9 


D. 


400 


602060 


2169 
3253 


im 


2386 


2494 


2603 


2711 


2819 


2928 


3o36 


ie8 


401 


3 144 


3469 


'^11 


3686 


3794 


3902 


4010^ 


4118 


108 


402 


4226 


4334 


4442 


4556 


4766 
5^44 


4874 
5961 


4982 


5o8q*| 5197 


;o8 


403 


53o5 


54i3 


5521 


5628 


7884 
8954 


6059 


6166 


6274 


108 


404 
4o5 
4o6 


638 1 
^526 


6489 

7562 

8633 


6596 
9608 


6704 


6919 


7026 
8098 
9167 


7133 

8205 
9274 


7241 
8312 
9381 


7348 

8419 
9488 


107 
107 
107 


■n 


6,^?^ 


9701 


9914 


••21 


•128 


•234 


•341 


•447 


•554 


\U 




0873 
1936 


0979 


1086 


1192 
2254 


It 


i4o5 


i5u 


267? 


409 


1723 


^29 


2042 


2148 


2466 


2572 


106 


410 


612784 


H^o 


2996 
4063 


3l02 


3207 


33i3 


3419 
447^ 


3525 


363o 


3736 


106 


411 


3842 


^l 


5J1? 


4264 


4370 


458i 


4686 


4792 


106 


412 


'^l 


5io8 


5319 


5424 


5529 


5634 


5740 


5845 


io5 


4i3 


6o55 


6160 


6265 


6370 


6476 


658i 


6686 


6790 


6895 


io5 


414 
4i5 


7000 
6048 


7io5 
ai53 


7210 
8257 


73i5 
8362 


li^ 


7525 

8571 


t^t 


8780 
9824 


8884 


'^ 


io5 
io5 


416 


6201 36 


9198 


9302 


9406 


95ii 


9615 


9719 


9928 


••32 


104 


4*2 


0240 


0344 


0448 


o552 


o656 


0760 


0864 


0968 


1072 


104 


418 


1 176 


1280 


1384 


1488 


'^92 


i6o5 


m 


1903 


2007 


2110 


104 


419 


2214 


23i8 


2421 


2525 


2628 


2732 


2939 


3o42 


3146 


104 


420 


623249 


3353 


3456 


3559 


3663 


3766 


3869 


3973 


4076 


4179 


io3 


421 


4282 


4385 


4488 


4591 


4695 


6853 


4901 


5004 


5107 
6i35 


5210 


io3 


422 


53i2 


54i5 


55i8 


5621 


5724 


5929 


6o32 


6238 


io3 


423 


6J40 


6443 


6546 


6648 


6751 


6956 


7058 
8082 
9104 


7161 
81 85 
9206 


7263 
8287 
9308 


io3 


424 
425 


7366 
6389 


7468 
8491 


Ip 


1^. 


0835 


7878 
8900 


7980 
9002 


102 

102 


426 


9410 


95i2 


9613 


97i5 


^11 


••21 


•123 


•224 


•326 


102 


427 
428 


630428 


o53o 


o63i 


0733 


io38 


2I5? 


1241 


i342 


103 


1444 


i545 


1647 


1748 


1849 


1951 


2052 


2255 


2356 


lOi 


429 


2457 


2559 


2660 


2761 


2862 


2963 


3o64 


3i65 


3266 


3367 


lOt 


43o 


633468 


457? 
5584 


3670 


3771 


3872 


3973 
4981 


4074 
5o8i 


4175 
5182 


4276 

5283 


4376 
5383 


100 


43i 


5484 


4679 


i]lt 


4880 


100 


432 


5683 


5886 


5986 


6087 


6187 


6287 


6388 


100 


433 


6488 


6588 


6688 


6789 


6889 


6989 


^089 


7189 
8190 
9188 


7290 
8290 

92»7 
•283 


9387 


100 


434 
^35 


94S6 


l^ 


?6?9 


9785 


^s 


^11 




99 


436 


9580 


9680 


9885 


9984 


••84 


•i83 


i38i 


437 
43a 


64048 n 
1474 


o58i 
1573 


0680 
2662 


0779 
•2761 


0879 
1871 
2860 


0978 
1970 


iS 


l\ll 


1276 
2267 

3255 


1375 
2366 


99 
99 


439 


2465 


2563 


29D9 


3i56 


3354 


99 


440 


643453 


3551 


365o 


3749 


3847 


3946 


4044 


4143. 


4242 


4346 


98 


441 


4439 


4537 


4636 


4734 


4832 


4931 


5029 


5127 


5226 


5324 


98 


442 


5422 


5521 


56i9 


^2 
tit 


58i5 


6§94 
7872 


6011 


6110 


6208 


63o6 


98 


443 
444 


6404 
7383 
836o 


65o2 
7481 
8458 


6600 

nil 


6796 
7774 




9043 


Cl 


7285 
8262 


98 


445 


8750 


8848 


094? 


9»4o 


9237 


97 


446 


9335 


9432 


9530 


9627 


0696 
1666 


9821 


99^9 


2»i6 


•ii3 


•210 


97 


tl 


65o3o8j o4o5 
1278 1375 


0502 

1472 




0793 
1762 


,i8?9 
'2826 


r^i 


1084 
2o53 


1181 
2i5o 


97 
97 


449 


2246 


2343 


2440 


2633 


2730 


2923 


3019 


3ii6 


97 


450 


653213 


33oo 
4273 


34o5 


35o2 


3598 


36o5 
46^8 


3701 
47^4 


3888 


3984 


4080 


96 


45i 


4177 


4369 


4465 


4562V 


485o 


4946 


5042 


96 


452 


5iii 5235 


5331 


5427 
6386 


5523 


5619 


5715 
6673 


5810 


5906 
6864 


6002 


96 


453 


6008; 6io4 
7056; 7i52 
8011 6107 


6290 


6482 


75i4 
8488 


6760 

7725 


6960 


96 


454 
455 


7247 
8202 


7343 
8298 
9250 


7438 
6393 


8584 


7820 
8774 


K 


95 


456 


8965 9060 


9155 


9346 


9441 


9536 


9726 


9821 


95 


457 


660865 0960 


•106 


•201 


•296 


•3qi 
2280 


•486 


•58i 


•676 


•771 


95 


458 


io55 


ii5o 


1245 


1434 


i52o 
2475 


1623 


1718 
2663 


95 


459 


i8i3| 1907 


2002 


2096 


2191 


238o 


2569 


95 


N. 


« 


X 


2 


3 


4 


5 


6 


7 


8 


9 


I>. 



A TABLE OF LOGARITHMS PROM 1 TO 10,000. 



N. 





I 


2 


3 


4 


5 


6 


7 


8 ' 


9 


D. 


460 


662758 


2852 


'A 


3o4r 


3i35 


323o 


3324 


3418 


35i2 


3607 
4548 


94 


461 


3-701 

4642 


^795 


3983 


4078 


4172 


4266 


4360 


4454 


94 


462 


4736 


4830 


4924 
5862 


5oi8 


5lI2 


5206 


llf. 

9o38 


5393 
633i 


5487 


94 


463 


558i 


5675 


5769 


5956 


6o5o 


6143 


6424 


94 


464 
465 
466 


65i8 
7453 
8386 


6612 
7546 
8479 


6703 

7640 
8572 


i 


6892 
7826 
8759 


6986 
792c 
8852 



8045 
9S75 


7266 
6109 
9i3i 


7360 
8293 

9"^ 


94 
93 

93 


ill 


670246 


9410 


95o3 


9596 


9689 


9782 


XI 


••60 


•i53 


93 


0339 


043 1 


o524 


0617 
i54J 


0710 
i636 


0802 


0988 


1080 


93 


469 


'1173 


I26D 


1358 


i45i 


1728 


1821 


2^ 


2005 


93 


470 


672098 


2190 


2283 


2375 


2467 


256o 


2652 


2744 


?9?9 


92 


471 


302I 


3ii3 


32o5 


3297 
4218 


3390 


3482 


3574 


3666 


3758 


3830 


92 


472 


3942 
4861 


4034 


4126 


43 10 


4402 


4494 


4586 


i%l 


il^ 


92 


473 


4953 


5045 


5,37 
6o53 


5228 


5320 


5412 


•55o3 


5687 


92 


474 


5778 
6694 


5870 


5962 


6145 


6236 


6328 


6419 
7333 
6245 
9155 


65u 


6602 


92 


475 


6785 


6876 

77^9 
8700 
9610 


6068 


7059 


7i5i 
ao63 
8973 


7242 
81 54 
9064 


7424 
8336 
9246 


^427 
9337 


91 


476 
477 


tl 


8609 


7881 
8791 


Itll 


9> 
9» 


47« 


9423 


9510 
0426 


9700 
0607 


979^ 


9882 


9973 


••63 


•i54 


•24D 


9> 


479 


68o336 


o5i7 


0698 


0789 


0879 


0970 


1060 


ii5i 


9> 


480 


681241 


i332 


1422 


i5i3 


i6o3 


1693 


n84 
2686 


1874 


1964 


2o55 


90 


43 1 


2145 


2235 


2326 


2416 


25o6 


2596 


2777 


2867 


2957 


90 


482 


3o47 


3i37 


3227 


3317 


3407 


3497 


^^S 


P. 


IS 


3857 
4756 


90 


483 


3947 
4845 


4037 
4935 


4127 


4217 


4307 


4396 


4486 


90 


484 


502D 


5ii4 


5204 


5204 


5383 


li& 


5563 


5652 


^ 


485 


5742 
6636 


5«3i 


5921 

681 5 


6010 


6100 


6279 


6458 


6547 


486 


6726 


6904 


6994 


7o83 


8953 


7261 
61 53 
9042 


7351 
8242 
9i3i 


7440 
833 1 
9220 


^ 


487 
488 


7529 

8420 


7618 
85oQ 


im 


lit 
9575 


7886 
8776 


7975 
8865 


1? 


489 


9309 


9398 


9486 


9664 


9753 


9930 


••19 


•107 


89 


490 


Kt 


0285 


°37^ 


0462 


o55o 


0639 


0728 


0816 


0905 


0993 


8? 


491 


1170 


I2D8 


1 347 


1435 


i524 


1612 


1700 

2583 


1789 
2671 


1877 


492 


2847 


20D3 


2142 


223o 


23i8 


2406 


2494 


88 


493 


2935 

38i5 


3o23 


3iii 


3199 


3287 


3375 
4254 


3463 


355i 


88 


494 


3727 


3903 


3991 


4078 


4166 


4342 


443o 


4517 


88 


495 


46o5 


4693 


4781 


4868 


4956 


5o44 


5i3i 


5219 


5307 


5394 
6269 


88 


496 


5482 


5569 


5657 


5744 


5832 


59,0 
6793 

?535 


'6007 


8709 


6182 


^7 


499 


6356 


6444 


653 1 


6618 


6706 
8449 


6880 


7055 


8014 
8883 


87 


7229 
.8101 


VM 


7404 
8275 


7491 
8362 


nil 


^$ 


^7 
87 


DOO 


698970 


9057 


9144 


923i 


9317 


94o4 


1% 


9578 


9664 


975 1 


^7 


5oi 


96i8 


9924 


••11 


••98 


•184 


•271 


•444 


•53 1 


•617 


87 


502 


riti 


?s: 


0877 


0963 


io5o 


ii36 


1222 


i3o9 


1305 

2258 


1482 


86 


5o3 


1741 
2603 


1827 


1913 


r 


2086 


2172 
3o33 


2344 


86 


5o4 


243 1 


25i7 


2689 


3'^]^ 


li 


3ii9 


32o5 


86 


5o5 


3201 

41D1 


3377 
4236 


3463 


3549 
4408 


3721 
4579 


'^', 


3979 


4o65 


86 


5o6 


4322 


4494 


4837 


4922 


86 


507 


5oo8 


5094 


lilt 


5265 


5350 


5436 


5522 


5607 


5693 


Uf. 


86 


5o8 


5864 


5o4o 


6120 


6206. 


6291 


6376 


6462 


6547 


85 


509 


6718 


68o3 


6888 


6974 


7059 


7144 


7229 


73i5 


7400 


7485 


85 


5io 
5ii 


707570 
8421 


7655 
85o6 


8091 


7826 
8676 


1% 


"lit 


8081 
8931 


8i66 
9015 


825i 
0100 


8336 
9185 


8"^ 
85 


5l2 


9270 


9355 


9440 


9524 


t^ 


9694 


9779 


9863 


9948 


••33 


85 


5i3 


710117 


0202 


0287 


0371 


0540 


0625 


0710 
1 554 


T6% 


o87q 


85 


5i4 


1048 


Il32 


1217 


i3oi 


1385 


1470 


1723 


84 


5i5 


1892 
2734 


2818 


2060 


2144 


2229 


23i3 


ilu 


2481 


2366 


84 


5i6 


265o 


2902 


2986 


3070 


3i54 


3323 


3407 


84 


5'7 
5i8 


3491 
433o 


3575 


3659 


3742 
458i 


3826 


3910 


'Z 


4078 


4162 


4246 


84 


4414 


tm 


4665 


4749 


4916 


5ooo 


5o84 


84 


5i9 


5167 


525i 


5418 


55o2 


5586 


5669 


5753 


5836 


5920 


84 


N. 





I 


a 


3 


4 


5 


6 


7 


8 


9 


B. 



A TABLE OP LOGABITHMS FROM 1 TO 10,000. 



N. 

520 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


716003 


6087 


6170 


6254 


6337 


6421 


65o4 


6588 


6671 


6754 
7587 
8419 
9248 


83 


521 

522 


6838 
7671 


6921 

iili 


7004 


7088 

9580 


2i^ 


7254 
8086 


7338 
8169 


7421 
8253 


7504 
8336 


83 
83 


523 


85o2 


8834 


8917 
9745 


9000 


9083 


9165 


83 


524 


9331 


9414 


9497 


9663 


???? 


^\h 


9994 


0903 


83 


525 


720159 


0242 


o325 


0407 

1233 


0490 


OD73 


o6d5 


0738 
i563 


0821 


83 


526 


0986 


1068 


IIDI 


i3i6 


1398 


1481 


1646 


1728 


82 


527 


181 1 


1893 


1975 


2o58 


2140 


2222 


23o5 


2387 


2469 


2552 


82 


528 


2634 


2716 


Ufo 


2881 


2963 


3045 


3127 
3948 


3209 


3291 


3374 


82 


529 


3456 


3D38 


3702 


3784 


3866 


4o3o 


4112 


4194 


82 


53o 


724276 


4358 


4440 


4522 


4604 


4685 


m 


4849 


4931 


5oi3 


82 


53 1 


^5095 


5176 


5258 


5340 


5422 


55o3 


6483 


5748 
6564 


583o 


82 


532 


5912 


5993 


6075 


61 56 


6238 


6320 


6401 


6646 


82 


533 


6727 


6869 
7623 
8435 


6890 


6972 


7053 


7134 


7216 


7297 
8110 
8922 


7379 
8191 
9003 


7460 
8273 
9084 


81 


534 
535 


7341 
8354 


7704 
85i6 


ini 

9408 


7866 

9480 
•298 


If. 

9570 


8029 
8841 


81 
81 


536 


9165 


9246 


tsl 


9651 


9732 
•D40 


tl 


9893 


81 


III 


9974 

730782 

1689 


••55 


•217 


•378 


:iU 


•702 
i5o8 


81 


0863 


0944 


1024 


iio5 


1186 


i347 


1428 


81 


539 


1669 


1750 


i83o 


1911 


1991 


2072 


2l52 


2233 


23i3 


81 


'540 


732394 


2474 


2555 


2635 


2715 


2796 


2876 


2956 


3o37 


3117 


80 


541 


3197 


3278 


3358 


3438 


35i8 


3398 


3679 


^5^2 


3839 


3919 


80 


542 


3999 


4079 


4160 


4240 


4320 


4400 


4480 


4640 


4720 


S° 


543 


4800 


4886 


4960 


5o4o 


5l20 


5200 


5279 


5359 


5439 


55i9 


80 


544 


5599 


1^,1 


6dd6 


5838 


5918 


5998 


6078 


^t^ 


62J7 


63i7 
7ii3 


80 


545 


6397 


6635 


67 1 5 
^305 


6795 


6874 


6954 


7034 


80 


546 
547 


7193 
9572 


U^ 


'7352 
8146 


743 1 
8225 


^463 


U'^ 


tit 


7908 
8701 


79 
79 


548 


8860 


8939 


9018 


9097 
9889 


'9177 


9256 


9335 


9414 


nti 


79 


549 


965i 


973' 


9810 


9968 


••47 


•ij6 


•205 


79 


55o 
55i 


740363 

Il52 


0442 

I230 


052I 

1 309 
2096 


0600 
1388 


0678 
1467 


%l 


o836 
1624 


09.5 

1703 


2568 


1073 
i860 


79 
79 


552 


■93? 

2720 


2018 


V^'. 


2254 


2332 


2411 


2480 

3275 

4o58 


2647 


'it 


553 


2804 


2882 


3o39 
3823 


3ii8 


3196 


3353 


343 1 


554 


35io 


3588 


3667 


3745 
4028 


3902 


3980 


41 36 


42i5 


7? 


555 


4293 


4371 


4449 


4606 


4684 


4762 


4840 


4919 


4997 


78 


556 


5075 
5855 


5i53 


5231 


5309 


5387 


5465 


5d43 


5621 


5699 


5777. 


78 


lU 


5933 


601 1 


6089 


6167 
6945 


6245 


6323 


6401 


'411 
8033. 


6556 


'^l 


6634 


67,2 


X 


6868 


7023 


7101 


m 


7334 
8110 


7? 


559 


7412 


7489 


7645 


7722 


7800 


7878 


78 


56o 


748188 


8266 


8343 


8421 


8498 


8576 
9350 


8653 


873i 
9504 


8808 


8885 


77 


56i 


8963 


9040 


9118 


919? 


9272 


9427 


9582 


9659 


77 


562 


75o5o8 


9814 


A 


9968 


••45 


•123 


•200 


•277 
1048 


•354 


•43i 


77 


563 


o586 


0740 
i5io 
2279 


0817 


0894 
1664 
2433 


0971 


1125 


1202 


77 


564 
565 


1270 
2048 


1356 

2125 


1433 

2202 


1 587 
2356 


'A 


1818 
2586 


i8o5 
2663 


197a 
2740 


77 
77 


566 


2816 


2893 
3660 


2970 

37i6 
45oi 


3o47 
38i3 


3123 


3200 


3277 


3353 


343o 


35o6 


77 


^l 


3583 


3889 


3966 


4042 


411Q 

4883 


4195 
4960 


4272 
5o36 


? 


4348 


4425 


4578 


4654 


•4730 


4807 


569 


5lI2 


5189 


5265 


5341 


5417 


5494 


5570 


5646 


5722 


5799 


76 


5fo 

571 


'''dll 


5951 


6027 
6788 
7548 
83o6 


6io3 


6180 


6256 


6332 


6408 


6484 


6560 


76 


6712 


6^64 


6940 


7016 


7092 


7168 


2'^ 


7320 

8836 


7^ 


572 
573 


it 


mi 


7624 
6382 


IWs 


ml 


I 


m 


8oo3 


76 


574 


%l 


8988 


9063 


9139 


9214 


9290 


. 9441 


9592 


■^t 


575 


9743 


H 


9894 


9970 


••45 


•121 


•196 
0950 


•272 


•347 


'^l 


576 


760422 


0408 

I25l 


0649 


0724 


0799 


0875 


1025 


IIOI 


'^l 


'^l 


1176 


i326 


1402 


2228 


1 552 


1627 
2378 


'7^2 


1778 

2529 

3278 


1 853 


7? 


1928 


2003 


2078 


2153 


23o3 


2453 


2604 


75 


579 


2679 


2754 


2829 


2904 


2978 


3o53 


3128 


32o3 


3353 


75 


N. 
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A TABLE OF LOGABITHilS FROM 1 TO 10,000. 



N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


58o 


763428 


35o3 


3578 


3653 


3727 
4475 


38o2 


3877 


3952 


4027 


4101 


75 


58 1 


4176 


425i 


4326 


4400 


455o 


4624 


4699 


4774 


4848 


75 


582 


4923 
5669 
641 3 


4998 


5072 


5147 


5221 


5296 


5370 


544D 


5520 


55o4 


75 


583 


5743 


58i8 




5966 


6041 


6n5 


6190 
6933 

til 


6264 


6338 


74 


584 


6487 


6562, 


6710 


6785 


6859 


7007 


7082 


74 


585 


7i56 


7230 


7304 
8046 


7379 
8120 


7453 
8194 


7601 
8342 


7749 


7823 
8564 


74 


586 


& 


^]l 


8490 


74 


587 


8786 
9525 


8860 


89J4 


9008 


9082 


9i56 


9230 


93o3 


74 


588 


9377 

7701 ID 


945i 


9599 


9673 


9746 


9820 


?^?f 


9968 


••42 


74 


589 


0189 


0263 


o336 


0410 


0484 


0557 


070D 


0778 


74 


590 


770832 


0926 
1661 


0909 
17^4 


1073 


1 146 


1220 


1293 


i367 


1440 


i5i4 


74 


591 


1387 


1808 


1881 


1955 
2688 


2028 


2102 


2175 


2248 


73 


592 


2322 


2395 


2468 


2542 


261 5 


2762 


2835 


2908 


2981 


73 


593 


3o55 


3128 


3201 


3274 


3348 


3421 


3494 


3567 


3640 


3713 


73 


594 


3786 
4517 


386o 


3933 


4006 


4079 


4i52 


4225 


4298 


4371 


4444 


73 


595 


4590 


4663 


4736 


4800 
5538 


4882 


4955 

5683 


5o28 


5ioo 


5173 


73 


596 


5246 


5319 


5392 


5465 


56io 


5756 


5829 


5902 


73 


li 


5974 


6047 


6120 


6193 


6265 


6338 


641 1 


6483 


6556 


6620 


73 


6701 


6774 


6846 


6919 


6992 


7064 


7137 


7209 


I'^l 


7354 
B079 


73 


599 


7427 


7499 


7572 


7644 


77»7 


7789 


7862 


7934 


8006 


72 


600 


778i5i 


8224 


8296 


8368 


8441 


85i3 


8585 


8658 


8730 


8802 


72 


601 


8874 


8947 


9019 


9091 


9i63 


9236 


9308 


9380 


9452 


9524 


72 


602 


9596 


95^9 


9741 


9813 


9885 


9957 


••29 


•loi 


•'7^ 


•245 


72 


6o3 


780317 


0389 


0461 


o533 


o6o5 


0677 


0749 


0821 


0893 


0965 


72 


604 


1^5? 


1109 


1181 


1253 


i324 


1396 


1468 


1540 


1612 


1684 


72 


6o5 


1827 


1899 


1971 


2042 


2114 


2186 


2258 


2329 


2401 


72 


606 


2473 
3189 


2544 


2616 


2688 


'4 

4i8^ 


283 1 


2902 
36i8 


2974 


3o46 


3ii7 


72 


^ 


3260 


3332 


34o3 


3546 


3761 


3832 


7> 


3904 


3975 
4689 


4046 


4118 


•4261 


4332 


4475 


4546 


71 


609 


4617 


4760 


483 1 


4902 


4974 


5o45 


5n6 


5187 


5239 


71 


610 


785330 


5401 


5472 
6i83 


5543 


56i5 


5686 


5757 


5828 


5899 


66^0 


71 


611 


6041 


6112 


6254 


6325 


6396 


6467 


6538 


6609 


7' 


612 


6751 


6822 


6893 


6964 


7035 


7106 


8593 


7248 


7319 


^s 


71 


6i3 


7460 
6168 


7531 
^239 


7602 
&3io 


llii 


7815 

8522 


It. 


8027 


7" 


614 


8734 


8804 


71 


6i5 


8875 


8946 


9016 


9087 


9157 


9228 


9299 


9369 


9440 


95io 


7« 


616 


958i 


9601 


9722 


9792 


9863 


^f-l 


•••4 


••74 


•144 


•2l5 


70 


617 


790285 


o356 


0426 


0496 


o567 


0707 


07^8 
1480 


0848 


0918 


70 


618 


0988 


1059 


1 1 29 


1199 


1269 


1 340 


1410 


i55o 


1620 


70 


619 


1691 


1761 


i83i 


1901 


1971 


2041 


2111 


2181 


2252 


2322 


70 


620 


792392 


2462 


2532 


2602 


2672 


2742 


2812 


2882 


2952 


3022 


70 


621 


3092 


3i62 


323i 


33oi 


3371 


3441 


35ii 


358i 


365 1 


3721 


70 


622 


3790 


3860 


3930 


4000 


4070 


4139 


4200 
4906 
56o2 


4270 
4970 


4349 


4418 


70 


623 


4488 


4558 


4627 


539] 


4767 


4836 


5043 


5ii5 


70 


624 


5i85 


5254 


5324 


5463 


5532 


5672 
6366 


5741 


58ii 


70 


625 


5880 


II 


6019 
6713 


6088 


6i58 


6227 


6297 


6436 


65o5 


69 


626 


6574 


6782 


6852 


6921 


9065 


7060 


7129 


7198 


6^ 


627 


7268 


8029 


7406 
8098 
8789 


mi 

8858 


7545 


7614 
83o5 


11% 


7821 
i5i3 




69 


628 


^ 


8236. 


85^2 


69 


629 


8720 


8927 


8996 


9134 


9203 


9272 


69 


63o 
63 1 


799341 
800029 


9409 
0098 
0786 


9478 
0167 


llU 


9616 
o3o5 


9685 


9754 
0442 


9823 
o5ii 


nt 


?648 


^ 


632 


0717 


o854 


0923 


0992 


1129 
i8i5 


1198 

1884 


1266 


1335 


6^ 


633 


1404 


1472 


1 541 


1609 
2295 


1678 
2363 


1747 


1952 
2637 


2021 


69 


634 


2089 
2774 
3457 


2i58 


2226 


2432 


25oo 


2568 


2705 


^ 


635 


2842 


2910 
3594 


2979 


3o47 


3ii6 


3i84 


3252 


3321 


3389 


636 


3525 


3662 


3730 


3708 
4480 


3867 
4548 


3935 
4616 


4oo3 


4071 


68 


637 


4139 


4208 


4276 

nv, 


4344 


4412 


4685 


4753 


68 


638 


482[ 


4889 


5o25 


5093 


5i6i 


5229 
5908 


5297 


5365 


5433 


68 


639 


55oi 


5569 


5705 


5773 


5841 


5976 


6044 


6112 


68 


N. 
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A TABLE OF LOGARITHMS FROM 1 TO 10,000. 



11 



N. 





I 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


640 806180' 6248 


63i6 


6384 


645i 


65i9 


6587 


6655 


6723 


6700 

8818 


68 


641 
642 
643 


6858 
7535 
8211 


6926 
7603 


6994 


7061 
1738 
A414 


8481 


9223 


7264 

Ui6 


7332 
8008 
8684 


7400 
8076 
8761 


68 
68 
67 


644 


8886 


9021 


9088 


9i56 


9200 
9964 


9358 


9425 


9492 

•i65 


67 


645 


9560 


9627 


^,^ 


9762 


9829 


X 


•••31 


^98 


67 


646 


810233 


o3oo 


0434 


o5oi 


6636 


0703 
1374 


0770 


0837 


67 


647 


x^ 


0971 


1039 


U06 


1 173 


1240 


i3o7 


1441 


i5o8 


.67 


648 


1642 


1709 
2379 


1776 


1843 


1910 

2579 


Zl 


2044 


2111 


2178 


67 


649 


2245 


23l2 


2445 


25l2 


2713 


2780 


2847 


67 


65o 


8I29I3 


2980 


3047 


3ii4 


3i8i 


3247 


33i4 


338i 


3448 


35i4 


67 


65i 


3D8i 


3648 


3714 


3781 


3848 


3oi4 
458i 


4647 


4048 


4114 


4181 


67 


652 


4248 


43 14 


438i 


4447 
5u3 


45i4 


4714 


4780 


4847 


i 


653 


4qi3 
5578 


4980 


5046 


%ll 


5246 


53x2 


5378 


5445 


55u 


654 


5644 


6374 
7036 

2^1 


5777 


5910 


^t 


6042 


6109 


6175 
6838 


66 


655 


6241 


63o8 


6440 


65o6 


6D73 
7235 


6705 

h 

8688 


67^^ 

6094 
8754 


66 


656 
til 


8226 


%1 

8292 
8961 


7102 
7764 
8424 


7169 
7836 
6490 


7301 


8820 


66 
66 
66 


659 


8885 


9017 


9083 


9149 


92i5 


9281 


9346 


9412 


9478 


v66 


660 
661 


819544 
820201 


9610 
0267 


tit 


9741 
oio9 

I053 


9807 
0464 


^ll 


9939 
0093 


•••4 
0661 


••70 
0727 


•i36 
0792 


66 
66 


662 


0858 


0924 
1579 

2233 


'^ 


1 1 20 


1186 


I2DI 


i3i7 


i382 


1448 


66 


663 


i5i4 


I7I0 
2364 


1775 


1 841 


1906 


nil 


2037 


2io3 


65 


664 


2168 


2209 

2952* 

36o5 


2430 


2495 


2D6o 


269I 


2756 


65 


665 


2822 


2887 


3018 


3o83 


3 148 


32i3 


lilt 

458i 


3344 


3409 


65 


666 


3474 


3539 


3670 


3735 
4386 


38oo 


3865 


4?46 


406? 


65 


^ 


4126 


4I9I 


4256 


4321 


445i 


45i6 


4711 

5361 


65 


4776 


4841 


4906 
5556 


■4971 


5o36 


5ioi 


5i66 


523 1 


5296 


65 


659 


5426 


5491 


5621 


5686 


5751 


58,5 


588o 


5945 


6010 


65 


670 


826075 


6140 


6204 


6269 


6334 


6399 
7046 


6464 


6528 


6593 


6658 


65 


671 


6723 


6787 


6852 


8209 
8853 


6981 
7628 
8273 


"^'J' 


7175 


7240 


73o5 


65 


672 
673 


a 


7434 
8080 


7499 
8144 


^l 


7757 
8402 


7821 
8467 


l^. 


9239 


65 
64 


^A 


8660 


8724 


8789 


8918 
956i 


8982 
9625 


9046 


9111 


9175 


64 


675 


9304 


9368 


9432 


tin 


9690 


ll-jl 


9818 


9882 


, 64 


676 


83o589 

I23o 


••11 
06^3 


••75 


•204 


•268 


•332 


•460 


*525 


64 


t!,l 


V3II 


0781 
1422 


0845 
i486 


r^o 


0973 
i6i4 


1102 
1742 


1 166 
1806 


64 
64 


679 


1870 


1998 


2062 


2126 


2189 


2253 


2317 


238i 


2445 


64 


680 


832509 


2573 


2637 


2700 


2764 


2828 


2892 


2956 


3020 


3o83 


64 


681 


3i47 


3211 


327D 


3338 


3402 


3466 


3530 


35o3 


3657 


3721 


64 


682 


3784 


3348 


3912 


3975 
461 1 


4039 
4675 


41 o3 


4166 


423o 


4294 


64 


683 


4421 


4484 


4D48 


ii^ 


4802 


4866 


iUl 


64 


684 


5o56 


5l20 


5i83 


5247 


53io 


5437 


55oo 


63 


685 


56oi 


5554 

6387 


5817 


588i 


5944 
6577 


6007 


6071 


6i34 


t^l 


6261 


63 


686 


6324 


645 1 


65i4 


6641 


6704 
7336 


8660 


6894 


63 


687 


%l 

8219 


7020 


7083 


7146 


7210 


7273 


8723 


7525 
81 56 
8786 


63 


688 
689 


7652 
8282 


ml 


V^ 


7841 
8471 


mi 


m 


63 
63 


%o 


838849' 8912 
9478. 9541 


8975 
9604 


9038 


9101 


9164 


m 


928g 
OD45 


9352 


94i5 


63 


691 


9667 


9729 


9792 


9981 


••43 


63 


692 


840106! 0169 


0232 


0294 


0357 


0420 


0482 


0608 


0671 


63 


^9^ 


0733; 0796 
1359' 1422 


0859 

1485 


Zi 


1610 


1046 


i»^9 


1172 


1234 


1297 


63 


M 


1672 


2360 


1797 


i860 


1922 
2547 


63 


695 


198D 2047 


2110 


2172 


2235 


2297 


2422 


2484 


62 


696 


2609 2672 
3233 3295 


m 


2796 


2859 


2921 
3544 


36o6 


3046 


3io8 


3170 


62 


697 


3420 


3482 


3669 


4I53 


3793 


62 


698 


3855; 3918 


T. 


4042 


4104 


4166 


4229 


4291 


44i5 


69 


699 


4477 


4539 


4664 


4726 


4788 


4850 


4912 


4974 


5o36 


6a 
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12 A TABLE OP LOGARITHMS FROM 1 TO 10,000. 



N. 





I 


2 


3 


4 


5 


6 


7 


8 


9 


62 




700 


845098 


5i6o 


5222 


5284 


5346 


5408 


5470 


5532 


5594 


5656 


701 


5718 


5780 


5342 


5904 


5966 


6028 


6090 


6i5i 


62i3 


6275 


62 




702 


6337 
6955 

k 

88o5 


6399 


6461 


6D23 


6d85 


6646 


6708 


6770 


6832 


6894 


62 




7o3 
704 

7o5 


7017 
7634 
8251 


7079 


7I4I 

7758 
8374 
89B9 


7202 


7264 
8497 


7326 

It 


7388 
8004 
8620 


7449 
8066 
8682 


Ills 

8743 


62 
62 
62 




706 


8866 


8028 
9542 


905 1 


9112 


9174 
9788 


9235 


9297 


9358 


61 




?:? 


9419 
85oo33 


9481 


9604 


9665 


9726 
0J40 


9849 


9911 


mi 


61 




0095 


oi56 


0217 


0279 


0401 


0462 


0324 


61 




709 


0646 


0707 


0769 


o83o 


0891 


0952 


1014 


1075 


ii36 


1197 


61 




710 


851258 


l320 


i38i 


1442 


i5o3 


1 564 


1625 


1686 


1747 
2358 


1809 


61 




711 


1870 
2480 


193l 

2541 


199^ 


2o53 


2114 


2175 


2236 


2297 


2419 


61 




712 


2602 


2663 


2724 


2785 
3394 


2846 


2907 


2968 


3029 


61 




713 


3090 


3i5o 


32II 


3272 


3333 


3455 


33i6 


^^77 


3637 


61 




714 


3698 


13^? 


3820 


3881 


3941 
4549 


4002 


4o63 


4124 


4183 


4245 


61 




7i5 


4306 


4428 


4488 


4610 


4670 


4731 


till 


4852 


61 




716 


4913 
55.9 
6124 


ii^ 


5o34 


5095 


5i56 


5216 


5277 


5337 


5459 


61 




'vl 


5640 


5701 


6366 


5822 


5882 


5943 


6oo3 


6064 


61 




6i85 


6245 


63o6 


6427 


6487 


6348 


6608 


6668 


60 




719 


6729 


6789 


6850 


6910 


6970 


703 1 


7091 


7152 


7212 


7272 


60 




720 
721 


857332 

9i38 

86o338 
0937 


7393 
7oo5 


8o56 


75i3 
8116 


ti 


7634 
8236 


7694 
8297 


7755 
8357 
8958 

• 'I 

rk 


78i5 
8417 


7875 

8477 
9078 


60 
60 




722 


1^1 

9198 

0390. 

0996 
1594 
219! 

2787 


8657 
9258 
9859 
0458 
io56 


8718 


8778 


8838 


8898 


9018 


60 




723 

724 
725 
726 


9318 
1116 


9370 

1176 


0637 
1236 


9499 
••98 
0697. 
1293 


9619 
•218 
0817 
I4i5 


9679 

•278 
0877 
1473 


60 
60 
60 
60 




727 
728 


1 534 

2l3l 


1 654 

225l 


1714 

23l0 


1773 
2370 


1 833 
243o 


24^ 


1932 
2349 


2012 

2608 


2072 
2668 


60 
60 




729 


2728 


2847 


2906 


2966 


3o25 


3o83 


3i44 


3204 


3263 


60 




730 


863323 


3382 


3442 


35oi 


3561 


3620 


3680 


3739 
4333 
4926 


3799 
4392 
4985 
5578 
6169 
6760 


3858 


^ 




k 


3917 

431 1 


3q77 
4570 
5i63 


4o36 
463o 


4096 
4689 


4i55 
4748 


4214 
4808 


4274 

4867 


4452 
5o45 


^ 




733 


5io4 


5222 


5282 


5341 


5400 


5459 


5319 


5637 
6228 
6819 


^ 




734 

735 


5696 
6287 
6878 


5755 
6346 


58i4 
6405 


5874 
6465 


5933 
6524 


^l 


6o5i 
6642 


6(10 
6701 


^ 
^ 




736 


6937 


6996 


7o55 


7114 


7173 


7232 


8468 


7350 


s 


^ 




3^ 


7467 
8o56 


dii5 


7D85 
8174 


tii 


7703 
8292 


Utl 


7821 
8409 


Ul', 


^ 
^ 




739 


8644 


8703 


8762 


8821 


8879 


8938 


8997 


9o56 


9114 


9173 


59 




740 

742 
743 
744 
745 


869232 

9818 

870404 

•^ 

2i56 


929Q 

9877 
0462 
1047 
i63i 

22l5 


0521 
1 106 
1690 
2273 


9408 
9994 
0579 
1164 
1748 
2331 


9466 
••53 
0638 

1223 

1806 
2389 


9525 
•in 

1 865 
2448 


9584 
•170 
0755 
i33o 
1923 
25o6 


9642 
•228 
o8i3 

1 981' 
2564 


9701 
•287 
0872 
1456 
2040 
2622 


2]^ 

2098 
2681 


59 

58 
58 
58 




1^, 
746 

74d 
749 


2739 
3321 
3902 
4482 


2797 

4540 


2855 
3437 
40x8 
4598 


2913 
3495 
4076 
4656 


3?53 
4i34 
4714 


3o3o 
36ii 
4192 

4772 


3o88 
3669 
4250 
4830 


3146 
2727 
4308 
4888 


3204 
3785 
4366 
4945 


3262 
3844 
4424 
5oo3 


58 
58 
58 
58 




75o 


875061 
5640 


5ii9 
5698 


l]ll 


5235 


5293 


535i 


5409 


5466 


5524 


5582 


58 




731 


58i3 


5871 


5929 


5987 


6045 


6102 


6160 


58 




752 


6218 


6276 


6333 


6391 


6449 
7026 




6364 


6622 


6680 


6737 


58 




753 


6795 


6853 


6910 


6968 
7544 
8119 
8694 


7083 


7141 


7199 


'^ll^ 


7314 


58 




754 


7371 
nil 


7429 
8004 


7487 
8062 
8637 


7602 

8177 
8752 


7659 
8234 
8809 
9383 


8292 
8866 


8349 
8924 


7832 
8407 
8081 
9533 


8464 
9039 


58 

P 




]U 


X 


92 1 1 


9268 


9325 


9440 


9497 


9612 




0726 


9784 


9^41 


9893 


9956 


••i3 


••70 


•127 


•i85 


Vn 




h 


880242 j 0299 


6356 


041 3 


0471 


0328 


o585 


0642 
7 


0699 


0756 


57 




N. 





I 


» 


' 


4 


5 


6 


« 


' 


D. 





A TABLE OF LOGARITHMS FROM 1 TO 10,000. 18 



N. 



760 
761 
762 
763 
764 
765 
766 

tl 

769 

770 
771 

773 

'^H 

776 

777 
778 
779 
780 

782 
783 
784 
785 
786 

787 
788 
789 

790 
791 

793 

/95 
796 

798 
799 
Boo 
601 
B02 
Bo3 
604 
8o5 
B06 
807 
808 
809 

810 
811 
812 
8i3 
814 
8i5 
816 

^n 

8id 
819 

N. 



880814 
1 385 
io55 

2D25 

3oq3 
366i 
4229 

53^1 
5926 

886491 
7054 
^6I7 
6179 
8741 
9302 
9862 

890421 
0980 
x537 

892095 
265 1 
3207 
.3762 
43i6 
4870 
5423 
5975 
6526 
7077 

8725 
9273 
9821 

900367 
0913 
1458 

2003 

2547 

903090 
3633 
4174 
4716 
5256 
5706 
6335 
6874 
7411 
7949 

908485 
9021 
9556 

910091 
0624 
ii58 
1690 
2222 
2753 
3284 



0871 
1442 
2012 
258i 
3i5o 
3718 
4285 
4852 
5418 
5983 

6547 
71 " 

8236 



9918 

io35 
1593 

2i5o 
3262 

3817 
4371 
4925 
5478 

6o3o 
658 1 
7i32 

7682 
823 1 
8780 
9328 
9875 
0422 
0968 
i5i3 
2067 
2601 

3i44 
3687 
4229 

53io 
585o 
6389 

^11 

7465 

8002 

8539 
9074 
9610 
0144 
0678 
1211 
1743 
2275 
2806 
3337 



0928 
1409 
2069 
2638 
3207 
O175 

%U2 
4909 
5474 
6039 

6604 
7167 

3730 
8292 

8853 
9414 

o?33 
1091 
1649 

2206 
2762 
33i8 
3873 
4427 
4980 
5533 
6o85 
6636 
7187 

nil 

8835 
9383 
9930 
0476 
1022 
1 567 
2112 
2655 

3199 
3741 
4283 
^824 
5364 
5904 
6443 
6981 

loll 

8593 
9128 
9663 
0107 
0731 
1264 

im 

2859 
3390 



1042 

i6i3 

2i83 
2752 
3321 
3888 
4455 

5022 

5587 
6i52 

6716 
7280 
7842 
8404 
8o65 
9026 
••86 
0645 

I203 

1760 

23i7 
2873 
3429 
3984 
4538 
5091 
5644 
6195 

6747 
7297 

^396 
8944 
9402 
••39 
o586 
ii3i 
1676 

3221 
2764 
3307 

3849 
4391 
4932 
5472 
6012 
655i 
7089 
7626 
8i63 

8609 
923d 
9770 
o3o4 
o838 
,371 
1903 
2435 
2966 
3496 

4' 



1099 
1670 
2240 
2809 
3377 
3o45 
45i3 
5078 
5644 
6209 

7]36 

It 

9021 
9582 
•i4i 
0700 
1259 
1816 

2373 
2929 
3484 
4039 
4593 
5146 
5699 
6251 
6802 
7352 

1992 
8431 
8999 
9547 
••94 
0640 
1 186 
1731 
2275 
3818 

3361 
3904 
4445 

5326 

6066 

66o4 
7143 
7680 
8217 
8753 

$^ 

o358 
0891 
1424 
1956 
2488 
3019 
3549 



ii56 

1727 

m 

3434 
4002 
4569 

5i3d 
5700 
6265 

6829 
7392 

mi 

o-po 
i3i4 
1872 

2429 
2985 
3540 
4094 
4648 

5201 

5754 

63o6 
6857 
7407 

ItU 

9054 
9&02 

•149 
0695 
1240 
1785 
2329 
2873 

3416 
3958 
4499 
5o4o 
558o 
61 19 
6658 
7106 
77J4 
8270 

8807 
9342 
9877 
041 1 
0944 

1477 
2009 
2541 
3072 
36o2 



^ 



I2l3 

1784 

2354 
2923 
3491 
4069 
4625 
5192 

^^ 

6321 
6885 
[449 

8573 
9134 

tn 

0812 
1370 
1928 

2484 

3o4o 
3595 
4i5o 
4704 
5257 
5809 
636i 
6912 
7462 

8012 
856i 

965? 

•203 

0749 
1295 
1840 
2384 
3927 

3470 
4013 
4553 
5094 
5634 
6173 
6712 
7250 

Ull 

8860 
9306 
99io 
0464 

2o63 
2594 
3i25 
3655 



8 



1271 
1 841 
241 1 
2980 
3548 
4ii5 
4682 
5248 
58i3 
6378 

6942 
7605 
8067 
8629 
9190 
9730 
•309 
0868 
1426 
1983 

2540 
3096 
3631 
4^205 
4759 
53i2 
5864 
6416 

%] 

8067 
861 5 
9164 

97JA 
•258 

0804 

1349 

X894 

2438 

2981 

3524 
■4066 
4607 
5148 
5688 
6227 
6766 
73o4 
7841 
8378 

8914 
9449 

io5i 
1 584 
2116 
3647 
3178 
3708 



i328 
1898 
2468 
3o37 
36o5 
4172 
4739 
53o5 
5870 
6434 



8123 
8685 
9246 
9806 
•365 
0924 
1482 
2039 

2595 
3i5i 

3706 
4261 
4814 
5367 
5920 

6471 
7022 
7572 

8122 
8670 
9218 
9766 

•3l2 

0859 
1404 
1948 
2492 
3o36 

3578 
4120 
4661 

5202 
5742 
6281 
6820 

7358 

1% 

0571 
1 104 

1637 

2169 
2700 
323i 
3761 



u 



A TABLE OP LOGARITHMS FROM 1 TO 10,000, 



N. 





I 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


820 


9i38i4 


3867 


3920 


3973 


4026 


laS 


4i32 


4184 


4237 


4290 


53 


821 


4343 4396 


4449 


4^02 


4555 


4660 


47«3 


4766 


4819 


53 


822 


48721 4925 


im 


5o3o 


5o83 


5i36 


5189 


5241 


5294 


5347 


53 


823 


5400I 5453 


5558 


56ii 


5664 


5716 


5769 


5822 


5875 


53 


824 


59271 5980 
6454 6D07 
6980 7033 


6o33 


6o85 


6i38 


6191 


6243 


6296 


6349 


6401 


53 


825 


6559 
7085 


6612 


6664 


^l\l 


6770 


6822 


6875 


%i 


53 


826 


7138 


7190 


7295 


73<8 


7400 


53 


828 


7D06 7558 
8o3o 8o83 


761 1 
8i35 


7663 
8188 


7716 


8293 


7820 


7873 


Zl 


lUl 


52 


8240 


8345 


8397 


52 


829 


8555 8607 


8659 


8712 


8764 


8816 


8869 


8921 


8973 


9026 


52 


83o 


919078 9i3o 


9183 


^Hi 


9287 


9340 


9392 


9444 


9496 


9549 


52' 


83 1 


9601 9653 


9706 


9758 


9810 


9862 


9914 


9967 


••19. 


••71 ' 


52 


832 


920123 0176 


0228 


0280 


o332 


0384 


0436 


0489 


o54i 


0593 


52 


833 


0645' 0697 
1166 1218 


0749 


0801 


o853 


0906 


0958 


lOIO 


1062 


1114 


52 


834 


1270 


l322 


1374 


1426 


1478 


i53o 


i582 


1634 


52 


835 


1686 1738 


1790 

23l0 


1842 


1894 


1946 


l^s 


2o5o 


2102 


2i54 


52 


836 


2206 2258 


2362 


2414 


2466 


2570 


2622 


2674 


52 


837 


2725 2777 


2829 


2881 


2933 


2985 
35o3 


3o37 


3089 


3i4o 


3192 


52 


838 


32441 3296 


3348 


3399 


345£ 


3553 


3607 


3658 


3710 


52 


839 


3762 38i4 


3865 


3917 


3969 


4021 


4072 


4124 


4176 


4228 


52 


840 


924279! 433 1 


4383 


4434 


4486 


4538 


4589 


4641 


4693 


4744 


52 


841 


479^ 


4848 


4899 


4951 


5oo3 


5o54 


5io6 


5i57 


3209 


5261 


52 


842 


53i2 


5364 


541 D 


5467 


55i8 


5570 
6o85 


5621 


5673 
6i88 


5723 


5776 


52 


843 


5828 


5879 


593 1 


5982 


6o34 


6137 


6240 


6291 


5i 


844 


6342 


6394 


6445 


6497 


6548 


6600 


665i 


6702 


6754 


68o5 


5i 


845 


6857 


6908 


6959 


70H 


7062 


7114 


7i65 


7216 


7268 


7319 


5i 


846 


7370 


7422 


pi 
6498 


7524 


m 


7627 
8140 


7678 


7730 


8293 


7832 
8345 


5i 


847 


7883 


7935 
8447 


8o37 


0191 
8703 


8242 


5i 


848 


8396 


8549 


86oi 


8652 


8754 


88o5 


8857 
9368 


5i 


849 


8908 


8959 


9010 


9061 


9112 


9i63 


9215 


9266 


9317 


5i 


85o 


929419 


9470 


9521 


9572 


9623 


9674 


9725 


9776 
•287 


9827 


^^ 


5i 


85i 


9930 


9981 


••32 


••83 


•i34 


•i85 


*236 


•338 


5i 


852 


930440 


0491 


o542 


0592 


0643 


0694 


0745 


0796 


0847 


0898 


5i 


853 


0949 


1000 


io5i 


II02 


ii53 


1204 


1254 


i3o5 


i356 


1407 

1915 


5i 


854 


1458 


1 509 


i56o 


161O 


1661 


1712 


1763 


1814 


1 865 


5! 


855 


1966 


2017 


2068 


2118 


2169 


2220 


2271 


2322 


2372 


2423 


5i 


856 


2474 


2524 


2575 


2626 


3i83 


2727 


2778 
3285 


2829 


llU 


2930 


5i 


858 


2981 


3o3i 


3o82 


3i33 


3234 


3333 


3437 


5i 


3487 
3993 


3538 


3589 


3639 
4145 


3690 


3740 


3791 


3841 


3892 


3943 


5i 


859 


4044 


4094 


4195 


4246 


4296 


4347 


4397 


4448 


5i 


860 


934498 


4549 


4599 


4650 


4700 


4751' 


4801 


4852 


4902 


4953 


5o 


861 


5oo3 


5o54 


5io4 


5i54 


52o5 


5255 


53o6 


5356 


5406 


5457 


5o 


862 


5507 


5558 


56o8 


5658 


5oo9 
6ii2 


5759 


5809 


5860 


5910 


5960 


5o 


863 


601 1 


6061 


6111 


6162 


6262 


63i3 


6363 


6413 


6463 


5o 


864 


65i4 


6564 


6614 


6665 


6715 


6765 


681 5 


6865 


6916 


6966 


5o 


865 


7016 


7066 


7117 


7167 


7217 
7718 
8219 


7267 


7317 


7367 


7418 


7468 


5o 


866 
867 


7518 
8019 


7568 
8069 


7668 
8169 


7769 
8269 


llll 


7869 
6370 


7919 
8420 


7969 
8470 


5o 
5o 


868 


8520 


8570 


8620 


8670 


8720 


8770 


8820 


O870 


8920 


8970 


5o 


869 


9020 


9070 


9120 


9170 


9220 


9270 


9320 


9369 


9419 


9469 


5o 


870 


939519' 9569 
940018 0068 


9619 
ou8 


9669 


9719 
0218 


9769 


.9819 


9869 


9918 


9968 


5o 


871 


0168 


0267 
0765 


o3i7 
o8i5 


0367 
o865 


0417 


0467 


5o 


872 


o5i6 o566 


0616 


0666 


0716 


0915 


0964 


5o 


873 


1014 1064 


1114 


1163 


12l3 


1263 


i3i3 


1 362 


1412 


1462 


5o 


874 


i5ii| i56i 


1611 


1660 


I7I0 


1760 


1809 
23o6 


1850 


1900 
2403 


1958 


5o 


875 


2oo8| 2o58 


2107 


2157 
2653 


2207 


2256 


2353 


2455 


5o 


876 


25o4 


2554 


26o3 


2702 


2752 


2801 


285i 


& 


2950 


5o 


l]l 


3ooo 


3049 


3593 


3148 


3198 


3247 


3297 


3346 


34.45 


^ 


3495 


3544 


3643 


3692 

4186 


3742 


3791 


3841 


38oo 
4384 


^ 


59 


879 


3989; 4038 


4088 


4137 


4236 


4285 


4335 


59 


N. 


1 I 


2 


3 


4 


5 


6 


7 


8 


9 


»•, 



A TABLE OF LOGARITHMS FROM 1 TO 10,000. IS 



N. 


I 


3 


3 


4 


5 


6 


7 


8 


9_ 


D.l 


8So 9444S3 


4532 


458i 


463 1 


4680 


4729 


4779 


4828 


4877 


4927 


49 


83 1 


4976 


5o25 


5o74 


5i24 


5173 
5665 


5222 


5272 


5321 


5370 


5419 


49 


882 


5469 


55i8 


5567 


56i6 


5715 


5764 


58i3 


5862 


5912 


49 


883 


596! 


6010 


6059 


6108 


6157 


6207 


6256 


63o5 


6354 


6403 


49 


884 


6402 


65oi 


655i 


6600 


6649 


6698 


6747 
7238 


6796 


6845 


6894 


49 


885 


6943 


6992 


7041 


7090 


•7140 


7189 


7287 


7336 


7385 


49 


886 

887 


7434 
7924 


7483 
7973 


7532 
8022 


7581 
8070 


4630 
6119 


Pel 


7728 
8217 
8706 


nil 


7826 
63i5 


7875 
8364 


49 

49 


888 


8413 


8462 


85ii 


856o 


8609 


8657 
9146 


8755 


8804 


8853 


49 


889 


8902 


8951 


8999 


9048 


9097 


9195 


9244 


9292 


9341 


49 


890 


949390 


9439 
9926 


9488 


9536 


9585 


9634 


9683 


9731 


9780 


f^l 


49 


891 


9878 


9975 


••24 


••73 


•121 


•170 


•219 
0706 


•267 


49 


892 


95o365 


0414 


0462 


o5n 


o56o 


0608 


06D7 


0754 


o8o3 


49 


893 


oS5i 


0900 
1 386 


0949 


:ill 


1046 


1095 


1 143 


1192 


1240 


\^ 


49 


894 


1338 


1435 


1 532 


i58o 


1629 


lUl 


1726 


$ 


8^5 


1823 


1872 
2356 


IQ20 


2?^? 


2017 


2066 


2114 


2211 


2260 


8^6 


23o8 


24o5 


25o2 


255o 


3o?? 


2647 


2696 


2744 


48 


897 
89S 


2792 


2841 


2880 
3373 


2938 


2986 


3o34 


3i3i 


3i8o 


3228 


48 


3276 


3325 


3421 


3470 


35i8 


3566 


36i5 


3663 


37,1 


48 


899 


3760 


38o3 


3856 


3905 


3953 


4001 


4049 


4098 


4146 


4194 


48 


900 


954243 


4291 


4339 


4387 


4435 


4484 


4532 


458o 


4628 


til 


48 


901 


4725 


4773 


4821 


4869 


4918 

11^ 


4966 


5oi4 


5o62 


5iio 


48 


002 


5207 


52D5 


53o3 


5351 


5447 


5495 


5543 


5592 


5640 


48 


903 


5688 


5736 


5784 


5«32 


5928 


5976 


6024 


6072 
6553 


6120 


48 


004 


6168 


6216 


6265 


63 1 3 


6361 


6409 
6888 


6457 


65o5 


6601 


48 


7 * 

QOD 


6649 


6697 


6745 


6793 


6840 


6936 


6984 


7o32 


7080 


48 


^06 


7128 


7176 

7655 

8i34 


7224 


7272 


7320 


7363 


7416 


7464 


7512 


til 
85i6 


48 


907 
908 


7607 

8oy6 


8181 


77^1 
8229 


7799 


Ittl 


in 


7942 
8421 


8468 


48 

48 


909 


8564 


8612 


8659 


8707 


88o3 


885o 


8893 


8946 


8994 


48 


910 


959041 


^?^ 


9137 


9185 


9232 


9280 


9328 


9375 
9862 


9423 


9471 


48 


911 


9518 


9614 


9661 


v,^ 


tin 


9804 


9900 


2^S 


48 


912 


999^ 


*»42 


••90 


•i38 


•280 


•328 


^7^ 


48 


li3 


960471 


o5i8 


o566 


o6i3 


o65i 


0709 


0756 


0804 


o85i 


0899 


48 


914 


0946 


0994 


1041 


1 563 


n36 


1184 


I23l 


;?i? 


i326 


1374 


47 


9i5 


1421 


1469 
1943 


i5i6 


1611 


i658 


1706 


1801 


1848 


47 


9.6 


1895 


1990 


2o33 


2oS5 


2l32 


2180 


2227 


2275 


2322 


47 


9'7 


2417 


2464 


25ll 


2559 


2606 


2653 


2701 


2748 


2795 


47 


918 


2843 


2890 
3363 


2937 


2985 


3o32 


3079 


3i26 


3i74 


3221 


3268 


47 


919 


33i6 


3410 


3457 


35o4 


3552 


3599 


3646 


3693 


3741 


47 


920 


963788 


3835 


3882 


3929 


3977 
444B 


4024 


4071 


4118 


4165 


4212 


47 


921 


4260 


4307 
4778 


4354 


4401 


4495 
4966 


4542 


4590 
5o6i 


4637 


4684 


47 


022 


4731 


4825 


4S72 


4919 


5oi3 


5io8 


5i55 


47 


923 


5202 


5249 


5296 


5343 


5390 
5860 


5437 


5484 


553i 


5578 


5625 


47 


924 


5672 


57.9 


5766 


58i3 


in 


5954 


6001 


6048 


6095 


47 


923 


6142 


6189 
6658 


6236 


6283 


6329 


6423 


6470 
6930 
7408 


65i7 
6986 


6564 


47 


926 


6611 


6705 


6732 


6799 
7267 


6845 


6892 


7033 


47 


927 
92^ 


7080 


7127 


7173 


7220 


73.4 


736i 


7454 


7501 


47 


7548 
8016 


m 


7642 
8109 


7688 
8i56 


8203 


7782 
8249 


8296 


tt 


ir^ 


7969 
8436 


47 
47 


93 1 


968483 


853o 


8576 


8623 


8670 


8716 


8763 


8810 


8836 


8903 


47 


93 i 


8950 


8996 


9043 


9090 ' 


9.36 


9i83 


'^1 


9276 


9323 


^l^ 


47 


9^' 


9416 


9463 


9509 
9975 


95d6 


9602 


9649 


9742 


9789 


9S3D 


47 


9-3 


9882 


9028 


••21 


••68 


•ii4 


•161 


•207 


•234 


•3oo 


il 


^:4 Q70347 


0440 


04S6 


o533 


0579 


0626 


0672 


V.'s^ 


0765 


o}5 0S12 


o8j8 


090 i 


0951 


0997 
1461 


1044 


\Z 


1137 


1229 


46 


936 


1276 


l322 


1 369 


I4i5 


i5o8 


1601 


1647 


i6o3 


46 


937 


1740 


1786 


1832 


1879 


1925 


1971 


2018 


2064 


2II0 


2x57 


46 


938 


2203 


2249 


2295 


2342 


2383 


2434 


248r 


2527 


2573 


2619 


46 


$39 
N. 


2666 


2712 


2758 


2804 


285i 


2897 


2943 


2989 


3o35 


3082 


46 





I 


2 


3 


4 


5 


6 


7 


8 


' 


"d^ 
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16 A TABLE OF LOGARITHMS FROM 1 TO 10,000. 



N. 





5n4 


3 


3 


4 


5 


6 


7 


8 1 9 


D. 
46 


940 


073128 


3220 


3266 


33i3 


3339 


3465 


345 1 


3497 


3543 


941 


3590, 3636 


3682 


3728 


3774 


3820 


3866 


3oi3 
4374 


3939 


4O03 


46 


942 


403 1 1 4097 
4512: 4538 


4143 


4189 


4235 


4281 


%sl 


4420 


4466 


46 


943 


4604 


465o 


4696 
5i56 


4742 


4834 


4880 


4926 


46 


944 


49721 5oi8 


5o64 


5iio 


5202 


5248 


5294 


5340 


5386 


46 


945 


5432 1 5478 
58^1, Soil 
6330! 63o6 


5524 


5570 


56i6 


5662 


5707 


5733 


5799 


5845 


46 


946 


5983 


6029 


6075 


6121 


6167 
6625 


6212 


6238 


63o4 


46 


947 


6442 


6488 


6533 


6579 


6671 


6717 


6763 


46 


94B 
949 


6808 6854 
7266 7312 


6900 
7358 


6946 
7403 


6992 
7449 


7037 
7495 


7083 

7541 


V^ 


7220 
7678- 


46 
46 


95o 
95 1 


''ini\ 11^ 


7815 
8272 


7861 
83i7 


It, 


7952 
6409 


If. 


8043 
85oo 


8089 

8546 


8i35 
8591 


46 
46 


952 


86371 8683 


8728 


3774 


8819 


8865 


8911 


8956 


9002 


m 


46 


953 


9093 9 I 38 


9184 


9230 


9275 


9321 


9366 


9412 


9457 


46 


954 


9548 9594 


9639 


9685 


9730 


9776 

023l 


9821 


9867 


X 


9958 


46 


955 


9800031 0049 
0458; o5o3 


0094 


0140 


oi85 


0276 


0322 


0412 


45 


956 


0549 
ioo3 


0594 


0640 


o685 


0730 


0776 


0821 


0867 


45 


957 


0012 0957 
i366 141 1 


1048 


1093 


1139 


1 184 


1229 

1683 


1275 


l320 


45 


958 


1456 


i5oi 


1 547 


1592 


1637 


1723 


1773 


45 


09 


1819, 1864 


1909 


1954 


2000 


2045 


2090 


2i35 


2181 


2226 


45 


960 


982271' 23i6 


2362 


2407 


2432 


2497 


2543 


2583 


2633 


2678 


45 


961 


2723 2769 


2814 


2859 


2904 
3356 


2949 


2994 


3o4o 


3oS5 


3i3o 


45 


962 


3175, 3220 


3265 


33io 


3401 


3446 


3491 


3536 


358i 


45 


963 


3626 3671 


3716 


3762 


3807 


3852 


3897 


3o42 
4392 


3987 


4o32 


45 


964 


4077i 4122 


4167 


4212 


4257 


43o2 


4347 


Hl"^ 


4482 


45 


?65 


45271 4572 


4617 


4662 


4707 


4752 


4797 


4842 


^??7 


4932 
5382 


45 


966 


4977 5022 
5426 5471 


5067 
55i6 


5ll2 


5i57 
56o6 


5202 


56^ 


5292 


5337 
5786 


45 


967 


556i 


565i 


5741 


5830 


45 


^8 


58751 5920 


5965 


6010 


6o55 


6100 


6144 


6189 


6234 


6279 


45 


969 


6324| 6369 


6413 


6453. 


65o3 


6548 


6593 


6637 


6682 


6727 


45 


970 


986772! 6817 


6861 


% 


6q5i 


6996 


7040 


7085 


7i3o 


7175 


45 


911 


7219 7264 


?7^ 

8202 


7398 


7443 


7488 


7532 


7577 


7622 
8068 


45 


972 


7666 77 1 1 
8113' 6i57 


7800 
8247 


7845 
8291 
8737 


7890 


ifsi 


lilt 


8024 


45 


973 


8336 


8470 


85i4 


45 


974 


8559I 8604 


8648 


8693 
9i38 


8782 


8826 


^i'^i 


8916 
9361 


8960 


45 


975 


9003 1 9049 


9539 


91 83 


9Q27 


9272 


9316 


94o5 


45 


976 


945o 9494 


9583 


9628 


9672 


97»7 


2^^I 


9806 


9830 


44 


977 


'^S? 


9939 


998J 


••28 


••72 


•117 


•161 


•206 


•25o 


073b 


44 


978 


o3b3 


0428 


0472 


o5i6 


056 1 


o6o5 


O630 


0694 
1137 


44 


979 


0827 


0871 


0916 


0960 


1004 


1049 


1093 


1 182 


44 


980 


991226 


1270 


i3i5 


1339 


i4o3 


1448 


1492 


f536 


i58o 


1625 


44 


982 


^1669 

2III 


I7i3 
ai56 


1758 
2200 


1802 
22 i', 


1846 
2288 


1890 
2333 


io35 

2377 


1979 
2421 


2023 

2465 


2067 

2309 


44 
44 


983 


25541 25o8 


2642 


2686 


2730 


2774 


2819 


2863 


m 


2951 

33o2 
3833 


44 


984 


3o83 


356? 


3172 


32i6 


3260 


33o4 


3348 


44 


985 


3524 


36i3 


3637 


3701 


3745. 


3789 


44 


986 


3877I 3o2I 
43 1 7 436i 


3963 


4009 


4o53 


4097 


4141 


4i85 


4229 


4273 


44 


Hi 

989 


44«i 


4449 


4493 
4933 
5372 


4337 


4581 


4625 


5547 


47i3 


44 


4757 4801 
5196 5240 


4845 
5284 


4880 
532S 


iVJ 


502I 

5460 


5o65 
55o4 


5i52 
5591 


44 
44 


.990 


995635 5679 


5723 


ll^ 


58ii 


5854 


5898 


??^=' 


5986 


6o3o 


44 


991 


6074 6117 
65i2 655D 


6161 


6249 


6293 
6731 


6337 


638o 


6424 


6468 


44 


992 


65o9 
7037 
7474 


6643 


6687 


6774 


6818 


6862 


6906 
7343 

ll]l 
8652 


44 


^3 
994 


%i^l 


7080 
7517 


7124 
7561 


7168 
7605 
8041 
8477 


7212 
7648 
8o85 
8521 


7255 
7692 
8129 
8564 


8172 
8608 


44 


^6 


7823 7867 

8259 83o3 
86o5 8739 
ot3i 9174 


l%° 


l%t 


8434 


44 
44 


^l 


8782 


8826 


8S69 
93o5 


8913 


8956 
9392 


9000 


9043 


9087 


44 


9218 


9261 


9348 


9435 


9479 
99i3 


9522 


44 


999 1 9565| 9609 


9652 


9696 


9739 


9783 


9826 


9870 


9957 


43 


N. 





I 


2 


3 


4 


5 


6 


7 


8 


9 



A TABLE 

OF 

LOGARITHMIC 
SINES AN£> tangents 

% 

POK EVERY 

DEGREE AND MINUTE 
OF THE QUADRANT. 



Remark. The minutes in the left-hand column of e«ich 
page, increasing downwards, belong to the degrees at the 
top; and those increasing up.wards, in the right-hand column, 
belong to the degrees below. 
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(0 DEGREES.) A TABLE OF LOGARITHMIC 



M. 


Sine 


D. 


Cosine 


D. 


Tang. 


JX 





Cotang. 1 


o 






10.000000 




0- 000000 




Infinite. 


60 


I 


6.463726 


5017.17 


000000 


• 00 


6.463726 


5017 


si 


13-536274 


U 


2 


764756 


2934 


85 


000000 


• 00 


764756 


2934 


235244 


3 


940847 


2082 


3i 


000000 


• do 


940847 


2082 


3i 


059153 


U 


4 


7.065786 


i6i5 


ll 
ll 

54 


000030 


• 00 


7.065786 


i6i5 


17 


i2-o342i4 
837304 
758122 


5 
6 


162696 

241877 


i3i9 
iii5 


000000 
9.999999 


• 00 

• 01 


162696 

241878 


i3i9 
iii5 


1 

54 


55 
54 


I 


308824 
3668 16 


tt. 


999999 
999999 


•01 
• 01 


308825 
366817 


?| 


6?3i83 


53 

52 


9 


41796B 


• 762 


63 


999990 
999998 


•01 


417970 


689 


63 


582o3o 


5i 


10 


463725 


689 


88 


•01 


463727 


88 


536273 


5o 




7.5o5ii8 


629 


81 


9.999998 


• 01 


7'5o5i2o 


629 


81 


12.494880 


it 




542906 


579 


36 


999997 


• 01 


tf47^ 


i]? 


33 


437091 




577668 


536 


41 


999997 


.01 


42 


422328 


ti 




609853 


499 


38 


999996 


..01 


609857 


499 
467 


',1 


390143 




639816 


467 


14 


999996 


• 01 


639820 


36oi8o 


45 


i6 


667845 


438 


81 


999995 


• 01 


667849 


438 


82 


332i5i 


44 


\l 


694173 


4i3 


ll 


999995 


•01 


69417^ 


4i3 


ll 


3o582i 


43 


718997 


391 


999994 


•01 


719004 


391 


280997 


42 


'9 


742477 


371 


U 


999993 


.01 


742484 


371 


28 


257316 


41 


20 


764754 


353 


999993 


•01 


764761 


351 


36 


235239 


40 


21 
22 


-•■& 


336 

321 


]l 


9.999992 
999791 


•01 
•01 


'•a 


336 

321 


73 
76 


15.214049 
193845 


It 


23 


825451 


3o8 


o5 


999900 
999980 
99W«8 


•Of 


825460 


3o8 


06 


174540 
i56o56 


ll 


24 


843934 


295 


U 


•02 


843944 


It 


49 


25 


861662 


2S3 


.02 


861674 


90 


138326 


35 


26 


878695 
895085 
910879 


273 


ll 


999fyS8 . 


.02 


878708 


273 


18 


121292 


34 


11 


263 
253 


999987 
999986 


• 02 
.02 


895099 
910804 
926134 


263 
254 


25 

01 


104901 
089106 
073866 
059142 


33 

32 


29 


926119 


245 


999985 


.02 


245 


40 


3i 


3o 


940S42 


237 


33 


999983 


•02 


940858 


237 


35 


3o 


3i 


7.955082 


229 


80 


9.999982 


•02 


7-955100 


229 


8i 


12*044900 


It 


32 


968870 


222 


73 


999981 


•02 


968889 
982253 


222 


75 


o3iiii 


33 


982233 


216 


08 


999980 


•02 


216 


10 


017747 


ll 


34 


995198 


l^ 


81 


999979 


•02 


99^219 


l^ 


83 


004781 


35 


8.007787 


t 


999977 
999976 


•02 


8-007800 
020043 


tl 


11*992191 


25 


36 


020021 


198 


•02 


198 


. ^^^5^ 


24 


ll 


031919 


\^l 


02 


999975 


.02 


o3i945 


\i 


o5. 


23 


o43nPi 


01 


999973 


.02 


043D27 


o3 


956473 


22 


39 


054, 81 


i83 


25 


999972 


.02 


054809 
^ o658o6 


i83 


27 


945I9I 


21 


40 


065776 


178 


72 


999971 


•02 


178 


74 


934194 


20 


41 

42 


8.076500 
086965 


174 
170 


41 
3i 


9- 9999^^9 
999968 


.02 
•02 


8.076531 
0S6997 


174 
170 


44 
34 


ii*92346q 
9i3oo3 


\t 


43 


097 1 83 


166 


ll 


999966 


•02 


097217 


166 


42 


002783 
602797 
883o37 


17 


44 


107167 


162 


999964 


•o3 


107202 


162 


68 


16 


45 


1 16926 


;^ 


08 


999963 


•o3 


116963 


159 


10 


i5 


46 


126471 


66 


999(/)i 


•o3 


126310 


i5d 


68 


873490 


14 


il 


i358io 


l52 


38 


999959 
999958 


•o3 


i3585i 


l52 


41 


864149 


i3 


144933 


149 


24 


•o3 


144996 
153962 


149 
146 


27 


855oo4 ' 12 


49 


1 53907 


146 


22 


99995 J 


•o3 


ll 


846048 


11 


5o 


162681 


143 


33 


999954 


•o3 


162727 


143 


837273 


10 


5i 


8.171280 


140 


54 


9.999952 


•03 


8.171328 


140 


57 


11.828672 


t 


52 


179713 


i37 


86 


999950 


•03 


\IV^I 


137 
i35 


r. 


820237 


53 


187985 


i35 


29 


999948 


.03 


811964 


I 


54 


196102 


l32 


80 


999946 


•03 


I96i56 


l32 


84 


8o3844 


55 


204070 


i3o 


41 


999944 


.o3 


204126 


i3o 


44 


795874 
788047 


5 


56 


211895 
219581 


128 


10 


999942 


•04 


211053 
2 1 964 1 


128 


•14 




ll 


125 


87 


999940 


.04 


125 


.90 


]%U 




227134 


123 


ll 


999938 


.04 


227195 


123 


.76 




59 


234557 


121 


999936 


.04 


234621 


121 


.68 


765379 




60 


241855 


119.63 


999934 


.04 


241921 


119.67 


758079 






Cosine 


D. 


Sine 




Cotang. 


D. 


Tang. 


M. 



(89 DEGREES.) 



SINES AND TANGENTS. (1 DEGREE.) 



19 



M. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotanfr. 


■ 





8-241855 


119.63 


9.999934 


.04 


8-241921 


119.67 


743835 


60 


I 

3 


249033 
256094 


117..68 
ii5.8o 


999932 
999929 


.04 
.04 


249102 
256165 


115-64 


5^ 


3 


263042 


113.98 


999927 
999925 


.04 


263ii5 


114-02 


736885 


57 


4 


269881 
276614 
283243 


112.21 


.04 


269956 


112.25 


730044 i 56 


5 


110.50 


999922 


• 04 


276691 


110.54 


723309 


55 


6 


108-83 


999920 


-04 


283323 


108.87 


716677 


54 


I 


289773 
296207 
302546 


107.21 


999918 


• 04 


2898J6 


107.26 


710144 


53 


io5.65 


999915 


.04 


296292 
3oL>634 


103.70 


703708 
697366 


52 


9 


104-13 


999913 


.04 


104.18 


5i 


10 


308794 


102-66 


999910 


• 04 


3o3884 


102-70 


691 1 16 


5o 


II 


8-3 14904 


101.22 


9-999907 
999905 


•04 


8-3i5o46 


101 -.26 


11.684954 
678878 
672886 


1§ 


12 

i3 


321027 
327016 


n 


.04 
.04 


321122 
327II4 

333025 


^il 


14 


332924 


IVd 


.o5 


97.19 
95-90 

94-65 


666975 


i5 


338753 
344504 


999897 


-05 


338856 


661 144 


45 


i6 


94-60 


999894 


•05 


344610 


655390 


44 


\l 


35ol8i 


93-38 


^ 


.o5 


350289 
355895 
36i4Jo 


93.43 


6497 •« 


43 


355783 


92.10 
91.03 
89.90 


.o5 


92-24 


644 I OD 


43 


»9 


36i3i5 


999885 


-05 


91-08 
§9.95 


638570 


41 


20 


366777 


999882 


.o5 


366895 


633 1 o5 


40 


21 


8.372171 


88.80 


999873 


.o5 


8.372292 


88.85 


11.627708 
622378 
617111 


ll 


22 
23 


&. 


ti:l^ 


.o5 
-o5 


377622 
382889 


ti:^ 


24 


387962 
393101 


85-64 


999870 


-05 


388002 
393234 


85.70 


611908 


25 


84-64 


999867 


-o5 


84-70 


■ 606766 
601685 


35 


26 


398179 


83.66 


W864 


-05 


3983 1 5 


83-71 


34 


u 


4o3i99 


82.71 


999861 


.o5 


403338 


82.76 
81.82 


596662 


33 


408161 


tu 


999858 


.o5 


4o83o4 


591696 


33 


29 


4i3o68 


999854 


•05 


4i32i3 


80.91 


586787 


3i 


36 


417919 


79.96 


^99851 


.06 


418068 


80 -02 


581932 


3o 


3i 

32 


8.422717 
427462 


78.23 


9-999848 
999844 


.06 
.06 


8.422869 
427618 


78.30 


11.577131 
572382 


It 


33 


432156 


7J.40 
76.57 


999841 


.06 


4323 1 5 


77.45 
76.63 


567685 
563o38 


ll 


34 


436800 


999838 


.06 


436962 
441 56o 


35 


441394 


75-77 


999834 


.06 


'^i-H 


558440 


25 


36 


445941 


74-99 


999831 


.06 


4461 10 


75.05 


553890 
549387 


24 


ll 


450440 


74-22 


999827 


.06 


45o6i3 


74-28 


23 


454893 


73.46 


999823 


.06 


455070 
459481 
463849 


73.52 


544930 


23 


39 


459301 
463665 


72.73 


999820 


.06 


72.79 
72.06 


540D19 


21 


40 


72-00 


999816 


.06 


536i5i 


20 


41 


8.467985 


71.29 


9-999812 


.06 


8.468172 


71.35 


11.531828 


\t 


42 


472263 


70-60 
69-91 


& 


.06 


472454 


70.66 


527546 


43 


476498 
480693 


.06 


476693 


68.65 


523307 
519108 


n 


44 


69.24 
68.59 


999801 


.06 


4H0892 
485o5o 


16 


45 


484848 


999797 


.07 


5 14950 
5io83o 


i5 


46 


488963 


67-94 
67.31 
66-69 
66.08 


999793 


.07 


480170 
49-3250 


68-01 


14 


tl 


493040 


999790 
999786 


.07 


67-38 


506750 


i3 


497078 
5oio8o 


•07 


497293 


502707 


13 


49 


999782 


•07 


501298 
505267 


66 -1 5 


498702 


II 


56 


5o5o45 


65.48 


999778 


.07 


65.55 


494733 


10 


5i 

52 


516726 


64-89 
64-3i 


9-999774 
999760 
999765 


.07 
.07 


8.509200 
5 1 3098 
5.6961 


64-96 
64 -59 


11.490800 
486902 


t 


53 


63.75 


.07 


63-82 


483039 


I 


54 


52o55i 


63.19 


999761 


.07 


520790 


63-26 


479210 
473414 


55 


524343 


62.64 


999757 


.07 


524586 


62-72 


5 


56 


528102 


62.11 


999753 


•07 


528349 


62-18 


47i65i 
467920 


4 


U 


531828 


61-58 


999748 


.07 


532080 


61-65 


3 


535523 


61-06 


999744 


-07 


535779 


6i-i3 


464221 


3 


59 


539186 


60.55 


999740 


.07 


539447 
54J084 


60.62 


460553 


I 


60 


542819 


60-04 


999735 


.07 


60.12 


456916 







Cosine 


D. 


Sine 




Cotang. 


D. 


Tang 



16 



(88 DEGREES.) 



20 



(2 DEGREES.) A TABLE OF LOGARITHMIC 



H. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 







8.542819 


60 


.04 


9.999735 


•07 


8.543084 


6o.i2 


II. 456916 
453309 


60 


I 


546422 


59 


.55 


999731 


.07 


546691 
55oi68 


59 


62 


5? 


3 


549995 


U 


06 


999726 


:^ 




14 


4497^2 


3 


553639 


.58 


999722 


553817 
557336 


66 


446183 


U 


4 


557054 


58 


II 


999717 
999713 


.08 


58 


;? 


442664 


5 


56o54o 


57 


65 


.08 


560828 


57 


439172 
435709 
432273 


55 


6 

I 


567431 


U 


.19 

.It 


999708 
999704 


.08 
.08 


564291 
567727 


u 


11 


54 

53 


570836 


56 


999699 


.08 


571137 


56 


38 


428863 


52 


9 


574214 


55 


87 


999604 
999689 


.08 


574520 


55 


95 

32 


425480 


5i 


lo 


577566 


55 


44 


.08 


577877 


55 


422123 


5o 


11 


8.580892 


55 


02 


9.999685 


.08 


8.581208 


55 


10 


11.418702 
4154S6 


ii 


12 


584193 
587469 


54 


60 


999680 


.08 


5845 I 4 


54 


68 


i3 


54 


*9 


999675 


.08 


5877Q5 
59io5i 


54 


27 


4i22o5 


ii 


14 


590721 


53 


ll 


999670 


.08 


53 


87 


408949 


i5 


593948 


53 


999665 


.08 


694283 


53 


tl 


405717 


45 


i6 


597152 


53 


00 


999660 


.08 


597492 


53 


402308 


44 


\l 


6oo332 


52 


61 


999655 


.08 


600677 
•603839 
606978 


52 


r. 


399323 
396I6I 


43 


603489 
606623 


52 


23 


999650 


.08 


52 


42 


<9 


5i 


86 


999645 


.09 


5i 


n 


393022 


41 


20 


69^1734 


5i 


49 


999640 


.09 


610094 


5i 


40 


21 


8.612823 


5i 


12 


9.999635 


.09 


8.613189 


5i 


21 


1 1. 386811 


It 


22 


6l89?7 


5o 


76 


999629 


•09 


616262 


5o 


85 


383738 


23 


5o 


41 


999624 


.'09 


619313 


5o 


5o 


380687 


u 


24 


621962 


■ 5o 


06 


999619 


•09 


622343 


5o 


i5 


374648 


25 


624965 


49 


]8 


999614 


.09 


625352 


49 


81 


35 


26 


627948 


49 


999608 


.09 


628340 


49 


ii 


371660 


34 


U 


630011 
633854 


49 
48 


04 


999603 


.09 


63i3o8 


ii 


368692 


33 


I 


999597 


.09 


634256 


80 


365744 
362816 


32 


29 


636776 


48 


999502 
999566 


.09 


637184 


48 


48 


3i 


3o 


639680 


48 


.09 


640093 


48 


16 


359907 


3o 


3i 


8.642563 


47 


75 


9.999581 


.09 


8.642982 
645853 


47 


?^ 


11.357018 


ll 


32 


645428 


47 


43 


999575 


.09 


47 


53 


354147 
351296 


33 


648274 


47 


12 


999570 


.09 


648704 
65 1 537 


ii 


22 


ll 


34 


65iio2 


46 


82 


999564 


.09 


91 


348463 


35 


'653911 


46 


52 


999558 


.10 


' 654352 


46 


61 


345648 


25 


36 


656702 


46 


22 


999553 


• 10 


657140 
659928 


46 


3i 


342851 


24 


ll 


659475 
662230 


45 


92 


999547 


• 10 


46 


02 


340072 


23 


45 


63 


999341 


•10 


662689 
665433 


45 


73 


33731 1 


22 


39 


664968 
667689 


45 


35 


999535 


• 10 


45 


44 


334567 


21 


40 


45 


06 


999529 


• 10 


668160 


45 


26 


331840 


20 


41 


8-670393 
673080 


44 


?? 


9.999524 


• 10 


8.670870 


44 


88 


11-320130 
326437 


IQ 
18 


42 


44 


999518 


•10 


673563 


44 


61 


43 


675751 


44 


24 


999512 


• 10 


676239 


44 


34 


323761 


\l 


44 


678405 
681043 


43 


97 


999506 


• 10 


678900 


44 


»7 


32I100 


45 


43 


70 


999500 


• 10 


68 1 544 


43 


80 


3 1 8456 


i5 


46 


683665 


43 


44 


999403 
999487 


•10 


684172 
686784 


43 


54 


3 1 5828 


14 


% 


686272 


43 


18 


•10 


43 


28 


3i32i6 


i3 


688863 


42 


92 


999481 


•10 


689381 


43 


o3 


310619 


12 


49 


691438 


42 


67 


999475 


•10 


691963, 


42 


ll 


3o8o37 


II 


5o 


^93998 


42 


42 


999469 


•10 


694329 


42 


3o547i 


10 


5i 


8.696543 


42 


n 


9.999463 


• II 


8-697081 


42 


28 


11-302919 
3oo383 


? 


52 


S 


41 


92 


999456 


• II 


699617 


42 


o3 


53 


41 


68 


999450 


• II 


702 i3o 
704646 


41 


11 


297861 


I 


54 


704090 


41 


44 


999443 


• 11 


41 


295354 


55 


706577 


41 


21 


999437 


• II 


707140 


41 


32 


292860 


5 


56 


709049 


40 


97 


999431 


• 11 


709618 


41 


08 


290382 


4 


u 


7ii5o7 


40 


li 


999424 


• II 


712083 


40 


85 


287917 


3 


713952 
716383 


40 


999418 


•II 


714534^ 


40 


62 


285465 


2 


59 


40 


29 


99941 1 


• II 


?;^^6 


40 


40 


283028 


I 


60 


718800 


40.06 


999404 


• 11 


40.17 


280604 





Cosine 


D. 


Sine 




Cotang. 


D. 


Tang. . 


M. 



(87 DEGREES.) 



SINES AND TANGENTS. (3 DEGREES.) 



ii 



M. 


Sine 


D. 


Cosine 


D. 


Tang. 


B. 


Cotang. 


60 





8-718800 


40.06 


9.999404 


II 


8.719396 


40-17 
39.95 


11-280604 


I 


721204 


39 


84 


999398 


II 


721806 


278194 


U 


3 


723595 


39 


62 


999384 


II 


724204 


Itli 


275796 


3 


730688 


39 


41 


II 


726588 


273412 


u 


4 


ll 


;? 


999378 


II 


728959 


39-30 


271041 
268683 


5 


999371 


II 


73i3i7 
73366i 


3§^8^ 
38.68 


55 


i 6 


733027 


38 


77 


999364 


12 


266337 


54 


I 


735354 


38 


11 


999357 


12 


740626 


264004 


53 


737667 


38 


999350 


12 


38-48 


261683 


52 


9 


739969 


38 


16 


•999343 


12 


38.27 


259374 


5i 


10 


742259 


37 


96 


999336 


12 


742922 


38.07 


257078 


5o 


ii 


8-744536 


37 


It 


9.999329 


12 


8.745207 


37-87 


r I. 2 54793 


it 


12 


746802 


37 


999322 


12 


747479 


37.68 


252521 


i3 


749055 


37 


37 


9993 1 5 


12 


749740 


37-49 


250260 


U 


U 


753528 


37 


;? 


999308 


12 


751989 


37-29 


24801 I 


i5 


36 


999301 


12 


754227 


37-10 


245773 


45 


i6 


t'lU 


36 


79 


^^^6* 


12 


756453 


36-92 


243547 


44 


;? 


36 


61 


12 


758668 


36-73 
36-55 


241332 


43 


■ 76oi5i 


36 


42 


999279 


12 


760872 


239128 


42 


19 


762337 


36 


24 


999272 


12 


763o65 


36-36 


236935 


41 


20 


76451 1 


36 


06 


999265 


12 


765246 


36-18 


234754 


40 


21 


8.766675 


35 


88 


9.999257 


12 


8.767417 
769578 


36-00 


11.232583 


It 


22 


768828 


35 


70 


999250 


i3 


35-83 


230422 


23 


770970 


35 


53. 


999242 


i3 


]]llll 


35.65 


228273 


U 


24 


773101 


35 


35 


999235 


i3 


35.48 


226134 


25 


775223 


35 


18 


999227 


i3 


775995 


35.31 


224oo5 


35 


26 


77-7333 


35 


01 


999220 


i3 


7781 14 
780222 


35.14 


221886 


34 


^2 


779|34 
^81524 


34 


84 


999212 


i3 


lUl 


l\% 


33 


34 


67 


999205 


i3 


782320 


32 


29 


7836o5 


34 


5i 


999197 
999189 


i3 


784408 


34-64 


215592 


3i 


. 3o 


785675 


34 


3i 


i3 


786486 


34-47 


2i35i4 


3o 


3i 


8.787736 


34 


18 


9.999I8I 


i3 


8-788554 


34-3i 


1 1. 21 1446 


It 


32 


789187 
791828 


34 


02 


999174 


i3 


790613 


34-15 


209387 
207338 
205299 


33 


33 


86 


999166 


i3 


792662 


u 


11 


34 


793859 


33 


70 


999158 


i3 


794701 


35 


795881 


33 


54 


999 I 5o 


i3 


796731 


33-68 


203260 
201240 


25 


36 


797894 


33 


It 

08 


999 I 42 


i3 


798752 
800763 
802765 


33.52 


24 


^3^ 


801892 


33 
33 


999 '34 
999 1 26 


i3 
i3 


33.37 
33.22 


199237 
197235 
195242 


23 
22 


39 


803876 


32 


93 



Q99118 


i3 


804758 


33.07 


21 


40 


8o5852 


32 


78 


9991 10 


i3 


806742 


32.92 


193258 


20 


41 


8-807819 


32 


63 


9.999102 


i3 


8.808717 
8io683 


32.78 
32.62 


1 1. 191 283 
'^9317 


\t 


42 


809777 


32 


49 


» 


14 


43 


811726 


32 


34 


14 


81 2641 


32.48 


187359 


n 


44 


8x3667 


32 


It 


999077 


14 


814589 


32.33 


i854ii 


16 


45 


815599 


32 


^99069 


14 


816529 


3210 

32. o5 


183471 


i5 


46 


817522 


3i 


91 


999061 


14 


818461 


181539 


14 


% 


819436 


3i 


11 


999053 


14 


820384 


3i-9i 


179616 


1 3 


821343 


3i 


999044 


14 


822298 


3i-77 


177702 


12 


49 


823240 


3i 


ii 


999036 


14 


824205 


3i-63 


\X 


II 


5o 


825i3o 


3i 


999027 


14 


826103 


3i-5o 


10 


5i 


8.827011- 


3i 


22 


9.999019 


14 


8-827092 
829874 


31-36 


II '172008 


t 


52 


828884 


3i 


08 


999010 


14 


3i-23 


I70I26 


53 


830749 
832607 
834456 


3o 


o5 
82 




14 


831748 


3i-i6 


•168252 


I 


54 


3^ 


14 


8336i3 


30-96 


166387 


55 


3o 


56 


998984 


14 


835471 


30-83 


164529 


5 


56 


836297 
838i3o 


3o 


998976 
998967 


14 


837321 


30-70 


162679 


4 


U 


3o 


43 


i5 


839163 


30-57 


160837 


3 


839956 


3o 


3o 


998958 


i5 


840998 
842825 


3o-45 


159002 


2 


59 


841774 


3o 


17 


998930 


i5 


30-32 


\uin 


I 


6o 


843585 


30-00 


998941 


i5 


844644 


30-19 





Cosine 


D. 


Sine 




Cotang. 


D. 


Tang. 


M. 



(86 DEGREES.) 



22 



(4 DEGEKES.) A TABLE OP LOGARITHMIC 



u. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 


60 


o 


8.843585 


3o.o5 


g-'j-. 41 


.i5 


8-844644 


30.19 


11-155356 


I 


845387 
847183 
848971 
85o75i 
852525 
854291 


29-92 
29-80 


r,-y- ,32 


• 15 


846455 


in 

29.82 


153545 


U 


2 


VV-.23 


.15 


848260 


i5i74o 


3 


29-55 


(,V^yI4 


.|5 


85oo57 


149943 
148154 


ll 


4 


^:.,-;o5 


15 


85 1 846 


29-70 


5 


29-43 


' :-:i 


.15 


853628 


29.58 


146372 


55 


6 


29-31 


.15 


, 855403 


29.46 


144597 


54 


■I 


856049 
857801 


29-19 

in 

28-84 


.i5 
•15 


85^932 


29.35 
29.23 


142829 
141068 


53 

52 


9 


85o546 


^y-o60 


• 15 


860686 


29.11 
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996351 


•27 


114521 


16 


43 


885479 
884493 


35 


36 


11 1842 


16-12 


996335 


•27 


1 1 55o7 


16 


ll 


34 


u 


1 1 2809 


i6-o* 


996318 


-.11 


1 16491 


16 


883509 
882528 


33 


113774 


i6.o5 


996302 


1 17472 
118452 


16 


32 


32 


29 


• \Xi 


i6.oi 


996285 


.28 


16 


It 


881548 


3i 


3o 


15-97 


996269 


.28 


1 1 9429 


16 


880571 


3o 


3i 


9-116656 


15-94 


9.996252 


.28 


9.120404 


16 


22 


10-879596 
878623 


ll 


32 


117613 
1 1 8567 


li 


996235 


.28 


121377 
122348 


16 


18 


33 


996219 


.28 


16 


i5 


577652 


27 


34 


II 95 1 9 


996202 


.28 


I233I7 


16 


II 


876683 ^ 26 


35 


1 20469 


15.80 


996185 


.28 


124284 


16 


07 


875716 1 25 


36 


121417 


15-76 


996168 


.28 


125249 


i6 


04 


874751 24 


ll 


122362 

i233o6 


I5--J3 


996151 
996134 


.28 
.28 


126211 
127172 


16 

i5 


01 
97 


873789 i 23 
872828 22 


39 


124248 


996117 


.28 


i28i3o 


i5 


94 


871870 21 


40 


125187 


15-62 


996100 


.28 


129087 


i5 


91 


870913 20 


41 


9.126125 


\t-M 


9-996083 


.29 


9.130041 


l5 


?7 


10.869959 10 

86?o56 ' 17 


42 


127060 


996066 


•29 


1 30994 


i5 


84 


43 


127993 


15-52 


996049 


-29 


131944 

132893 

. 133839 


15 


81 


44 
45 


12cV5 
129854 


i5-49 
15.45 


996032 
996015 


•29 
•29 


i5 
i5 


77 
74 


867107 
866161 


10 
i5 


46 


I 30781 


i5-42 


993998 


•29 


134784 


i5 


^^ 


8652 1 6 


14 


il 


i3i7o6 


\tll 


9959S0 


•29 


135726 


i5 


864274 I J 


i3263o 


995963 


•29 


136667 
137605 
138542 


i5 


64 


863333 12 


49 


13355 I 


15-32 


995946 


•29 


i5 


61 


862395 


II 


56 


134470 


15.29 


995928 


•29 


i5 


58 


861408 


10 


5i 


9-135387 
i363o3 


15-25 


9-995911 


.29 


9-139476 


i5 


55 


io.86o524 


t 


52 


15-22 


995894 


•29 


140409 


i5 


5i 


859391 
858660 


53 


137216 


\l:\l 


« 


.29 


141340 


i5 


48 


I 


54 


i3Si28 


.29 


142269 
143196 


i5 


45 


857731 


55 


139037 


15-12 


995841 


•29 


i5 


42 


8568o4 


5 


5(: 


139944 


15.09 


995823 


.29 


144121 


i5 


ll 


855H79 


4 


51 


i4o85o 


15-06 


995806 


.29 


i45o44 


i5 


854956 


3 


58 


141754 


i5.o3 


995788 


•29 


145066 
146885 


i5 


32 


854034 


2 


59 


142655 


i5-oo 


995771 


•29 


i5 


29 


853 ii5 


I 


66 


143555 


14-96 


995753 


.29 


147803 


l5-26 


852197 







Cosine 


1 D. 


PlJlC 




Cotiin.fif. 


D. 


Tanff. 


M. 



(82 DEGREES.) 



20 



(8 DEGREES.) A TABLE OP LOGAKITHMIC 



M. 


Sine 


D. 


Cosine 


D. 


Tang. I 


). 


Cotang. • 




o 


9.143555 


14-96 


9.995753 


• 30 


9.147803 i5 
148718 i5 
149632 1 5 


T6~ 


10-852197 
851282 


60 


I 


144453 


14 


93 


995735 


.30 


23 


U 


2 


I4534q 


14 


r, 


995717 


.30 


20 


85o368 


3 


146243 


14 


995699 


.30 


i5o544 1 5 


17 


849456 
848546 


U 


4 


147136 
148026 


14 


84 


995681 


.30 


i5i454 i5 


14 


5 


14 


81 


995664 


.30 


152363 i5 


II 


84-637 


55 


6 


148915 
149B02 


14 


78 


995646 


•3o 


153269 1 5 


08 


846731 


54 


I 


14 


75 


995628 


.30 


154174 i5 


o5 


845826 


53 


i5o686 


14 


72 


995610 


.30 


1 55077 i5 


02 


844923 


52 


9 


i5i569 


14 


995591 


•3o 


155978 14 


99 


844022 


5i 


10 


i5245i 


14 


995573 


.30 


156877 14 


96 


843123 


5o 


II 


9-153330 


14 


63 


9.995555 


.30 


9.157775 14 


93 


10-842225 


it 


12 


1 54208 


14 


60 


995537 


.30 


158671 14 


r, 


841329 


i3 


i55o83 


14 


57 


995519 


.3o 


1 59565 14 


840433 


47 


14 


'Ml 


14 


54 


995501 


.31 


160457 14 


84 


839543. 


46 


i5 


14 


5i 


995482 


•31 


i6i347 14 


81 


83S653 


45 


i6 


159435 


14 


48 


995464 


.31 


162236 14 


79 


837764 


44 


\l 


14 


45 


995446 


•31 


i63i23 14 


76 


836877 


43 


14 


42 


995427 


•31 


164008 14 


73 


835992 


42 


19 


i6o3oi 


14 


ll 


995409 


.3i 


164892 14 


70 


835 1 08 


41 


20 


161164 


14 


995390 


.31 


165774 14 


67 


834226 


40 


21 


9-162025 


14 


33 


9.995372 


.31 


9.166654 14 


64 


10-833346 


^ 


22 


162885 


14 


3o 


995353 


.3i 


167532 14 
168409 14 


61 


832468 


23 


163743 
164600 


14 


27 


995334 


.3i 


58 


83 1 591 


u 


24 


14 


24 


995316 


.3i 


169284 14 


55 


830716 


25 


165454 


14 


22 


995297 
995278 


.31 


170157 14 


53 


829843 
828971 


35 


26 


. I 66307 


14 


\l 

i3 


.3i 


171029 14 


5o 


34 


27 
28 


16O 


14 
14 


995260 
995241 


.3i 

.32 


171899 14 
172767 ^4 


47 
44 


828101 
827233 


33 
32 


29 


168856 


14 


10 


995222 


.32 


173634 14 


42 


826366 


3i 


3o 


169702 


14 


07 


995203 


.32 


174499 14 


39 


825501 


3o 


3i 


9-170547 


14 


o5 


9-995184 


.32 


9.175362 14 


36 


10-824638 


It 


3p 


17 1389 


14 


02 


995165 


•32 


176224 14 


33 


823776 


33 


172230 


i3 


^ 


995146 


.32 


177084 14 


3f 


822916 


ll 


34 


173070 


i3 


995127 
995108 


.32 


17794a 14 
178799 14 
179655 14 


2d 


822058 


35 


173908 


i3 


94 


.32 


25 


821201 


25 


36 


174744 
175578 


i3 


Ih 


995089 


•32 


23 


820345 


24 


ll 


i3 


995070 


.32 


i8o5o8 14 


20 


810492 


23 


17641 1 


i3 


86 


995o5i 


•32 


i8i36o 14 


\l 


818640 


22 


39 


177242 


i3 


83 


O95o32 


•32 


182211 14 


817789 


21 


40 


178072 


i3 


80 


995013 


.32 


i83o59 14 


12 


816941 


20 


41 


9.178900 


i3 


77 


9-994993 


.32 


9.183907 14 


09 


10.816093 


\t 


42 


179726 


i3 


74 


994974 


.32 


184752 14 
i855o7 14 
1864J9 14 


07 


815248 


43 


ido55i 


i3 


i 


994955 


•32 


04 


8 I 4463 


'7 


44 


181374 


i3 


994935 


.32 


02 


8i356i 


16 


45 


182196 


i3 


994916. 
994896 


.33 


i8p8o ■ i3 
188120 i3 


^ 


812720 


i5 


46 


i83oi6 


i3 


64 


.33 


811880 


14 


% 


183834 


i3 


61 


994877 
994857 
994838 


.33 


188958 1 3 


93 


81 1042 


i3 


i8465i 


i3 


U 


.33 


189794 i3 




810206 


13 


49 


185466 


i3 


.33 


190629 i3 


89 


80^538 


II 


5o 


186280 


i3 


■53 


994818 


.33 


191462 i3 


86 


10 


5i 


9.187092 


i3 


5i 


9.994798 


.33 


9.192294 i3 


?^ 


10-807706 
806876 


t 


52 


187903 


i3 


43 


994779 


.33 


193124 i3 


81 


53 


188712 
189510 
190325 


i3 


46 


994739 


.33 


193953 i3 


■]l 


806047 


I 


54 


i3 


43 


994739 


.33 


194780 i3 


8o5220 


55 


i3 


41 


994719 


.33 


195606 i3 


74 


804394 


5 


56 


191130 


i3 


38 


994700 


.33 


196430 i3 


-i 


8o3d70 


4 


U 


191933 
192734 


i3 
i3 


36 
33 


994680 
994660 


.33 
.33 


197253 i3 
198074 1 3 


802747 
801926 


3 


59 


193534 


i3 


3o 


994640 


.33 


198894 i3 


64 


801 106 


I 


60 


194332 


13.28 


994620 


.33 


199713 i3 


.61 


800287 



M. 




Cosine 


D. 


Sine 




Cotanff. I 


). 


Tang. 
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27 



M. 


Sine 


D. 


Goftine 


D. 


Tftng. I 


). 


Cotang. 




o 


9.194332 


13-28 


9-994620 


.33 


9-199713 i3 


61 


10.800287 


60 


I 
a 


1 95 1 29 
19592D 


13-26 
13-23 


994600 
994580 


.33 
.33 


200329 i3 
201343 i3 


U 


79^655 


U 


3 


196719 
197D11 


13-21 


994560 


•34 


202159 i3 


54 


797841 


U 


4 


i3-i8 


994540 


•34 


202971 i3 


52 


797029 


5 


19S302 


13-16 


994519 


•34 


203782 i3 


49 


796218 


55 


6 


I 9909 I 


i3.i3 


994499 


•34 


204592 i3 


r 


795408 


54 


I 


199H79 
200666 


13-11 


99^479 


•34 


205400 i3 


794600 


53 


i3-o8 


994430 
994438 


•34 


206207 i3 


42 


793793 


52 


9 


20 1 45 1 


13-06 


•34 


207013 i3 


40 


792987 


5i 


10 


202234 


13-04 


994418 


•34 


207817 i3 


38 


792183 


5o 


II 


9'2o3oi7 


i3-oi 


9.994397 


•34 


9.208619 i3 


35 


10-791381 


40 
48 


12 


203797 


12-99 
12-96 


994377 


•34 


209420 i3 


33 


7oo58o 
7SQ780 
788982 


13 


204577 
205354 


994357 


•34 


210220 i3 


3i 


% 


14 


12-94 


994336 


•34 


211018 i3 


28 


i5 


2061 3 1 


\IX 


994316 


•34 


2ii8i5 i3 


26 


788185 


45 


16 


207679 


994295 


•34 


212611 i3 


24 


787380 
786595 


44 


\l 


12-87 


994274 


.35 


2i34o5 i3 


21 


43 


208452 


12-85 


994254 


.35 


214198 i3 
214989 i3 


19 


785802 


45 


»9 


209222 


12-82 


994233 


.35 


\l 


78501 1 


41 


20 


209992 


12-80 


994212 


.35 


215780 i3 


784220 


40 


21 


9-210760 
211D26 


12-78 


9-994191 


.35 


9-216568 i3 


12 


10-783432 


It 


22 


12-75 


994171 
994150 
994129 
994108 


.35 


217356 i3 


10 


782644 


23 
24 


212291 
2i3o55 


12-73 

12-71 


.35 
.35 


218142 i3. 
218926 i3. 


08 
o5 


781858 
781074 


11 


25 


2i38i8 


12-63 


.35 


219710 i3- 


o3 


780290 


35 


26 

11 


2 1 4)79 
215338 


12-66 
12-64 


994087 
994066 


.35 
.35. 


220492 i3- 

221212 12- 
222032 12- 


01 
99 


77o5o8 

778728 


34 
33 


216007 
216854 


12-61 


994045 


.35 


97 


777948 


32 


29 


12.59 


994024 


.35 


222830 12- 


94 


777170 


3i 


3o 


217609 


12-57 


994003 


.35 


2236o6 12- 


92 


776394 


3o 


3i 


9-218363 


12.55 


9.99I981 


•35 


9-224382 12- 


^ 


10.775618 


It 


32 


219116 


12.53 


993960 


.35 


225l56 12- 


774844 


33 


219868 


i2.5o 


993930 
993918 
993896 


.35 


225929 12- 


86 


774071 


27 


i^ 


220618 


12.48 


.35 


226700 12- 


84 


773300 


26 


35 


221367 


12-46 


.36 


227471 12- 
228239 12- 


81 


772529 


25 


.36 


222Il5 


12.44 


993875 


.36 


79 


771761 


24 


u 


222861 


12-42 


993854 


.36 


229007 12- 


]l 


770993 


23 


2236o6 


12-39 


993832 


.36 


229773 12 

23o539 12- 


770227 
769461 


22 


39 


224349 


12.37 


99381 1 


.36 


73 


21 


40 


225092 


12.35 


993789 


.36 


23l302 12 


V 


20 


4i 


9-225833 


12-33 


9.993768 


• 36 


9-232065 12 


69 


10-767935 


;? 


42 


226573 


r2-3i 


99^746 


.36 


232826 12 


t^ 


767174 


43 


22731 1 


12-28 


993725 


.36 


233586 12 


766414 


17 


44 


228048 


12-26 


993703 


.36 


234345 12 


M 


765655 


16 


45 


228784 


12-24 


993681 


.36 


235 1 o3 12 


60 


764897 


i5 


46 


229518 


12-22 


993660 


.36 


235859 12 


58 


764141 


14 


u 


230252 


12-20 


993638 


.36 


2366 1 4 12 


56 


763386 


i3 


230984 


, 12-18 


993616 


.36 


237368 12 


54 


762632 


12 


49 


231714 


12-16 


993594 


•37 


238l20 12 


52 


761880 


II 


5o 


232444 


I2-I4 


993572 


•37 


238872 12 


5o 


761 128 


10 


5i 


9-233172 


12-12 


Q. 993550 


•37 


9-239621 12 


48 


10-760378 


I 


52 


233899 


12-09 


993528 


•37 


24037 1 1 2 


46 


'» 


53 


234623 


12-07 


993506 


•37 


24in8 12 


44 


I 


54 


235349 
236073 


I2-o5 


993484 


•37 


241865 12 


42 


758i35 


55 


12-03 


993462 


•37 


242610 12 


40 


757390 


5 


56 


236795 


12-01 


99^440 


.37 


243354 12 


38 


756646 


4 


5- 


2375j5 


11-99 


993418 


•37 


244007 12 
244839 1,2 


-36 


755903 


3 


56 


238235 


11-95 


993396 


•37 


.34 


755161 . 2 


59 


238953 
239670 


993374 


.37 


245579 12 


-32 


754421 


I 


60 


11.93 


993351 


.37 


246319 12 


.30 


753681 







Cosine 


D. 


Sine 




Cotnnff. ] 


3. 


Tanpr. 


M. 
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(10 


DEGREES.) A TABLE OF LOGARITHMIC 






M. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 









'■'A 


11.93 


9.993351 


•37 


9-246319 


12-30 


10-753681 


60 




I 


U\ 


993329 


.37 


247057 


12.28 


752943 


U 




2 


241 101 


993285 


•37 


^^^Z]?^ 


12-26 


752206 




3 


241814 


wii 


.37 


248530 


12.24 


751470 


u 




4 


242526 


993262 


.37 


249264 


12-22 


750736 




5 


243237 


11.83 


993240 


:ll 


249998 
250730 


12-20 


750002 


55 




6 


243947 
244656 


II. 81 


9932.7 
993195 


I2-l8 


749270 


54 




I 


11.79 


.38 


251461 


I2.IT 
12.15 


748539 


53 




245363 


:::?? 


993172 


.38 


252191 


747809 


52 




9 


246069 
246775 


993149 


-38 


252920 
253648 


12. l3 


747080 


5i 




10 


.1-73 


993127 


-38 


12.11 


' 746352 


5o 




II 


9-247478 
248181 


1171 


9.993104 


.38 


9-254374 


12.09 


10.745626 


^ 




12 


.1.69 


993081 


-38 


255ioo 


;r.o? 


744900 




i3 


248883 


wii 


998059 
993o36 


-38 


255824 


744176 


47 




14 


249583 


.38 


256547 


I2-03 


7434D3 


46 




i5 


250282 


11.63 


99301 3 


.38 


257269 


12-01 


742731 


45 




i6 


250980 


11.61 


992990 
992967 


• 38 


25J990 
256710 


12-00 


742010 


44 




n 


251677 


nil 


•38 


11.98 


741290 


43 




i8 


252373 


992944 


.38 


259429 
260146 


11.96 


740571 
7398^4 


42 




19 


253067 


11-56 


992921 
992^98 


.38 


11-94 


41 




2U 


253761 


11-54 


.38 


260863 


11.92 


739137 


40 




21 


9.254453 


11.52 


9.992875 
992852 


.38 


9-261578 


\\X 


10-738422 


i? 




22 


255144 


11.50 


.38 


262292 


737708 




23 


255834 


11.48 


llfsll 


.39 


263oo5 


wii 


'M 


37 




24 


256523 


11.46 


.39 


263717 
264428 


36 




25 


257211 


11.44 


992783 


.39 


11.83 


735572 


35 




26 


25^8o8 
25^83 


11.42 


992750 
992736 


.39 


265i38 


II. 81 


734862 


34 




^2 


11.41 


.39 


265847 
266555 


"1 


734153 


33 




259268 


11.39 


992713 
992690 
992666 


-39 


733445 


32 




29 


259951 


[\:ll 


.39 


267261 


11.76 


- 732739 
732033 


3i 




3o 


260633 


.39 


267967 


11-74 


3o 




3i 


9.261314 


11.33 


9.992643 


.39 


9.268671 


11.72 


io.73i32Q 
730625 


11 




32 


261994 
262673 
263351 


II. 3i 


992619 


.39 


269375 


11-70 




33 


11. 3o 


992596 


•39 


270077 


,,.69 


729923 


11 




34 


11.28 


992D72 


.39 


270779 


11.67 


729221 




35 


264027 
264703 
265377 


11.26 


992549 

992D25 


.39 


271479 
272178 


11.65 


728321 


25 




36 


11.24 


.39 


11-64 


7278^2 


24 




U 


11.22 


992501 


.39 


272876 


11.62 


727124 


23 




26605 I 


11-20 


992478 
992454 


.40 


273573 
274269 


11.60 


726427 


22 




39 


266723 


II-I9 


.40 


11.58 


725731 


21 




40 


267395 


11-17 


992430 


.40 


274964 


11.57 


725o36 


20 




41 


9.268065 


11.15 


9.992406 


.40 


9-275658 


11.55 


10.724342 


;§ 




42 


268734 


11-13 


992382 


.40 


276351 


11.53 


723649 




43 


269402 


11*11 


992359 

99233D 


•40 


277043 


11. 5i 


722957 
722266 


\i 


t 


U 


270069 
27073D 


11-10 


.40 


277734 


11-50 


1 


45 


11.08^ 


992311 


.40 


278424 


11-48. 


721576 
720887 


i5 




46 


271400 


11.06 


992287 
992263 


.40 


279113 


11-47 
11-45 


14 




% 


272064 


ii.o5 


.40 


279801 
280488 


720199 


i3 




272726 
273388 


ii.o3 


992239 


.40 


11.43 


]& 


12 




49 


II'OI 


992214 


.40 


tsli 


11-41 


II 


' 


5o 


274049 


10.99 


992190 


.40 


1 1 -40 


718142 


10 


* 


5i 


9.274708 
275367 


10-98 


9.992166 


.40 


9.282542 


11-38 


10-717458 


I 


> 


52 


10-96 


992142 


.40 


283225 


11-36 


716775 


} 


53 


276024 


10-94 


992117 


.41 


""^Jm 


11.35 


716093 


I 




54 


276681 


10.92 


992003 
992069 


.41 


284588 


11.33 


715412 




55 


277337 


10.91 
10-89 


•41 


285268 


11. 3i 


714732 


5 


\ 


56 


278644 


992044 


•41 


285947 


11.30 


714053 


4 




59 


10-87 
10.86 
10.84 


992020 


-41 


286624 


11-28 


713376 


3 




279297 
279948 


991996 
99 197 I 


•41 
•41 


287301 
287977 


11.26 

11.25 


712699 
712023 


2 

I 




66 


280599 


10.82 


991947 


•41 


288652 


11-23 


711348 









Cosine 


D. 


Sine 




Cotang^. 


D. 


Tang. 


M. 


1 








{79 D 


SGR] 


SES.) 




V 





SINES AND TANGENTS. (11 DEGREES.) 



29 



M. 


Sine 


D. 


Cosine 


^ 


Tang. 


D. 


Cotang. 




o 


'■it:^ 


10.82 


9.991947 


•41 


9.288652 


11.23 


10.711848 


60 


I 


10.81 


991022 
991897 
991873 


•41 


289826 


11.22 


710674 


U 


a 


281897 


10.79 


•41 


289999 


11-20 


71 0001 


3 


282544 


10.77 
10.76 


•41 


290671. 


11.18 


'S5I 


u 


4 


283190 

283836 


991848 


•41 


291342 


\\M 


5 


10.74 


991823 


•41 


292013 


]l]tl 


55 


6 


284480 


10.72 


991799 


•41 


292682 


11.14 


54 


I 


285124 


10-71 


991774 


•42 


293350 


II. 12 


7o665o 


53 


285766 


10-69 


991749 


•42 


294017 


II. II 


« 


52 


9 


286408 


10*67 
10-66 


991724 
991699 


•42 


294684 


11-09 


5i 


10 


287048 


•42 


295349 


11.07 


704651 


5o 


II 


'•» 


10.64 


9-991674 


•42 


9.296013 


11.06 


10.708987 
■ 703323 


1? 


12 


10-63 


991649 


•42 


296677 


11-04 


i3 


288964 


10-61 


991624 


•42 


297339 
298001 


11. o3 


702661 


ii 


14 


289600 


10-59 
10-58 


991599 


•42 


11.01 


70 1 338 


i5 


290236 


991574 


•42 


298662 


11.00 


45 


i6 


290870 


10.56 


991549 


•42 


299822 


10.98 


700678 


44 


\l 


291504 


10-54 


99x524 


•42 


&l 


10.96 


700020 


43 


29276S 


10-53 


991498 


•42 


10-95 


698705 


42 


19 


10-51 


991473 


.42 


301295 
3oi95i 


10-98 . 


41 


20 


293399 


10 -5o 


991448 


•42 


10-92 


698049 


40 


21 


9*294029 
294658 


10-48 


9.991422 


•42 


9.302607 


10-90 
10-89 


10-697893 
696759 
696086 


ll 


32 


10.46 


991397 


•42 


3o326i 


23 


295286 


10-45 


991372 


•43 


3o3oi4 
304567 
3o52i8 


10.87 
10.86 


37 


24 


296^39 


10-43 


991346 


•43 


695433 


36 


25 


10-42 


991321 


•43 


10-84 


694782 


35 


26 


297164 


10-40 


991295 


•43 


3o5869 


10-83 


?94»3i 


34 


11 


297788 
298412 


10.39 


991270 


•43 


3o65io 
307168 


10-81 


698481 


33 


10.37 
10-36 


991244 


•43 


10.80 


692882 


32 


29 


299034 


991218 


•43 


307815 
3o8463 


10.78 


692.85 


3i 


3o 


. 299655 


10.34 


991 193 


•43 


10.77 


691587 


3o 


3i 


g. 300276 


10.32 


9-991167 


•43 


9.309109 


10.75 


10.690891 


^§ 


32 


300895 


10. 3i 


991 i4i 


•43 


309754 


10.74 


600246 


33 


3oi5i4 


10-29 
10-28 


991115 


•43 


310898 


10.73 


11 


34 


302l32 


991090 


•43 


811042 


10.71 


688o58 


35 


302748 
3o3364 


10-26 


991064 


•43 


3 11685 


10.70 

10.68 


6883 1 5 


25 


36 


10-25 


99io38 


•43 


812827 


687673 


24 


ll 


tin^ 


10-23 

10. 22 


991012 
990986 


•43 
•43 


812967 
818608 


\l:tl 


687033 
686392 
685753 


23 
22 


39 


3o5207 


10-20 


990960 


•43 


814247 
314885 


10.64 


21 


40 


3o58i9 


10-19 


990934 


•44 


10.62 


685ii5 


20 


41 


9.306430 


10-17 
10-16 


'TX 


•44 


9.815528 


io-6i 


10.684477 


\l 


42 


307041 


•44 


3i6i5q 
316793 
3 I 74 JO 
31S064 


10-60 


688841 


43 


307650 
308259 


10-14 


990855 


•44 


10-58 


688205 


\l 


44 


10-13 


990820 
990803 


•44 


10-57 
10-55 


682570 
681986 
68i3o3 


45 


308867 . 


10. II 


•44 


i5 


46 


• 309474 
3 I 0080 


10-10 


990777 
990750 


•44 


318697 


10-54 


14 


49 


10-08 


•44 


319829 


10-53 


680671 


i3 


3io685 
311289 
311893 


10-07 
io-o5 


990724 
990697 


•44 
•44 


319961 
320D92 


10. 5i 
10.50 


680089 
679408 
678778 


12 
II 


5o 


10-04 


990671 


•44 


321222 


10.48 


10 


5i 


9.312495 


10-03 


9-1990644 


•44 


9.321851 


10.47 
10-45 


10.678149 


t 


52 


3I369? 


10.01 


990618 


•44 


822479 
328106 


677521 


53 


IQ.OO 


99o5oi 


•44 


10.44 


676894 


I 


54 


314297 


9-98 


990565 


•44 


328733 

324858 


10.43 


676267 


55 


3J4897 
3i5495 
316092 


9V97 
9.96 
9.94 


990538 


•44 


10.41 


675642 


5 


56 


99o5ii 
990435 


•45 
•45 


324988 
325607 


10-40 
10-39 


674898 
678769 


4 
3 


316689 


9.93 


990458 


•45 


826281 


1m6 


2 


% 


317284 


9-91 


990431 


.45 


326853 


678147 
672525 


I 


60 


317879 


9-9b 


9904 M 


•45 


327475 


10-35 







Cosine 


D. 


Sine 


1 Cotanif. 


D. 


Tang. 


M. 



(78 DEGREES.) 



80 



(12 DEGREES.) A TABLE OF LOGARITHMIC 



M. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 







'1;?!?? 


9-88 


9.990404 


•45 


'iXi 


10-35 


10-672526 


60 


I 


990378 
99035 I 


•45 


10.33 


671905 


U 


2 


319066 


t-U 


.45 


328715 
329334 


10.32 


671285 


3 


310658 


990324 


•45 


10-30 


670666 


57 


4 


320249 


9.84 


990297 s 


•45 


329953 

330D70 


10.29 
10.28 


670047 


56 


5 


320840 


9-83 


990270 


.45 


669430 
668813 


55 


6 


321430 


9.82 


990243 


.45 


331187 
33i8o3 


10.26 


54 


I 


322019 


9.80 


990215 


•45 


10-25 


668197 
667582 
666967 
666354 


53 


322607 


9-79 


990188 


•45 


332418 


10-24 


53 


9 


323194 
323780 


9-77 
0-76 


990161 


•45 


333o33 


10-23 


5i 


10 


990134 


•45 


333646 


10.21 


5o 


II 


9-324366 


9.75 


9.990107 


.46 


9-334259 


10-20 


10-665741 


i^ 


12 


324950 
325534 


9.73 


990079 

990052 


.46 


334871 
335482 


10-19 


666129 
6645.8 


i3 


9-72 


.46 


10-17 
10-16 


2 


14 


3261 1'7 


9.70 


900025 

9S9997 


.46 


336093 


663907 


i5 


326700 


tu 


.46 


336702 


io.i5 


663 2nS 

662689 


45 


i6 


327281 


989970 


-46 


33731 1 


io-i3 


44 


\l 


. 327862 


9.66 


989942 


.46 


337919 


10-12 


662081 


43 


328442 


9-65 


« 


.46 


338D27 


10-11 


661473 


42 


19 


329021 


9.64 


.46 


339.33 


10-10 


660867 


41 


20 


329599 


9-62 


989860 


.46 


339739 


10-08 


660261 


40 


21 


9-330176 
330753 


9'6i 


9-989832 


.46 


9.340344 


^ 10-07 


10-659656 


39 

38 


22 


9-6o 


989804 


.46 


340948 
341352 


* 10-06 


659052 
658448 


23 


33i320 
33 1903 


9-58 


9S9777 


.46 


10.04 


U 


24 


It 


989749 


•47 


342155 


io-o3 


657845 


25 


332478 
333o5i 


989693 


•47 


342757 


10-02 


657243 
656642 


35 


26 


9.54 


•47 


343356 


lO-OO 


34 


11 


333624 


?.53 


989665 


•47 


343958 
344558 


17 


656042 


33 


334195 


9-52 


989637 


•47 


655442 


32 


29 


334766 


9-5o 


989609 


•47 


345i57 
345755 


9-97 
9.96 


654843 


3i 


3o 


335337 


9.49 


989582 


•47 


654245 


3o 


3i 


9.335906 


9-48 


9-989553 


•47 


9.346353 


9-94 


10-653647 


It 


32 


336475 


9.46 


989525 


•47 


346949 
347545 


9-93 


653o5i 


33 


337043 


9-45 


989497 


•47 


9-92 


652455 


11 


34 


337610 
338176 


9-44 


989469 


•47 


348141 


9-91 


65 1839 
651265 


35 


9.43 


989441 


•47 


348735 


Its 


25 


36 


338742 
339306 


9-41 


989413 


•47 


349329 


650671 


24 


U 


9.40 


989384 


•47 


349922 
35o5i4 


IM 


650078 
6494S6 
648894 


23 


339871 


9.39 


989356 


•47 


22 


39 


340434 


m 


089328 


•47 


35iio6 


9-85 


21 


40 


340996 


989300 


•47 


351697 


9.83 


6483o3 


20 


41 


9-341558 


9-35 


9.989271 


•47 


9-352287 
352876 


9-82 


10.647713 


\t 


42 


342119 


9.34 


, 989243 


•47 


9-81 


647124 


43 


342679 
343239 


9.32 


989214 


•47 


353465 


9-80 


646535 


17 


44 


9-31 


989186 


•47 


354053 


9-79 


645947 
645360 


16 


45 


' IfM 


9-30 


989157 

989128 


:% 


354640 


9-''6 


i5 


46 


9-29 


355227 
3558.3, 


644773 


14 


tl 


344912 


9-27 

9-26 


989100 


.48 


9-75 


644187 


i3 


345469 


989071 


.48 


356398 
356982 
357566 


9-74 


643602 


12 


49 


346024 


9-25 


989042 


.48 


9-73 


643018 


11 


56 


346579 


9-24 


989014 


.48 


9-71 


642434 


10 


5i 


9-347134 


9-22 


9.988985 


.48 


9.358149 


9-70 


io.64i85i 


§ 


52 


347687 


9-21 


988956 


.48 


358731 
359313 




641269 


53 


348240 


9-20 


988^98 


.48 


9.68 


640687 


I 


54 


348792 


9.19 


.48 


359893 


9-67 


640107 


55 


349343 


9-17 

9-i6 


988869 


.48 


360474 


9-66 


639526 


5 


56 


349893 


9S8840 


.48 


36.033 


9-65 


638Q47 
638368 


4 


57 


35o443 


9-15 


9B8811 


•49 


36i632 


9-63 


3 


53 


350992 
35 1540 


914 


9S8782 


.49 


362210 


9-62 


637790 


s 


59 


9a 


988753 


•49 


362787 


p. 61 


\ 637213 


I 


66 


352088 


9-11 


988724 


.49 


363364 


9-60 


636636 





1 Cosine 


D. 


Sine 


1 Cotan.i?. 


D. 


Tanff. 



(77 DEGREES.) 



SINES AND TANGENTS. (13 DEGREES.) 



31 



k 


Sine 


1 ^' 


Cosine 


D. 


Tan^. 


1 D. 


Cotang. 







Q-352o88 


9-11 


9.988724 


.49 


9-363364 


9.60 


10-636636 


60 


1 

2 


352635 
353i8i 


9-10 
9.00 
9.08 


9886^6 


•49 
.49 


363940 
364315 


f.U 


636o6o 
635485 


^ 


3 


353726 


988636 


•49 


363090 


lil 


634910 


U 


4 


354271 


9.07 
9.05 


988607 
988578 


.49 


365664 


634336 


5 


354815 


•49 


366237 


9-54 


633763 


55 


6 


355358 


9.04 


988543 


•49 


366810 


9.53 


633190 


54 


I 


355901 


9.03 


988519 


•49 


367382 


9.52 


632618 


53 


356443 


9-02 


988489 


•49 


367953 


9-5i 


632047 


52 


9 


356984 
357524 


O-OI 

8-99 


988460 


.49 


368324 


9-50 


631476 


5i 


10 


988430 


.49 


369094 


9-49 


630906 


5o 


II 


9.358064 


8. 98 


o- 08840 I 


•49 


9.369663 


9.48 


io-63o337 


1§ 


12 


35S6o3 


8.96 


988371 


•49 


370232 


9.46 


629768 


i3 


359141 


9S8342 


•49 


371367 


9-45 


629201 


ii 


14 


359678 


8.95 


988312 


.50 


9-44 


62S633 


i5 


36021 5 


8.93 


988282 


.5o 


371933 


9.43 


628067 


45 


i6 


360752 


8.92 


9S8252 


.50 


372499 


9-42 


627501 


44 


\l 


36 r 287 


8.91 


9S8223 


.50 


373064 


9-41 


626936 


43 


361822 


8.00 


9S8193 
988163 


.5o 


373620 
374193 


9-40 


626371 


42 


»9 


362356 


•50 


ll^ 


625807 


41 


20 


362889 


988133 


.5o 


374736 


625244 


40 


21 


9-363422 


8.87 
8-85 


9.9 o3 


.50 


9.375319 


9-37 
9-35 


10-624681 


ll 


22 


363954 


9 73 


•50 


375881 


62^119 


23 


364485 


8.84 


9 43 


.5o 


376442 


9-34 


623553 


u 


24 


36501 6 


8-83 


9 i3 


.50 


377003 


9-33 


622997 


23 


3'j5546 


8-82 


9 .33 


.50 


377563 


9-32 


622437 
621878 


35 


26 


366075 


8.81 


9:-j53 


.50 


378122 


9-31 


3i 


11 


366604 


8.80 


9 7 ^22 


.5o 


378681 


9-3o 


621319 


33 


367 i3[ 


8.79 


9-92 


.50 


379239 


9-29 
9-28 


620761 


32 


?9 


367659 
368i85 


l]l 


9' -■ 62 


.5o 


379797 


620203 


3i 


3o 


91-32 


.5^ 


38o334 


9-27 


C119646 


3o 


3i 


9-368711 


8.75 


9.9-01 


.5i 


9.380910 


9-26 


10-619090 


ll 


32 


369236 


8.74 


9 ^■:7» 


.5i 


381466 


9-25 


6i8534 


33 


369761 


8-73 


9 ":4o 


.5i 


3S2020 


9-24 


617980 


ll 


34 


370285 


8.72 


Q T-IO 


.51 


3S2575 


9-23 


617425 


35 


370808 


8.71 


9- .79 


.5i 


383129 


9-^2 


616871 


25 


36 


371330 


8.70 
8.69 


9 7 49 
9<->i8 


.5i 


383632 


9-21 


6i63i8 


24 


ll 


371852 


.5i 


384234 


9.20 


615766 


23 


372373 


8-67 
8.66 


9V .88 


.51 


384786 


9.18 


6i52i4 


22 


39 


372894 


9:- .57 
9 26 


.51 


385337 
385383 


614663 


21 


40 


373414 


8.65 


.51 


9.17 


614112 


20 


41 


9-373933 


8.64 


'tf^ 


.51 


9-386438 


9.15 


io-6i3562 


1? 


42 


374452 


8.63 


.51 


3869S7 
387336 


9-14 


6i3oi3 


43 


374970 


8.62 


987434 


.5i 


913 


612464 


'7 


44 
45 


375487 
376003 


8.61 
8.60 


987403 
687372 


•52 
•52 


388084 
388631 


9.12 
9.11 


611916 
611369 


16 
i5 


46 


376519 


8*58 


987341 


.52 


389178 


9.10 


610822 


14 


ii 


377033 


987310 


.52 


389724 


t2 


610276 


i3 


377549 
378063 


8.57 


987270 
987248 


.52 


390270 


609730 


12 


49 


8.56 


.52 


390815 


9-07 
906 


609185 
608640 


II 


5o 


378577 


8.54 


987217 


•52 


391360 


10 


5i 


9.379089 


8.53 


9.9S7186 


.52 


9.391903 


9-o5 


10-608097 
607533 


§ 


52 


l& 


8.52 


9^-rDD 


•52 


392447 


904 


53 


8-5i 


9.-L24 


•52 


3920S9 


9.03 


60701 1 


I 


54 


380624 


8.5o 


9 •02 
:'>3o 


.52 


393331 


9-02 


606469 


55 
56 


38ii34 
381643 


8-49 
8-48 


.52 
.52 


394073 
39^614 


9-01 
900 

h 


a 


5 
4 


u 


382152 


8-47 
8.46 


9 ,98 

9- 167 


.52 


39^154 


604846 


3 


382661 


.52 


395604 
396233 


604306 


a 


59 


383 168 


8.45 


9 |36 


•52 


l:V> 


603767 


I 


6o 


383675 


8.44 


9 >o4 


.52 


396771 


603229 





1 Cosine 


D. 


Sine 


1 


Cotanff. 


D. 


T:mcr. 


IL 



26 



(76 DEQREES.) 



32 



(14 DEGBEE3.) A TABLE OF LOGARITHMIU 



M. 


Sine 


D. 


CoillllQ 


D. 


Tang. 


D, 


Colang. 






I 


9.333675 

384182 


8.44 
8.43 


9.9vT,oi 
9'- -'^3 


.52 

.53 


9.396771 
397309 


8 

8 


96 
96 


10.603229 
60269 1 
602154 


60 


2 


384687 


8.42 


9 ^ii 


.53 


397846 


8 


95 


3 


335192 


8.41 


9v,Sa9 
9^1^778 


.53 


398383 


8 


94 


601617 


u 


4 


385697 


8.40 


.53 


398919 
399455 


8 


93 


601081 


5 


386201 


8.39 
8.38 


9^''Ti6 


.53 


8 


92 


600545 


55 


6 


386704 


9 ^-E4 


.53 


399990 
4oo524 


8 


91 


600010 


54 


I 


3S7207 


8.37 
8.36 


9-.-iS3 


.53 


8 


i 


599476 


53 


387709 


9 "I 


.53 


401058 


8 


59A942 


52 


9 


388210 


8.35 


9-' .19 


.53 


401591 


8 


88 


59S409 
597876 


5i 


10 


3887 1 1 


8.34 


9- .; 7 


.53 


402 J 24 


8 


87 


5o 


II 


9.38921 1 


8.33 


9.986555 


.53 


9.402656 


8 


86 


10.597344 


it 


12 


38971 1 


8-32 


986523 


.53 


4o3i87 
403718 


8 


85 


596S13 


i3 


390210 


8.3i 


986491 
9S6459 


.53 


8 


84 


596282 47 1 


14 


390708 


8.3o 


.53 


404249 
404778 


8 


83 


595751 


46 


i5 


391206 


8.28 


986427 
9S6395 


.53 


8 


82 


595222 


43 


i6 


391703 


8.27 

8.26 


.53 


4o53o8 


8 


81 


594692 


44 


]l 


392199 


9S6363 


.54 


405836 


8 


80 


594164 


43 


39269D 


8.25 


9B6331 


.54 


406364 


8 


"72 


593636 


42 


»9 


393191 


8.24 


9S6299 


•54 


406892 


8 


78 


593.08 


41 


20 


393685 


8.23 


986266 


•54 


407419 


8 


77 


592531 


40 


2! 


9.394179 
394673 


8.22 


9.986234 


.54 


9.407945 
408471 


- 8 


76 


10.592055 


39 


22 


8.21 


9S6202 


.54 


8 


75 


591529 


38 


23 


395166 


8-20 


986169 


.54 


408997 
40952 1 


8 


74 


591003 


11 


24 


395658 


l:\l 


986137 


.54 


8 


74 


500479 
58995.') 


25 


396150 


9S6104 


.54 


410045 


8 


73 


35 


26 


396641 


8.,7 


986072 
986039 


.54 


410569 


8 


72 


5S9431 
588908 


34 


11 


397132 


8.17 


.54 


411092 


8 


71 


33 


397621 
3q8iii 


8.16 


986007 


.54 


4u6i5 


8 


70 


5S8385 


32 


29 


8.i5 


985974 


.54 


412137 
412658 


8 


tl 


587863 


3i 


3o 


3936po 


8.14 


985942 


.54 


8 


587342 


3o 


3i 


9.399088 


8.i3 


"•» 


.55 


9.413179 


8 


U 


10.586821 


It 


32 


3995]5 
400062 


8.12 


.55 


413699 


8 


586301 


33 


8. II 


985843 


.55 


414210 
414733 


8 


65 


535781 


11 


34 


400549 
4oio35 


8.10 


985811 


.55 


8 


64 


585262 


35 


8.09 
8.08 


9S5778 


.55 


415257 
415775 


8 


64 


534743 


25 


36 


40 1 520 


985745 


.55 


8 


63 


584225 


24 


11 


4o2oo5 


8.07 
8.06 


985712 


.55 


416293 


8 


62 


583707 


23 


402489 


985679 
985646 


.55 


416810 


8 


61 


533190 


22 


39 


402972 


8.o5 


.55 


417326 


8 


60 


582674 


21 


40 


403455 


8-04 


98561 3 


.55 


417842 


8 


59 


582158 


20 


41 


9.403938 


8.o3 


Q. 985580 


.55 


9-418358 


8 


58 


10.581642 


\t 


42 


404420 


8.02 


,9^3547 


.55 


418873 


8 


U 


581127 


43 


404901 


8-01 


985514 


.55 


419387 


8 


58o6i3 


\l 


44 


405332 


8-00 


0S5480 


.55 


419901 


8 


55 


580099 


43 


. '405862 


]-^ 


9S5447 


.55 


420415 


8 


55 


579585 


i5 


46 


406341 


985414 


.56 


420927 


8 


54 


57Q073 


14 


% 


406820 


7-97 
7.96 


985380 


.56 


421440 


8 


53 


578560 


i3 


407299 


985347 


.56 


421952 


8 


52 


578048 


12 


49 


407777 
408254 


7.93 


985314 


•56 


422463 


8 


5i 


577537 


11 


5o 


7-94 


985280 


.56 


422974 


8 


5o 


577026 


10 


5i 

52 


9.408731 
409207 


7-94 
7.9J 


'■& 


.56 
.56 


9.423484 
4240o3 


8 
8 


1 


10.576316 
576007 


I 


53 


409682 


7.92 


985180 


.56 


8 


48 


575407 
5749B9 


I 


54 


410157 


7.91 


985146 


.56 


425oii 


8 


ii 


^5 


4io632 




9851 i3 


.56 


425519 


8 


574481 


5 


56 


4c 1 106 


985079 


.56 


426027 


8 


45 


573973 


4 


5? 


41x579 


985043 


.56 


426534 


8 


44 


573466 


3 


: 58 


4I2052 


ill 


983011 


.56 


427041 


8 


43 


572939 


2 


59 


412524 


984978 


.56 


427547 


8 


43 


572453 


I 


60 


412996 


7-85 


9849U 


.56 


428052 


8.4i 


571948 







Cosine 


D. 


Sine 




Cotang. 


D. 


Tmi^. 


M. 
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li. 


Sine 


D. 


Coaine 


D. 


Tang. 


D. 


Cotang. 







9-412906 
413467 
413938 


7-85 


9.984944 


.57 


9.428052 


8.42 


10.571948 


60 


1 


7-84 


984910 


•57 


^ 428557 


8.41 


571443 


5o 


3 


7-83 


984876 


•?7 


429062 


8.40 


570938 


58 


3 


414408 


7-83 


984842 


.57 


429566 


8.39 
8.38 


570434 


U 


4 


4*4878 


7.8a 


9S4808 


•57 


430070 


569930 


5 


415347 
4i58i5 


7.81 


984774 


•57 


430573 


8.38 


569427 
568925 


55 


6 


7.80 


984740 


17 


431075 


8.37 
8.36 


54 


I 


416283 


?:?? 


984706 


•57 


43i577 


568423 


.53 


416751 


984672 
984637 
984603 


17 


432079 
4325^0 


8.35 


567921 


52 


9 


417217 


'r'll 


•57 


8.34 


567420 
566920 


5i 


10 


417684 


•57 


433080 


8.33 


5o 


11 


9-4i8i5o 


7.75 


9.984569 


17 


9.433580 


8.32 


10-566420 


1§ 


12 


4i86i5 


7-74 


984533 


•?7 


434080 


8-32 


565920 


i3 


419979 


7-73 


984500 


'P 


434579 
435078 


8.3i 


565421 


tl 


14 


419344 


7-73 


984466 


•?2 


8.3o 


564922 


i5 


420007 


7-72 


984432 


.58 


435576 


8.29 
8.28 
8.28 


564424 


45 


i6 

»7 


420470 
42oo33 
42i3o5 
421857 
4223iS 


7-71 
7.70 


984363 


.58 
.58 


436073 
436570 
437067 


563927 
563430 


44 
43 


i8 




984328 


.58 


8.27 
8.26 


562933 


4a 


19 


984204 
984269 


.58 


437563 


562437 


41 


20 


7-67 


.58 


438o59 


8-25 


561941 


40 


21 


9.422778 


?:^ 


9.984224 


.58 


9.438554 


8.24 


10.561446 


^ 


22 


423238 


$f:^5 


.58 


439048 


8-23 


560952 


23 


» 


7-65 


.58 


439543 


8-23 


560457 


U 


24 


7-64 


984120 


• 58 


44oo36 


8-22 


559964 


25 


4246 1 5 


7-63 


984085 


.58 


440529 


8-21 


55^78 
558486 


35 


26 


425073 


7-62 


984050 


.58 


441022 


8.20 


34 


11 

?9 


425530 


7-6i 


984015 


.58 


44i5i4 


8.19 


33 


42644i 


7.60 
7.60 


983981 
983946 


.58 
• 58 


442006 
442497 
442988 


t\t 


&* 


3a 
3i 


3o 


426899 


7.59 


98391 I 


.58 


8.17 


557012 


3o 


3i 


9-427354 


7-58 


9.983875 


.58 


9-443479 
443968 


8.16 


10.556521 


li 


32 


427809 
428263 


]t 


983840 


.59 


8.16 


556o32 


33 


9838o5 


.59 


444458 


8.i5 


555542 


ll 


34 


428717 


7.55 


ffl 


.59 


444947 
445435 


8.14 


555o53 


35 


429170 


7-54 


19 


8.i3 


554565 


25 


36 


429623 


7.53 


983700 


.59 


445923 


8-12 


554077 


24 


ll 


430075 


7.52 


983664 


.59 


446411 


8.12 


553589 


23 


43o527 
430978 


7.52 


983629 


.59 


446898 


8.H 


553102 


22 


39 


7-51 


9B3594 


.59 


447384 


8.10 


552616 


21 


40 


431429 


7.50 


9835D8 


.59 


447870 


8.09 


552i3o 


20 


41 


9.431879 


7-49 


9.983523 


.59 


9.448356 


8.09 
8.08 


10.551644 


\t 


42 


432329 
432778 


7-49 
7-48 


983487 


.59 


448841 


55ii59 


43 


983452 


19 


449326 


8.07 


550674 


n 


44 


433226 


7-47 
7.46 


983416 


.59 


449810 


8.06 


550190 


16 


45 


<433675 


98338. 


.59 


450294 


8.06 


549706 


i5 


46 


434122 


7-45 


933343 


.59 


450777 


8.o5 


549223 
548740 
548207 


14 


47 
48 


434569 
435oi6 


7-44 
7-44 


9S3309 
983273 


.60 


451260 
451743 


8-04 
8-03 


i3 

12 


49 


435462 


7-43 


933238 


.60 


452225 


8.02 


547773 


II 


5o 


435908 


7-42 


983202 


.60 


452706 


8-02 


547294 


10 


5i 


9.436353 


7-41 


a. 983166 


.60 


9.453187 

453668 


8.01 


10.546813 


? 


52 


436798 


7-40 


983 i3o 


.60 


8.00 


546332 


53 


437242 


7-40 


983094 
983o58 


.60 


454148 


7-99 


545852 


.1 


54 


437686 


l^ 


.60 


454628 


'v^ 


545372 


55 


438 r 29 


983022 


.60 


455107 


544893 


5 


56 


43J-572 


]:U 


982986 


.60 


455586 


'vU 


544414 


4 


57 


437014 


982950 


.60 


456064 


543936 


3 


58 


439456 


7-36 


982914 
982878 


.60 


456542 


7-96 


543458 


a 


h 


t^l 


7-35 


.60 


» 


7.95 


542981 
542504 


I 


60 


7-34 


982842 


.60 


7-94 







Cosine 


D. 


Sino 




Cotang. 


D. 


,Tan^. 


M.| 
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M. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 
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9-440338 


7-34 


9-982842 


.60 


9.457496 


7-94 


10-542304 


60 


I 


440778 


7.33 


982805 


.60 


457973 


7-93 


542027 


^ 


2 


44121S 


7.32 


t]^ 


-61 


458449 
45892? 


7.93 


54i55i 


3 


441658 


7-3i 


.61 


7-^92 


541075 


s 


4 


442096 
442535 


7-3i 


982696 
9S2660 


.61 


459400 


7-91 


540600 


5 


7.30 


.61 


459875 


7.90 


540125 


55 


6 


442973 


7.29 


982624 


•61 


460349 
460823 




539651 


54 


I 


443410 


7.28 


982587 


•61 


539177 


53 


443847 


7-27 


982551 


.61 


461297 


7-88 


538703 


52 


9 


444284 


]-M 


982514 


•61 


461770 


7.88 


538230 


5i 


10 


444720 


982477 


.61 


462242 


7.87 


537758 


5o 


11 


9-445i55 


7-25 


9-982441 


.61 


9-462714 


7.86 


10.537286 


% 


12 


445590 


7-24 


982404 


.61 


463 186 


7-85 


536814 


i3 


446025 


7.23 


982367 


.61 


463658 


7-85 


536342 


% 


14 


446459 
446893 


7-23 


982331 


.61 


464129 


7-84 


535871 


i5 


7.22 


982294 
982267 


.61 


464599 
465069 


7-83 


535401 


45 


i6 


447326 


7.21 


•61 


7-83 


534931 


44 


\l 


447759 
448191 


7.20 


982220 


.62 


465539 
466008 


7-82 


534461 


43 


7-20 


9S2183 


.62 


7.81 


533992 
533524 


42 


»9 


448623 


]:\t 


982146 


.62 


466476 


7-80 


41 


20 


449054 


982109 


.-62 


466945 


7.80 


533o55 


40 


21 


9-449485 


7.17 


9-982072 
982035 


.62 


9-467413 


?:?? 


10-532587 


^ 


22 


449915 
45o345 


7.16 


-62 


467880 
468347 


532120 


23 


7.16 


981998 
981961 


•62 


7-78 


53 1 653 


U 


24 


450775 


7-i5 


•62 


468814 


'v'll 


531186 


25 


451204 


7-14 


981924 
981886 


•62 


469280 


530720 


35 


26 


45i632 


7.13 


•62 


469746 


vv 


530254 


34 


11 


452060 


7.13 


981849 


.62 


470211 


7-75 


529789 
529324 
528859 
528395 


33 


452488 


7.12 


981812 


•62 


470676 


7-74 


32 


29 


452915 
453342 


7. II 


&^ 


•62 


471141 


7-73 


3i 


3o 


7.10 


•62 


471605 


7-73 


3o 


3i 


9-453768 


7.10 


't^. 


•63 


9 '472063 


7.72 


10-527932 


% 


32 


454194 


?:^ 


•63 


472532 


7.71 


527468 


33 


454619 


981625 


•63 


472995 


I'V 


527005 


XL 


34 


455o44 


7.07 


981587 


-63 


473437 


7-70 


526543 


35 


455469 
455893 


?:^ 


981549 


•63 


» 


7-69 


526081 


25 


36 


981512 


-63 


]'!^ 


525610 


24 


37 


4563 1 6 


7-03 


981474 
981436 


•63 


474842 


525 1 58 


23 


33 


456739 


7-04 


•63 


4753o3 


7.67 


524697 
524237 


22 


39 


457162 


7.04 


» 


•63 


475763 


7*67 


21 


40 


457584 


7.03 


•63 


476223 


7-66 


523777 


30 


41 


9 -458006 


7.02 


9'98i323 


-63 


9.476683 


7-6S 


IO-5233I7 
522858 


\l 


42 


458427 
458848 


7.01 


981285 


-63 


477 '42 


7-65 


43 


7.01 


981247 


-63 


478059 


7-64 


522399 


M 


44 


459268 


j-oo 


981209 


-63 


7-63 


521941 


45 


459688 


981171 


-63 


478517 
478975 


7-63 


52ni83 


i5 


46 


460108 


981133 


•64 


7-62 


521025 


14 


47 


460527 
460946 


6.98 


981095 
981057 


.64 


479432 


7-6i 


520568 


i3 


48 


tv> 


•64 


i& 


7.61 


520111 


12 


49 


46 1 364 


981019 


•64 


7.60 


519655 


II 


56 


461782 


6.95 


980981 


.64 


480801 


7-59 


519199 


ID 


5i 


9*462199 
462616 


6.95 


9.980942 


.64 


9.481257 


7-5o 


10.518743 


% 


52 


6.94 


» 


,64 


481712 


7.50 


518288 


53 


463o32 


6.93 


,64 


482167 


7-57 


517833 


I 


54 


463448 


6.93 


980827 


.64 


482621 


]t 


517379 
516925 


55 


463864 


6-92 


980789 


.64 


483075 


5 


56 


464279 


6-91 


980750 


.64 


483529 


7-55 


516471 


4 


ll' 


464694 


6-90 


980712 


• 64 


483982 


7-55 


5i6oi8 


3 


465 I 08 


6.00 


980673 


• 64 


484435 


7-54 


5 I 5565 


2 


59 


465522 


6*89 


980635 


•64 


484887 


7-53 


5i5ii3 


1 


6o 


465935 


6-88 


980596 


• 64 


485339 


7.53 


5i466i 


%' 


1 Cosino 


D. 


Sine 




Cotansr. 


D. 


Tanff. 


M.I 
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M. 


Sine 


D. 


Cosine 


1). 


Tang. 


D. 


Cotang. 




o 

1 


9.465o35 
466348 


6 
6 


88 
88 


'•» 


•64 
.64 


9.4&533Q 
48579T 


7.55 
7.5a 


10.514661 
514209 
5 1 3758 
5i33o7 


60 


2 


466761 


6 


U 


980519 


.65 


486242 


7.51 


3 


467173 
467565 


6 


980480 


.65 


486693 


7.51 


57 


4 


6 


85 


980442 


.65 


487143 


7-5o 


5x2857 ' 56 


5 


467996 
468407 


6 


85 


980403 


v65 


« 


7-49 


512407 55 


6 


6 


84 


980364 


•65 


r.it 


511957 t 54 


I 


468817 


6 


83 


980325 


.65 


488492 


5ii5o^ 


55 


469227 


6 


83 


980286 


.65 


s 


7-47 


5 11059 


52 


9 

10 


469637 
470046 


6 
6 


82 
81 


980206 


•65 
.65 


lil 


5io6io 
610162 


5i 
5o 


II 


9.470455 


6 


80 


9-980169 


.65 


9-490286 


7-46 


10.509714 


,% 


12 


470S63 


6 


80 


980130 


.65 


.490733 


• 7-45 


509267 
508820 


i3 


471271 


6 


]l 


980091 


•65 


491 180 


7-44 


il 


14 


471679 


6 


980002 


.65 


491627 


7-44 


5o8373 


i5 


472086 


6 


78 


980012 


•65 


492073 


7-43 


507927 


45 


i6 


472492 


6 


]l 


979973 


.65 


492519 
492960 


7-43 


507481 


44 


\l 


472898 


6 


979934 


.66 


7.42 


507035 
506590 


43 


473304 


6 


76 


.66 


, 493410 


7-41 


42 


19 


473710 


6 


75 


979835 


.66 


493854 


7-40 


506146 


41 


ao 


474115 


6 


74 


979816 


.66 


494299 


7.40 


505701 


40 


21 


9-474510 
474923 


6 


74 


9.979776 
979737 


.66 


9.494743 


7.40 


io.5o5257 


u 


22 


6 


73 


•66 


495186 


]:^ 


504814 


23 


475327 


6 


72 


•66 


495630 


504370 


u 


24\ 


475730 


6 


72 


•66 


496073 


7-37 


503927 
5o3485 


25 


476133 


6 


71 


979618 


-66 


4965i5 


III 


35 


26 


476536 


6 


-^ 


979579 


.66 


496957 
497399 


5o3o43 


34 


u 


476938 
477^40 


6 


979539 


.66 


7.36 


502601 


33 


6 


^ 


979499 


.66 


497841 
498282 


7.35 


5o2i59 
501718 


32 


?9 


477741 
47^142 


6 


979439 


.66 


7-34 


3i 


3o 


6 


6? 


979420 


.66 


498722 


7-34 


501278 


3o 


3i 


9-478542 


6 


u 


9.979380 


.66 


9.499163 


7.33 


io-5oo837 


It 


32 


478942 
. 479342 


6 


979340 


.66 


499603 


7.33 


5oo397 
499958 
499319 


33 


6 


65 


979300 


.67 


500042 


7.32 


11 


34 


479741 
480140 


6 


65 


979260 


.67 


5oo48i 


7-31 


35 


6 


64 


979220 


•67 


500920 
5oij59 


7-31 


X 


25 


36 


480539 


6 


63 


979180 


.67 


7-30 


24 


11 


48?334 


6 
6 


63 
62 


979140 
979100 


.67 
.67 


501797 
5o223o 


7-30 

III 


498203 
497765 


23 
22 


39 


481731 


6 


61 


979059 


•67 


502672 


497328 


at 


40 


482128 


6 


61 


979019 


•67 


5o3i09 


7-28 


496891 


20 


41 


9-482525 


6 


60 


9.978979 


.67 


9 -503546 


7-27 


10.496454 


\l 


42 


482921 
4833 1 6 


6 


59 


978898 


•67 


5039S2 


7.27 


496018 


43 


6 


U 


•67 


5o44i8 


7.26 


495582 


11 


44 


483712 


6 


978808 


-67 


5o4854 


7-25 


495146 


45 


484107 


6 


57 


978817 


.67 


505289 


7-25 


494711 


I5 


46 


484501 
484805 
485289 


6 
6 


ll 


978736 


.67 


505724 
5o6i59 
5o6593 


7-24 
7-24 


494276 
493841 


14 
i3 


6 


55 


978696 


7-23 


493407 


la 


49 


485682 


6 


55 


978635 


.68 


507027 


7-22 


492973 
492540 


* • 


5o 


486075 


6 


54 


978615 


.68 


507460 


7-22 


10 


5i 


9.486467 


6 


53 


9.978574 


.68 
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7-21 


10.492107 


t 


52 


486S60 


6 


53 


978533 


.68 


7-21 


491674 


53 


487251 


6 


52 


« 


.68 


508759 


7-20 


491241 


I 


54 


487643 
488034 


6 


5i 


.68 


509191 


7.19 


490809 
490378 
489946 


55 


6 


5i 


978411 


.68 


509622 


]:\t 


5 


56 


488424 


6 


5o 


978370 


.68 


5ioo54 


4 


U 


488814 


6 


5o 


978320 


.68 


510485 


7.18 


489015 


3 


489204 


6 


48 


978288 


.68 


510916 


]:\l 

7.16 


480084 

488654 
488224 


2 


1 


» 


6 
6 


978247 
978206 


.68 
.68 


5ii346 
511776 
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D. 
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D. 
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D. 
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M. 
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D. 
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D. 
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D. 
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9-489082 
490371 
490739 


6.48 


9.978206 


•68 


9.511776 


7.16 


10.488224 


60 


I 


6-48 


978165 


.68 


512206 


7.16 


487794 5o 
' 487365 58 


a 


6.47 
6.46 


978124 


.68 


512635 


7-15 


3 


491147 
491535 


978083 


•69 


5i3o64 


7-14 


486936 57 


4 


6.46 


978042 


.69 


513493 


7-14 


486507 56 


5 


49«922 
492J08 


6.45 


978001 


.69 


5i3q21 
514349 


7.13 


486079 ! 55 


6 


6.44 


9779^9 
977018 

977877 


.69 


7.13 


485651 : 54 


I 


492605 
493081 


6-44 


.69 


514777 


7.12 


485223 ' 53 


6.43 


.69 


5 1 5204 


7.12 


484796 


52 


5 


493466 


6.42 


977835 


.69 
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7.11 


484369 
483943 


5i 


IC 


493851 


6.42 


977794 


.69 


516007 


7.10 


5o 


II 


9-494236 


6.41 


9-977752 


.69 


9.516484 
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10.483516 


t 


13 


494621 


6.41 
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.69 


516910 
517335 


7.09 


483090 


i3 


495oo5 
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977660 
977628 


.69 
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4H2665 


47 
46 


14 


49^388 


6.39 


.69 


517761 


482239 
481815 
481390 
480966 
480542 


i5 

i6 


496154 


6.39 
6.38 


977586 
977544 


.69 
.70 


5i8i85 
518610 


7-08 
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45 
44 


n 


496537 


6-37 


977503 


.70 


519034 


43 


i8 


496019 
497301 


6.32 


977461 


.70 


519458 


7-06 


42 


«9 


977419 


.70 
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7-05 


4801 18 


41 


20 


497682 


6-36 


977377 


.70 


52o3o5 


7-05 


479695 


40 


21 


9-498064 


6.35 


9.977335 


.70 


9.520728 


7.04 


10.479272 

478849 


^ 


22 


498444 


6.34 


977293 


.70 


52ii5i 


7-03 


23 


49S825 


6.34 


977231 


.70 


521573 


7.03 


478427 
478005 


ll 


24 


499204 


6.33 


977209 


•70 


521995 


7.03 


36 


25 


499^84 
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977167 
977125 
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522417 
522838 


• 7-02 


477583 


35 


26 


499963 


6.32 


.70 


7.02 


477162 


¥ 


11 


5oo342 


6.3i 


977083 


.70 


523259 


7-01 


476741 


33 


500721 


6.3i' 


977041 


.70 


523680 


7.01 


476320 


32 


29 


5oi099 
501476 


6.3o 


976909 
976957 


.70 


524100 


7.00 
6.99 


475900 


3i 


3o 


6.29 


.70 


524520 


475480 


3o 


3i 
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6.29 
6.28 


9.976914 


.70 


9.524939 


t^ 


10.475061 


^ 


32 


50223l 


97683o 




525359 
52577S 


474641 


33 


502607 


6.28 




6.98 


474222 


^1 


34 


502984 


6.27 


976787 
976745 




526197 
526615 


6.97 


473Ho3 


26 


35 


5o336o 


6-26 




6.97 


473385 


25 


36 


5o3735 


6.26 


976702 




527033 


6.96 


472967 
472549 


24 


ll 


5o4iio 


6.25 


976660 




527451 


6.96 


23 


5o4485 


6.25 


976617 




527868 


6.95 


472i32 


22 


39 


5o486o 


6.24 


976574 




528285 


6.95 


471715 


21 


40 


5o5234 


6.23 


976532 




528702 


6.94 


471298 


20 


41 


9.5o56o8 


6-23 


9-976489 
976446 




9.529119 
529533 


6.93 


10.470881 


\t 


42 


505981 


6-22 




6.93 


470465 


43 


■ 5o6354 


6.22 


976404 




529950 


6.93 


470o5o 


\l 


44 


506727 


6-21 


97636 1 




53o366 


6.92 


469634 


45 


507099 


6-20 


676318 




530781 


6.91 


469219 


i5 


46 


507471 


6-20 


976275 




531196 


6.91 


468804 


14 


ii 


507843 


6-19 


976232 




53i6ii 


6.90 


468380 
467975 
467561 


i3 


5o82i4 
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6.18 


976189 




532025 


6.90 
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la 


49 


5o8585 
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832439 
532853 


11 


So 


508956 


6.18 


976103 




6.89 


467147 


10 


5i 


9.509326 


6.17 
6.16 


9.976060 




9.533266 


6.88 


10.466734 


I 


52 


509696 


976017 




533679 


6.88 


466321 


53 


5ioo65 


6.16 


975974 
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534092 


6.87 


465908 


7 


54 


510434 


6.|5 


975930 

975887 


• 72 


534504 


6.87 


465496 
465o84 


6 


55 


5io8o3 


6.i5 


• 72 


534916 
535328 


6-86 


5 


56 


511172 


6-14 


975844 


•72 


6.86 


464672 


4 


U 


5ii54o 


6.i3 


975800 


•72 


535739 


6.85 


464261 


3 


511907 

DI22l5 


6.i3 


975757 


• 72 


536 I 5o 


6.85 


463850 


2 


59 


6*12 


975714 


•72 
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6.84 


463430 
463028 


1 


60 
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6.12 


975670 
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D. 
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D. 
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D. 
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D. 
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D. 
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D, 


Cotang. 
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6'12 
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6.84 


10-463023 


60 


I 
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513375 


6.11 


975627 


.73 


6 


83 


462618 


u 


2 
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975583 


•73 


537792 
538202 


6 


83 


462208 


3 
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975530 
973496 


.73 


6 


82 


461798 


u 


4 


514107 


6.09 


•73 


53861 t 


6 


82 


461389 


5 


514472 
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6.08 


975432 
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539020 


6 


81 


460980 


55 


6 


514837 


975408 


.73 


539429 


6 


81 


46037 1 


54 


2 


5l5202 


6.08 


$75365 


.73 


539837 
540245 


6 


80 


460163 


53 


5i5566 


6-07 


975321 


.73 


6 


80 


45o347 
458939 


52 


9 

10 
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516294 
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6.06 


& 
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541061 
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6 
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79 


5i 

5o 


II 


9-516657 


6-05 


9.975180 
975145 
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9.541468 


6 


78 


10-458532 


ii 


12 


517020 


6-05 
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541875 
542281 


6 


78 
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i3 
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6 04 
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77 
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ii 


14 


517745 
518107 
518468 
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•7^ 


542688 


6 


77 


457312 


i5 


6-03 


•73 


543094 


6 


76 


436906 
456501 


45 


i6 


6-03 


974969 
974925 


•74 


543499 
543903 
544JIO 


6 


76 


44 


\l 


518829 


6-02 


•74 


6 


75 


436095 


43 


519100 


6«oi 


974880 


•74 


6 


75 


433690 
455285 


42 


'9 


5i95d£ 


6-01 


974836 


•74 


544715 


6 


74 


41 


20 


519911 


6'Oo 


974792 


•74 


545119 


6 


74 


454881 


40 


21 
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6-00 


9-974748 


•74 


9.545524 


6 


73 


10-454476 


l^ 


22 


5.99 


' 974703 
974659 


•74 


545928 
546331 


6 


73 


454072 


23 


520990 
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•74 


6 


72 


453669 


U 


24 


521349 


974614 


•74 


546735 


6 


72 


453263 


25 
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5.98 


974570 


•74 


547138 


6 


71 


432862 


35 


26 


5:^ 


974525 


•74 


547340 


6 


71 


452460 


34 


11 


522424 


974481 


•74 


547943 
548345 


6 


70 


452057 
45i655 


33 


522781 


5.96 


974436 


•74 


6 


70 


32 


29 


523i38 


5.95 


974391 


•74 


548747 


6 


69 


431253 


3i 


So 


523495 


5.95 


974347 


•75 


549149 


6 


69 


43035 1 


3o 


3i 


9-523852 


5.94 


9-974302 


•7? 


9.549550 


6 


68 


10-450450 


29 


32 


524208 


5.94 


974257 


.75 


549931 
55o352 


6 


68 


450049 


28 


33 


524564 


5.93 


974212 


•75 


6 


67 


449648 


27 


34 


524920 


5.93 


974167 


•7? 


550752 


6 


67 


449248 


26 


35 


525275 
525630 


5-92 


974122 


•75 


55ii52 


6 


66 


448848 


25 


36 


5.91 


974077 
974032 


•75 


55i552 


6 


66 


448448 


24 


ll 


525984 
526339 
526693 


5.91 


•7? 


551952 


6 


65 


448048 


23 


5-90 


973987 


.73 


552351 


6 


65 


447649 


22 


39 


iX 


973942 


.75 


552750 


6 


65 


447230 


21 


40 


527046 


973897 


.75 


553149 


6 


64 


446851 


20 


41 


9.527400 


5.89 
5.88 


9«973852 


•7? 


9.553543 


6 


64 


10.446452 


\t 


42 


527753 
528105 


973807 


.75 


553946 


6 


63 


446054 


43 


5.88 


973761 


.73 


554344 


6 


63 


445656 


\l 


44 


528458 


5-87 


973716 


•76 


554741 


.6 


62 


443259 


45 


528S10 


5'.sl 


973671 


.76 


555i39 


6 


62 


444361 


i5 


46 


529161 


9736i5 


.76 


555536 


6 


61 


444464 


14 


% 


529513 


5.86 


973580 


.76 


555933 
556329 
556725 


6 


61 


444067 


i3 


529S64 


5.85 


973535 


.76 


6 


60 


443671 


12 


49 


53o2i5 


5-85 


973489 


.76 


6 


60 


443275 


II 


5o 


53o565 


5.84 


973444 


.76 


557121 


6 


59 


442879 


10 


5i 


9- 53091 5 


5.84 


9.973393 


.76 


9.557517 


6 


59 


io-4i24S3 


t 


52 


531265 


5.83 


973332 


.76 


557913 
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53 


53i6i4 


5.82 


973307 


.76 


55S3o3 


6 


58 


441692 


I 


54 


531963 
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5.82 


973261 


.76 


558702 


6 


58 


441 29S 


55 


5.8i 


973215 


.76 


559097 


6 


57 


44ooo3 


5 


56 


532661 


5.81 


973169 


.76 


559491 


6 


57 


440309 




ll 


533009 


5.80 


973124 


.76 


539885 


6 


56 
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533357 
533704 


5.80 
5.79 
5.78 


■ 973078 
973o32 


.76 
•77 
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560673 
56io66 
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6 


56 
55 


439721 
439327 




60 


534052 
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•77 


6.55 
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D. 


Sine 1 


D. 
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D. 
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o 


9 -534052 


5.78 


9-972986 
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9.561066 


6.55 
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1 


534399 


5 


77 


972940 


•77 


561459 


6-54 


43SD41 


?9 


2 


534743 


5 


77 


972894 


•77 


56i85i 


6.54 


43Si49 ?» 1 


3 


535092 
533438 


5 


77 


972^48 


•77 


562244 


6.53 


4377^6 


u 


4 


5 


76 


972802 


•77 


562636 


6-53 


437364 


5 


533783 


5 


76 


972755 


•77 


563028 


6.53 


436972 


55 


6 


536129 


5 


75 


972709 
972663 


•77 


563419 


6.52 


436381 


54 


I 


536474 


5 


74 


•77 


563811 


6-52 


436189 


53 
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5 


74 


972617 


•77 


564202 


6.5i 


435798 


5a 


9 

10 


537163 


5 


73 


972570 
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564092 


6.5i 


435408 


5i 


53750) 


5 


73 


972524 


•77 
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6.5o 


435017 


5o 


II 

13 


9.537851 
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533538 
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5 


72 
72 


9-972478 
972431 
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565763 


6-5o 

6.49 
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1? 


i3 


5 


71 


972385 
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5661 53 
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433847 
433458 


ii 


, 14 


533880 


5 


7» 


972338 


.78 


566542 


6.49 
6.4B 
6.48 


i5 
i6 


539223 
539555 


5 
5 


70 
70 


972291 
972245 


.78 


566q32 
567320 


433068 
432680 


45 

44 


17 


539907 


5 


69 


972198 


.78 


??r°? 


6-47 


432291 


43 


|8 


540249 


5 


6l 


972I3I 


.78 


568098 


6.47 


431902 
43i5i4 


42 


«9 

20 


540390 


5 


972105 


.78 


568486 


6.46 


41 


540931 


5 


68 


972058 


.78 


568873 


6-46 


431127 


40 


31 


». 541 272 


5 


67 


9-972011 


•^^ 


9.569261 


IS.45 


10.430739 


ll 


22 


^ 5416:3 


5 


U 


971964 


•7g 


569648 


645 


43o352 


23 


541953 


5 


97'9>7 


"^t 


570035 


645 


429965 
429S78 


ll 


24 


542293 
542632 
542971 


5 


66 


971870 


•7? 


570422 


6-44 


25 
26 


5 
5 


65 
65 


971823 
97 '776 


.78 
.78 


570809 
571195 


6-44 
6-43 


428805 


35 
34 




543310 


5 


64 


971729 


•79 


57i58i 


6.43 


428419 


33 


543649 


5 
5 


64 
63 


971682 
971635 


•79 
•79 


571067 
572352 


6-42 
6-42 


428033 
427648 


32 
3i 


5 


63 


971588 


•79 


572738 


6.42 


427262 


3o 


3i 


9-544663 


5 


62 


9.971540 


•79 


9.573123 


6.41 


10-426877 
426493 


It 


33 


543(300 


5 


62 


97 » 493 


•79 


573507 


6.41 


33 


545338 


5 


61 


971446 


•79 


573892 


6.40 


426108 


ll 


34 


545674 


5 


61 


971398 


•79 


574276 


6-40 


425724 


35 


5460 1 1 


5 


60 


97'3di 


•79 


574660 


6-39 


425340 


25 


36 


546347 
546683 


5 


60 


97i3o3 


•79 


575044 


6-39 


424956 
424573 


24 


ll 


5 


59 


971256 


•79 


575427 


6.39 


23 


547019 


5 


59 


971208 


•79 


57D810 


6-38 


424190 


23 


39 
40 


547354 


5 


58 


971161 


•79 


576193 


6-38 


423807 


21 


547689 


5 


58 


971113 


•79 


576576 


6. .37 


423424 


20 


41 


9.548024 


5 


57 


9-971066 


.80 


9-576958 
577341 


6.37 


10.423041 


\t 


43 


548359 
348693 


5 


U 


971018 


.80 


' 6-36 


422639 


43 


5 


970970 


.80 


577723 


6.36 


422277 


]l 


44 


549027 


5 


56 


970922 


.80 


578104 


6-36 


421896 


45 


549360 


5 


55 


970874 


.80 


578486 


6.35 


42i5i4 


1 5 


46 


549693 


5 


55 


970827 


.80 


579248 


6-35 


421133 


14 


% 


550026 


5 


54 


970779 


.80 


6-34 


420752 


i3 


55o359 


5 


54 


970731 


.80 


579629 


6.34 


420371 


12 


4o 


550692 


5 


53 


970683 


.80 


580009 


6-34 


419991 


II 


to 


551024 


5 


53 


970635 


.80 


58o389 


6.33 


4i9<>ii 


10 


5i 


9-551356 


5 


52 


9-970586 


.80 


9.580769 


6-33 


10.419231 


I 


52 


551687 
552018 


5 


52 


970538 


.80 


581149 


6-32 


4i885i 


53 


5 


52 


970490 


.80 


58i528 


6-32 


418472 


I 


54 


. 552349 


5 


5i 


970442 


.80 


581907 
582286 


632 


418093 


55 


552680 


5 


5i 


970394 


.80 


6-3i 


417714 


5 


56 


553010 


5 


5o 


970345 


.81 


582665 


6.3i 


41733d 


4 


U 


553341 


5 


5o 


970297 


.81 


583043 


6-3o 


416957 
416378 


3 


553670 


5 


49 


970249 


.81 


583422 . 


6-30 


a 


5o 


554000 


5 


40 


970200 


.81 


583800 


6-29 


416200 


I 


66 


554329 


5-48 


970152 


.81 


584177 


6 29 


415823 



M. 




Cosine 


b. 


Sine 


D. 


Cot&ng. 


D, 


Tan-. 



(69 DEGREES.) 



SINES AND TANGENTS. (21 DEGREES.) 



S9 



M. 


Sine 


D. 


Cosine | 


D. 


Tung. 


D. 


Cotang. 


60 


o 


9-554329 


5.48 


9.970152 


.81 


9-584177 
584555 


6-29 


10-415823 


I 


554658 


5 


48 


970103 


.81 


6-29 


415445 


5? 


2 


5549S] 


5 


47 


970055 


.81 


584932 
585309 
585686 


6.28 


4i5o68 


3 


5553 1 3 


5 


tl 


970006 


.8j 


6-28 


414691 


11 


4 


535643 


5 


969967 


.81 


6-27 


4i43i4i 


5 


555971 


5 


46 


969909 


.81 


586062 


6.27 


4139^ 


55 


6 


556299 


5 


45 


969860 


.81 


586439 


6.27 
6.26 


4i356i 


54 


I 


556626 


5 


45 


96981 1 


.81 


58681 D 


4i3i85 


53 


556953 


5 


44 


969762 


.81 


587190 


6.26 


412810 


52 


9 


557280 


5 


44 


969714 


.81 


587566 


6-25 


412434 


5i 


10 


557606 


5 


43 


969665 


.81 


587941 


6-25 


412069 


5o 


II 


'iUlll 


5 


43 


9.969616 


.82 


9.5883i6 


* 6-25 


10-411684 


$ 


(2 


5 


43 


969567 


.82 


588691 


6-24 


41 i3o9 


i3 


558583 


5 


42 


969518 


.82 


589066 


6-24 


410934 


% 


14 


558909 


5 


42 


969469 


.82 


589440 


6-23 


410D60 


i5 


559234 


5 


41 


969420 


.82 


589814 


6-23 


410186 


45 


i6 


559558 


5 


41 


969370 


.82 


. 590188 


6-23 


409812 


44 


\l 


559883 


5 


40 


969321 


•82 


690662 


6-22 


409438 


43 


560207 


5 


40 


969272 


.82 


590935 
591308 


6-22 


409065 


42 


19 


56o53i 


5 


39 


969223 


.82 


6-22 


408692 


41 


20 


56o855 


5 


39 


969173 


.82 


591681 


6-21 


408319 


40 


21 


9.561 173 


5 


38 


9 •969' 24 


*82 


9.592054 


6.21 


10-4079 i6 


li 


22 


56i5oi 


5 


38 


969075 


.82 


692426 


6.20 


407674 


23 


561824 


5 


37 


969025 
968976 


.82 


592798 


6-20 


407202 


37 


24 


562146 


5 


11 


.82 


693170 


6.19 


406829 


36 


25 


562468 


5 


968926 


.83 


593542 


6-19 

6.18 


406468 


35 


26 


562790 


5 


36 


968877 


.83 


693914 


406086 


34 


^1 


563112 


5 


36 


968827 


.83 


694285 


6.18 


406716 


33 


28 


563433 


5 


35 


968723 


.83 


694666 


6.18 


405344 


32 


59 


563755 


5 


35 


• 83 


695398 


6.17 


404973 


3i 


3o 


564075 


5 


34 


968678 


• 83 


6.17 


404602 


3o 


3i 


9.564396 


,5 


34 


9.968628 


• 83 


.9-595768 


U 


Id- 404232 


^ 


32 


564716 


5 


33 


968578 


.S3 


696133 


403S62 


33 


565o36 


5 


33 


96S523 


.83 


696508 


6.16 


403492 


11 


34 


565356 


5 


32 


968479 


.83 


696878 


6.16 


4o3i22 


3i) 

36 


565676 


5 
5 


32 

3i 


968429 
968379 


.83 
.83 


697616 


6.i5 
6.15 


402753 
402384 


25 

24 


ll 


5 


3i 


963329 


.83 


697935 
598354 


6.i5 


4o2oi5 


23 


38 


566632 


5 


3 1 


968278 


• 83 


6.14 


401646 


22 


39 


566951 


5 


3o 


968228 


.84 


598722 


6.14 


401278 


21 


40 


567269 


5 


3o 


968178 


.84 


699091 


6.i3 


400909 


20 


41 


9.567587 


5 


29 


9.968128 


.84 


9-599459 


6-13 


I 0-400641 


It 


42 


567904 


5 


29 


968078 


.84 


699827 ' 


6.i3 


400173 


43 


568222 


5 


2i 


968027 


.84 


600194 


6.12 


399S06 


11 


44 


568539 


5 


23 


967977 


.84 


6oo562 


6.12 


399438 


16 


45 


568856 


5 


28 


967876 ^ 


.84 


600929 


6. 11 


399071 


i5 


46 


569172 


5 


27 


.84 


601296 
601662 


6.11 


398704 


14 


ii 


56908 


5 


27 


967826 


.84 


6-11 


398333 


i3 


569S04 


5 


26 


967775 


.84 


602029 
602396 


6-10 


397971 


12 


f9 


670120 


5 


26 


967725 


.84 


6.10 


397606 


II 


5o 


570435 


5 


25 


967674 


.84 


602761 


6-10 


397239 


10 


5i 


9.57075! 


5 


25 


9-967624 


.84 


9-6o3i27 


6-09 


10.396873 


I 


52 


571066 


5 


24 


967573 


.84 


603493 
6o3853 


6.09 


396607 


53 


57i38o 


5 


24 


967622 


.85 


6-09 


396142 


7 


54 


571695 


5 


23 


967471 


.85 


604223 


6.08 


39'J777 


6 


55 


572009 


5 


23 


967421 


.85 


604588 


6.08 


395412 


5 


56 


572323 


5 


23 


967370 


.85 


604953 
6o53i7 


6.07 


3950 i7 


4 


^l 


572636 


5 


22 


967319 


.85 


6.0-7 


394683 


3 


58 


572950 


5 


22 


967268 


.85 


606682 


6-07 
6.06 


39i3i8 


2 


59 


573263 


5 


21 


967166 


.85 


606046 


393954 


I 


60 


573575 


5.21 


.85 


606410 


6.06 


393590 







Cosine 


D. 


. Sine 1 


D. 


Cotani?. 


D. 


Tan<?. 1 M. 1 



(6Q DEGREES.) 



40 



(22 DEGREES.) A TABLE OF LOGABITHSnC 



M. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 







9.573575 


5.21 


9.967166 


.85 


9.606410 


6.06 


10.393590 


60 


I 


573888 


5-20 


9671 i5 


.85 


606773 


6.06 


393227 


U 


2 


574200 


5.20 


967064 


.85 


607137 


6.o5 


392S63 


3 


574512 


5.19 


967013 


.85 


607500 


6.o5 


392500 


^ 


4 


. 574824 


5.19 


966961 


.85 


607863 


604 


392137 


56 


5 


^73»36 


5.10 
5.18 


966910 


.85 


608225 


6.04 


391775 


55 


6 


573447 


966859 


.85 


6o8588 


604 


391412 


54 


I 


575758 


5.18 


966800 


.85 


608950 
609312 


(yo3 


391050 


53 


576069 


5.17 


966756 


.86 


6.o3 


390688 


52 


9 

10 


5763^9 
576689 


t\l 


966705 
966653 


.86 
• 86 


609674 
6 10036 


6 o3 
6.02 


390326 
389964 


5i 
5o 


II 


9-576099 
577309 
577618 


5.16 


9.966602 


•86 


9.610307 
610769 


6. 02 


10.389603 


t 


12 


5.16 


966550 


•86 


6-02 


389241 


i3 


5.i5 


966499 


• 86 


611120 


6-01 


47 


U 


577927 


5.i5 


966447 


.86 


611 480 


6.01 


388520 


46 


i5 


578236 


5.14 


966395 


.86 


611841 


6.01 


388 159 


45 


i6 


57.S545 


5.14 


966344 


.86 


612201 


6.00 


387439 


44 


\l 


578853 


5.i3 


966292 


.86 


6i256i 


6-0O 


43 


579r62 


5.13 


966240 


.86 


612921 


6.00 


387079 


42 


«9 


579470 


5.13 


966188 


.86 


613281 


5.99 


386719 


41 


20 


579777 


5.12 


966136 


.86 


6i364i 


5.99 


386359 


40 


21 


9 -580085 


5.12 


9.966085 


.87 


9 -614000 


5.98 


10.386000 


^ 


22 


58o392 


5-11 


966033 


.87 


614359 
614718 


5.98 


385641 


23 


680699 
58I00D 


5. II 


965981 


•87 


5.98 


385282 


ll 


24 


5. II 


965928 
965876 


.87 


ttll 


5.97 


384923 
384565 


25 


58i3i2 


5-10 


•87 


5.97 


35 


26 


58.6i8 


5.10 


955824 


•87 


'dlf. 


l-^ 


384207 


34 


U 


581924 


5.09 


965772 


•87 


383849 


33 


582229 
582535 


5-09 


965720 


•87 


6i65o9 


5.96 


383491 
383i33 


32 


29 


5.09 
5.08 


965668 


.87 


616867 


5.96 


3i 


3o 


582840 


9656 1 5 


.87 


617224 


5.95 


3S2776 


3o 


3i 


9-583145 


5.08 


9.965563 


.87 


9.617582 


5.95 


10.382418 


^ 


32 


583449 


5.07 


96551 1 


•87 


617939 
618295 
6i8652 


5.95 


382061 


33 


583754 


5.07 
5.06 


965458 


•87 


5.94 


38i7o5 


ll 


34 


584058 


965406 


ii 


5.94 


38i348 


35 


584361 


5.06 


965353 


619008 


5-94 


380992 
38o636 


25 


36 


584665 


5.06 


965301 


.88 


619364 


5.93 


24 


37 
38 


584968 


5.o5 


965248 


.88 


619721 


5.93 


380279 


23 


585272 


5.o5 


965195 


.88 


620076 


5.93 


VSs 


22 


39 


585574 


5.04 


965143 


.88 


620432 


5.92 


21 


40 


585877 


5.04 


965090- 


.88 


620787 


5.92 


379213 


20 • 


41 


9-586179 


5.o3 


9.965037 


.88 


9.621142 


5.92 


10.378858 


\l 


42 


586482 


5.o3 


9649^4 


.88 


621497 
621852 


5.91 


3785o3 


43 


586783 


5.o3 


964931 
964879 
964826 


.88 


5.91 


378148 


17 


44 


587085 


5-02 


.88 


622207 


5.90 


377793 
377439 
37708D 


16 


45 


587386 


5-02 


.88 


622561 


5.90 


i5 


46 


537688 


5.01 


964773 


.88 


622915 


5^?9 


i4 


S 


5879R9 


.5-01 


964719 


.88 


623269 
623623 


376731 


i3 


5882S9 


5oi 


964666 


.89 


5-89 


376377 


12 


49 


588590 


5-00 


964613 


.89 


623976 
624330 


e'sl 


376024 


II 


5o 


588890 


5'00 


964560 


.89 


375670 


10 


5i 


9-589190 
589489 


4-99 


9.964507 


.89 


9-624683 


5.88 


10.375317 


1 


52 


4-99 


964454 


.89 


625o36 


5.88 


374964 
374612 


53 


» 


4-99 
4.98 


964400 


.89 


625388 


5.87 


I 


54 


964347 


.89 


625741 


5-87 


374259 


55 
56 


590387 
590086 


4-98 
4-97 


964294 
964240 


.89 
.89 


626093 
626445 


5*86 


mn 


5 
4 


ll 


590984 


4-97 


964187 


.89 


626797 


5.86 


373203 


3 


591282 


4.96 


964133 


.89 


627149 


5.86 


372851 


2 


59 


591080 


964080 


.89 


627501 


, 5-85 


372499. 
372148 


I 


60 


591878 


4.96 


964026 


.89 


627852 


5.85 







Cosine 


D. 


Sine 


D. 


Cotanff. 


D. 


Tangr. 


IL 



(67 DEGREES.) 



SIXfiS AND TANGENTS. (23 DEGREES.) 



41 



M. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 




9.591878 


4.96 


9*964026 


.89 


9.627852 


5-85 


10-372148 


60 




592176 


4 


93 


963972 


•89 


628203 


5-85 


37*797 


u 




592473 


4 


93 


963919 


.89 


628554 


5-85 


371446 




592770 


4 


93 


963863 


.90 


628905 


6-84 


371095 


u 




593067 
593363 


4 


94 


96381 1 


90 


629255 


5.84 


370745 


5 


4 


94 


963757 


.90 


629606 


5-83 


370394 


55 


6 

I 


593639 
593955 


4 
4 


93 
9^ 


963704 
963650 


.90 
.90 


629956 
63o3o6 


5-83 
5-83 


370044 
369694 


54 
53 


594231 


4 


93 


963396 


.90 


630656 


5-83 


36C.344 
368993 


52 


9 


594347 


4 


92 


963542 


.90 


63ioo5 


5-82 


5i 


10 


D94842 


4 


92 


963488 


.90 


631355 


5.82 


368645 


5o 


II 


9.595.37 


4 


91 


9-9^^ M 


.90 


9-631704 


5-82 


10.368296 


it 


12 


595432 


4 


91 


96M79 


.90 


632053 


5-81 


367947 


i3 


593727 


4 


9« 


96.^23 


.90 


632401 


5.81 


367^09 


ii 


14 


^9^fi 


4 


90 


96 ;'7i 


.90 


632730 


5-81 


367230 
366902 


i5 


5963 1 5 


4 


90 


96; '17 


.90 


633098 


5-80 


45 


i6 


596609 
596903 


4 


89 


Q6.ii3 


•.90 


633447 


5-8o 


366353 


44 


]l 


, 4 


^9 


96 ■> 1 08 


.91 


633793 


5-80 


366205 


43 


597196 


4 


^9 


96:..54 


.91 


634143 


5.79 


365857 


42 


19 


» 


4 


88 


96.„9Q 
96 --45 


.91 


634400 
634838 


5-79 


365510 


41 


20 


4 


88 


.91 


5-79 


365 I 62 


40 


21 


9I98075 


4 


?7 


't^l 


•91 


9-635185 


5.78 


10- 364815 


3I 


22 


598368 


4 


87 


.91 


635532 


5.73 


364468 


23 


598660 


4 


U 


962781 


.91 


635879 


5.78 


364121 


u 


24 


598952 


4 


962727 


.91 


636226 


5-77 


363774 


25 


599244 


4 


86 


962672 


•91 


636372 


5-77 


363428 


35 


26 


599336 


4 


85 


962617 


•91 


636919 
637265 


5-77 


363o8i 


fA 


\l 


599827 
600118 


4 


85 


962562 


•91 


5-77 


362735 


33 


4 


85 


962508 


.91 


637611 


5-76 


362389 


32 


?9 


600409 


4 


84 


962453 


.91 


637056 
638302 


5-76 


362044 


3i 


3o 


600700 


4 


84 


962398 


.92 


5.76 


361698 


3o 


3i 


9-600990 


4 


84 


9.962343 


.92 


9-638647 


5.75 


io.36i353 


It 


32 


601280 


4 


83 


962288 


.92 


638092 
639337 


5.75 


361008 


33 


601570 


4 


83 


962233 


.92 


5.75 


36o663 


27 


34 


601860 


4 


82 


962178 


.92 


639682 


5.74 


36o3i8 


26 


35 


602 i5o 


4 


82 


962123 


.92 


640027 


5-74 


359973 


25 


36 


602439 


4 


82 


962067 


.92 


640371 


5.74 


359629 


24 


ii 


602728 


4 


81 


962012 


.92 


640716 


5.73 


359284 
358940 
358596 
358253 


23 


38 


6o3oi7 
6o33o5 


4 


81 


961957 


.92 


641060 


5.73 


22 


39 


4 


81 


961902 
961846 


.92 


641404 


5.73 


21 


40 


603594 


4 


80 


.92 


641747 


5.72 


20 


41 

42 


9.603882 
604170 


4- 
4 


80 
79 


9.961701 
961735 


.92 
.92 


9.642091 
642434 


5-72 
5.72 


10.357909 
357566 


:§ 


43 


604437 
604745 


4 


79 


961680 


•92 


642777 


5-72 


'357223 


\i 


44 


4 


]l 


961624 


•9? 


643120 


5.71 


356880 


45 


6o5o32 


4 


961569 
96i5i3 


.93 


643463 


5.71 


35651,- ij 1 


46 


6o53i9 
6o56o6 


4 


78 


•93 


643806 


5.71 


356194 


14 


u 


4 


78 


961458 


.93 


644148 


5-70 


355832 


i3 


605892 


4 


77 


961402 


.93 


644490 
644832 


5-70 


355510 


12 


i"^ 


606179 


4 


]l 


961346 


•93 


5-70 
5.69 


355168 


u 


5o 


606463 


4 


961290 


•93 


645174 


354826 


10 


5i 


9-6o675i 


4 


7^ 


9-961235 


.93 


9.645516 


5.69 


10.354484 


I 


52 


607036 


4 


76 


961170 
961123 


•9? 


645857 


5.69 


354143 


53 


607322 


4 


75 


•93 


646199 


5*6^ 


353801 


I 


54 


607607 


4 


75 


961067 


.93 


646540 


353460 


55 


?Jv 


4 


74 


961011 


.93 


646881 


5.68 


353119 


5 


56 


4 


74 


960033 
960843 


.93 


647222 


5-68 


352778 


4 


u 


608461 


4 


^ 


•9? 


647562 


5.67 


352438 


3 


608745 


4 


73 


•94 


647903 
648243 


5-67 


352097 


2 


^ 


609029 
609313 


4 


73 


960786 


.94 


5'd 


351737 


I 


60 


4.73 


960730 


•94 


648583 


351417 





Co'^ine 


D. 


Sine 


D. 


(Jotanpr. 


D. 


Tang. 


M. 



DEGREES.) 



42 



(24 DEGREES.) A TABLE OP LOGARITHMIC 



M. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Ci^tang. 







9.609313 


4.73 


9 9 .''3o 


•94 


9.648583 


566 


10.351417 


60 


I 


609597 


4 


72 


'/'■'■ -74 


.94 


648923 


5-66 


351077 


P 


2 


6o98»o 


4 


72 


y-M8 


.94 


649263 


5-66 


350737 
350398 
35oo58 


3 


610164 


4 


7a 


^■■- i''6i 


.94 


649602 


5-66 


57 


4 


610447 


4 


71 


n'-' 1 ■<o5 


.94 


649942 


5.65 


56 


5 


^10729 


4 


7» 


^'■...i48 


.94 


65o28i 


5. 65 


349719 


55 


6 


611012 


4 


70 


./■i-92 


.94 


65o62o 


5-65 


349380 


54 


I 


611 294 


4 


70 


.94 


650959 


5.64 


349041 
348705 


53 


611576 


4 


^ 


960279 


.94 


65 1297 
65 1636 


5-64 


52 


9 


6ii858 


4 


960222 


.94 


5.64 


348364 


5i 


10 


612140 


4 


65 


960165 


.94 


651974 


5.63 


348026 


5o 


11 


9-612421 


4 


^6? 


9-960109 


.95 


9-6523i2 


5.63 


10-347688 


1? 


12 


612702 


4 


960052 


.95 


652650 


5.63 


347350 


i3 


612983 


4 


68 


959938 


.95 


652988 
653326 


5.63 


347012 


47 


14 


6i3264 


4 


67 


.95 


5-62 


346674 


46 


i5 


613545 


4 


6? 


959882 


.95 


653663 


5.62 


346337 


45 


i6 


6i3825 


4 


a 


959825 


.95 


654000 


5.62 


346000 


44 


\l 


6i4io5 


4 


959768 


.95 


654337 


5.61 


345663 


43 


614385 


4 


66 


939711 


.95 


654674 


5.61 


345326 


42 


«9 


614665 


4 


66 


95^54 


.95 


655011 


5.61 


344989 


41 


20 


614944 


4 


65 


959596 


.95 


655348 


5-61 


344652 


40 


21 


9-6i5223 


4 


65 


9-959539 


.95 


9-655684. 


5.60 


io-3443i6 


^ 


22 


6i55o2 


4 


65 


959482 


.95 


656020 


5.60 


343980 


23 


615781 


4 


64 


959425 


.95 


656356 


5.60 


343644 


u 


24 


616060 


4 


64 


959368 


.95 


656692 


^^9 


343308 


25 


6i6338 


4 


64 


959310 


.96 


657028 


5.59 


342972 
342636 


35 


26 


616616 


4 


63 


959253 


.96 


657364 


5-59 


34 


11 


616894 
61717? 


4 
4 


63 
62 


959195 
959138 


.96 
.96 


tt&, 


5-59 
5.58 


342301 
341966 


33 

32 


29 


617450 


4 


62 


959081 


.96 


658369 


5-58 


34i63i 


"31 


3o 


617727 


4 


62 


959023 


.96 


658704 


5-58 


341296 


3o 


3i 


9'6i8oo4 


4 


61 


9.958965 


.96 


'■'& 


5.58 


10.340961 
340627 


^ 


32 


018281 


4 


61 


958908 
958850 


.96 


5.57 


33 


61 8558 


4 


61 


.96 


659708 


I'P 


340292 
339958 


U 


34 


618834 


4 


60 


958702 
9D8734 
958677 


.96 


660042 


5.57 


35 


619110 


4 


60 


.96 


660376 


5.57 


339624 


25 


36 


619386 


4 


60 


.96 


660710 


5.56 


339290 
338957 


24 


ll 


619662 


4 


59 


958619 


.96 


661043 


5.56 


23 


619938 


4 


59 


958561 


.96 


661377 


5.56 


338623 


23 


39 


620213 


4 


ll 


9585o3 


•97 


661710 


5.55 


338290 
337957 


21 


40 


620488 


4 


958445 


•97 


662043 


5.55 


20 


41 


9-620763 


4 


58 


9-958387 


•97 


9.662376 


5.55 


10.337624 


\l 


42 


621038 


4 


57 


958329 


•97 


662709 


5.54 


337291 
336958 


43 


62i3i3 


4 


57 


958271 


•97 


663o42 


5.54 


»7 


44 


621587 


4 


U 


958213 


•97 


663375 


5.54 


336625 


16 


4^' 


621861 


4 


958 I 54 


•97 


663707 


5.54 


336293 


i5 


46 


022135 


4 


56 


958096 
958o38 


•97 


664039 


5.53 


335961 


14 


ii 


622409 


4 


56 


•97 


664371 


5.53 


335629 


i3 


622682 


4 


55 


957979 


•97 


664703 


5.53 


335297 
334965 


12 


49 


622956 


4 


55 


957921 
957863 


•97 


665o35 


5.53 


II 


5o 


623229 


4 


55 


•97 


665366 


5.52 


334634 


10 


5i 


9-623502 


4 


54 


9-95-^04 


:ll 


9-665697 


5.52 


io.3343o3 


t 


5: 


623774 


4 


54 


9r^-46 


666029 


5.52 


333971 


53 


624047 


4 


54 


9r^-''87 

9f^.-'28 


.98 


666360 


551 


333640 


I 


54 


624319 


4 


53 


.98 


666691 


5.51 


333309 


55 


624591 
624863 


4 


53 


9:1- 170 


.98 


667021 


5.51 


33297Q 


5 


56 


4 


53 


9:' II 


.98 


667352 


5.5i 


33264B 


4 


U 


625i35 


4 


52 


9r.',52 


.98 


667682 


550 


3323i8 


3 


620406 


4 


52 


m 

9^; 76 


.98 


668013 


5-50 


331987 
33 1 657 
33i328 


2 


^ 


625677 
625948 


•4-52 
4.51 


.98 


668343 
668672 


5.50 
550 


I 





Cosine 


D. 


Sine 


D. 


Cotanor. 


D. 


Tang. 


M. 



(65 degrees;) 



SINES AND TANGENTS. (25 DEGREES.) 



43 



M. 


Sine 


D. 


Cosine I 


), 1 Tung. 


D. 


Cotang, 







9-625943 


4-5i 


9.957276 


9? 


9.668673 


5.5o 


io.33i327 
330993 


60 


I 


626219 


4 


5i 


9?7217 


9? 


669002 


5-49 


^ 


2 


626490 


4 


5i 


957158 


9g 


669332 


5-49 


33o663 


3 


626760 


4 


5o 


957099 


9^ 


669661 


5-49 
5.48 


33o339 


57 


4 


627080 


4 


5o 


957040 


9? 


669991 
670320 


330009 


56 


5 


627300 


4 


5o 


956981 


98 


5.48 


329680 


55 


6 


627570 


4 


49 


956^62 


99 


670649 


5.48 


329351 


54 


I 


627840 


4 


49 


99 


670977 


5-48 


329023 
328694 


53 


628109 
628378 


4 


^? 


9568o3 


99 


671306 


5.47 


52 


9 


.4 


48 


956744 


99 


671634 


5.47 


328366 


5i 


10 


628647 


4 


48 


956684 


99 


671963 


5.47 


328037 


5o 


'II 


9-628916 


4 


47 


9.956625 


99 


9-672391 


5.47 
5.46 


10.327709 
327381 


'^ 


12 


629185 


4 


47 


956566 


99 


672619 


i3 


629453 


4 


U 


9565o6i 


99 


672947 


5.46 


327053 


ii 


14 


629721 


4 


956447. 


99 


673274 


5.46 


326726 


i5 


629989 


4 


46 


95638f 


99 


673602 


5.46 


326398 


45 


i6 


630257 


4 


46 


956327 
956268 


99 


673929 


5.45 


326071 


44 


17 


'63o524 


4 


46 


99 


674257 


5.45 


325743 


43 


•i8 


630792 


4 


45 


956208 1 


00 


674584 


5-45 


325416 


42 


19 


631039 


4 


45 


956148 I 


00 


674910 


5.44 


325090 
324763 


41 


20 


63i326 


4 


45 


956089 I 


00 


675237 


5.44 


40 


21 


9-631593 


4 


44 


9.956029 I 


00 


9.675564 


5.44 


10-324436 


^ 


22 


63 1 859 
632125 


4 


44 


955969 1 


00 


.675890 


5.44 


324110 


23 


4 


44 


955^ \ 


00 


676216 


5.43 


323784 


U 


24 


632392 


4 


43 


00 


676543 


5.43 


323457 


25 


632658 


4 


43 


955789 I 


00 


676869 


5.43 


323i3i 


35 


26 


632923 


4 


43 


9^51^69^ 1 


00 


677194 


5.43 


322806 


34 


11 

?9 


633189 


4 


42 


00 


677520 


5.42 


322486 


33 


633454 
633719 


4 

4 


42 
42 


955609 1 
955548 1 


00 
00 


677846 
678171. 


5.42 
5-42 


322i54 
321829 


32 

3i 


3o 


633984 


4 


41 


955488 I 


00 


678496 


5.42 


32i5o4 


3o 


3i 


9-634249 


4 


41 


9-955428 1 


01 


9-678821 


5-41 


10-321179 


11 


32 


6345 1 4 


4 


40 . 


955368 I 


01 


679146 


5-41 


320854 


33 


634778 


4 


40 


955307 1 


01 


679471 


5.41 


32052q 
320205 

319880 


U 

25 


34 
35 


635042 
6353o6 


4 
4 


40 
39 


955247 1 
955186 I 


01 
01 


679795 
680120 


5.41 
5.40 


36 


635570 


4 


39 


955126 I 


01 


680444 


5-40 


319556 


24 


u 


635834 


4 


ll 


955o65 I 


01 


680768 


5.40 


310232 


23 


636097 


4 


955oo5 I 


01 


681092 


5-40 


3 1 8584 


22 


39 


636360 


4 


38 


954944 1 


01 


681416 


5.39 


21 


40 


636623 


4 


38 


954883 1 


01 


681740 


5.35 


318260 


20 


41 


9-636886 


4 


?7 


9.954823 1 


01 


9-682063 


5.39 


10.317937 


\l 


42 


637148 


4 


37 


954762 I 


01 


682387 


5.39 
5-38 


3i76ii 


43 


637411 


4 


37 


954701 I 


01 


682710 


317290 


17 


44 


637673 


4 


U 


954640 I 


01 


683o33 


5-38 


16 


45 


637935 


4 


954570 1 
954518 I 


01 


683356 


5-38 


316644 


i5 


46 


638197 
638458 


4 


36 


02 


683679 


5-38 


3i632i 


i4 


% 


4 


36 


954457 I 


02 


684001 


5-37 


315999, 


i3 


638720 


4 


35 . 


954396 I 
954335 I 


02 


684324 


5-37 


315676 


12 


49 


638981 


4 


35 


02 


684646 


5.37 


3i5354 


II 


5o 


639242 


4 


35 


954274 I 


02 


684968 


5.37 


3i5o32 


10 


5i 


9 -639503 


4 


34 


9.954213 I 


02 


9-685290 


5-36 


io-3i47io 


I 


52 


639764 


4 


34 


934152 I 


02 


685612 


5-36 


3 1 4388 


53 


640024 


4 


34 


954090 I 


02 


685934 


5-36 


3 I 4066 


I 


54 


640284 


4 


33 


954029 I 
953968 I 


02 


686255 


5-36 


3 13745 


55 


640544 


4 


33 


02 


68689? 


5.35 


3i3423 


5 


56 


640804 


4 


33 


953006 I 
953845 I 


02 


5-35 


3i3io2 




U 


641064 


4 


32 


02 


687219 


5.35 


312781 




641324 


4 


32 


953783 I 


02 


687540 


5.35 


312460 




u 


641584 
641842 


4 
4 


32 

■3i 


953722 I 
953660 1 


o3 
o3 


687861 
688182 


5.34 
5.34 


3i2i39 
3ii8i8 






Cosine 


D. 


Sine T 


). 


Cotancr. 


D. 


Tansr. 


}L 



(64 OSGREES.) 



44 



(26 DEGREES.) A TABLE OP LOGAKITHMIC 



M. 


Sine 


D. 


Cosine r 


K 


Tang. 


D. 


Cotang. 







9-641842 


4-3i 


9.953660 I 


~^ 


9.68R182 


5.34 


io-3ii8id 


60 


I 


642101 




3i 


. 95347^ I 


o3 


688502 


5.34 


311498 


5o 


2 


642360 




3i 


o3 


688823 


5.34 


311177 


58 


3 


642618 




3o 


o3 


689143 


5-33 


3io857 


U 


4 


642877 




3o 


953413 1 


o3 


689463 


5-33 


3 10537 


5 


643 1 35 




3o 


953352 1 


o3 


689783 


5-33 


310217 


55 


6 


643393 
6436S0 




3o 


953290 I 


o3 


690103 


5.33 


309897 


54 


I 




29 


953228 I 


o3 


690423 


5.33 


309577 


53 


643908 




29 


953166 I 


o3 


690742 


5-32 


309258 


52 


9 


644165 




ll 


953104 I 


o3 


691062 


5-32- 


308988 


5i 


10 


644423 




953042 I 


o3 


691381 


5-32 


308619 


5o 


II 


9-644680 




28 


9.952980 1 


04 


9-691700 


5-3i 


io-3o83oo 


it 


12 


644936 




28 


952918 I 
952855 I 


04 


692019 
' 692338 


5-3i 


307981 


i3 


645193 
6454DO 




27 


04 


5-3i 


307662 


ii 


14^ 




27 


&, \ 


04 


692656 


5-3i 


307344 


i5 


645706 




ll 


04 


692975 


5-31 


307025 


45 


16 


645962 




952669 I 


04 


698293 


5-30 


306707 


44 


\l 


646218 




26 


952606 I 


04 


693612 


5-3o 


3o6388 


43 


646474 




26 


952544 I 


04 


693930 


5-30 


306070 


42 


>9 


646729 




25 


952481 I 


04 


69^248 


5-3o 


3o5752 


41 


20 


646984 




25 


952419 I 


04 


694566 


5-29 


3o5434 


40 


21 


9-647240 




25 


9-952356 1 


04 


9-694883 


5.29 


io.3o5n7 


^ 


9a 


647494 




24 


952204 1 
9522J1 I 


04 


695201 


5-29 


304799 


23 


647749 
648004 




24 


04 


695518 


5-29 


304482 


U 


24 




24 


952168 I 


o5 


695836 


5.20 
5.28 


304164 


25 


648258 




24 


952 T06 I 


o5 


696153 


3o3847 


35 


26 


648512 




23 


952043 I 


o5 


696470 


5.28 


3o353o 


34 


11 


648766 
649020 




23 
23 


951980 I 
951017 I 
95 1 854 I 


o5 
o5 


» 


5-28 
5.28 


3o32i3 
302807 
3o258o 


33 

32 


59 


649274 




22 


o5 


697420 


5-27 


3i 


3o 


649527 




22 


951791 I 


o5 


697736 


5.27 


302264 


3o 


3i 


9.649781 




22 


9.951728 I 


o5 


9-698053 


5-27 


10.301947 
3oi63i 


It 


32 


65oo34 




22 


95i665 I 


o5 


698369 


5'll 


33 


650287 




21 


951602 I 


o5 


698683 


3oi3i5 


U 


34 


65o539 




21 


95i53o I 
951476 I 


o5 


699001 


5.26 


300999 


35 


650792 




21 


o5 


699316 


5.26 


300684 


25 


36 


65 I 044 




20 


951412 I 


o5 


699632 


5-26 


3oo368 


24 


ll 


651297 




20 


95 1 349 I 


06 


699947 


5.26 


3ooo53 


23 


65i549 




20 


951286 I 


06 


700263 


5.25 


299737 


22 


39 


65 1 800 




»9 


951222 I 


06 


700578 


5.25 


299422 


21 


40 


652052 




19 


951159^ 1 


06 


700893 


5.25 


299107 


20 


41 


9-652304 




:? 


9-951096 I 
95io32 I 


06 


9-701208 


5.24 


10.298792 


:? 


42 


652555 




06 


701523 


5.24 


' 298477 


43 


652806 




18 


950968 I 


06 


701837 


5.24 


298163 


\i 


44 


653o57 
• 6533o8 




18 


95ono5 I 
950841 I 


06 


702152 


5.24 


297848 


45 




18 


06 


702466 


5.24 


297534 


i5 


46 


653558 




»7 


950778 I 


06 


" 702780 


5-23 


297220 


14 


ii 


6538o8 




n 


950714 1 


06 


703095 


5-23 


296905 
296591 


i3 


654059 




\i 


95o65o I 


06 


703409 
703723 


5-23 


12 


49 


654309 
654558 




95o586 I 


06 


5-23 


296277 


II 


5o 




16 


00522 I 


07 


704036 


5*22 


293964 


10 


5i 


9.654808 




16 


9-950458 I 


07 


9.704350 


5-22 


10-295650 


I 


52 


655o53 




16 


95o3o4 I 
95o33o I 


07 


704663 


5.22 


2Q5337 


53 


655307 




i5 


07 


704977 


5.22 


293023 


I 


54 


655556 




i5 


950266 I 


07 


705290 


5-22 


294710 


55 


6558o5 




i5 


950202 1 


07 


7o56o3 


5.21 


294307 
29/1084 


5 


56 


656o54 




14 


9501 38 I 


07 


705916 


5-21 


4 


u 


656302 




14 


950074 I 


07 


706228 


5-21 


293772 


3 


656551 




14 


950010 I 


07 


706541 


5-21 


293459 
293146 


2 


59 


656799 




i3 


949945 1 
949881 1 


07 


706854 


5.21 


I 


6o 


657047 


4-i3 


07 


707166 


5.20 


292834 







Cosine 


D. 


Sine I 


). 


Cotangf. 


D. 


Tanj?. 



(63 DEGREES.) 



SINES AND TANGENTS. (27 DEGREES.) 



45 



M. 


Si no 


D. 


Cosiiio 


D. 


Tang. 


D. 


Cotang. 







9.657047 


4-i3 


9.949881 


1.07 


9.707166 


5-20 


10-292^34 


60 


1 


657295 


4-i3 


949816 


1.07 


707478 


5.20 


292522 


?9 


2 


657D42 


4-12 


949752 


1.07 


707790 


5-20 


292210 


58 


3 


657790 
658037 


4-12 


949688 


1-08 


708102 


5.20 


291898 


U 


4 


4-12 


949623 


1.08 


708414 


5.19 


291586 


5 


65>i284 


4-12 


949558 


1.08 


708726 


5.19 


291274 


53 


6 


658531 


4ii 


949494 


I -08 


709037 


5.19 


290963 


54 


I 


638778 


4-II 


949429 


I -08 


709349 


5.19 


290651 


53 


639025 


4-II 


949364 


1.08 


709660 


5.10 

5.i8 


290340 


52 


9 


63927 1 


4-10 


949300 


I -03 


709971 


290029 


5i 


10 


639317 


4-10 


949235 


1.08 


710282 


5.18 


289718 


5o 


II 


9.639763 


4-10 


9-949170 


1. 08 


9.710593 


5.18 


10.289407 j 49 


12 


660009 


4-09 


949105 


1.08 


710904 


5.18 


289096 


48 


i3 


660233 


4-09 


949040 


1-08 


711215 


5.18 


288785 


47 


14 


660301 


4'09 


948975 


1.08 


7ii525 


5.17 


288475 


46 


i5 


660746 


4.06 


948010 
948845 


I -08 


7II836 


5.17 


288164 


45 


i6 


660991 


4.08 


1.08 


712146 


5.17 


287834 


44 


n 


6612J6 


4-o8 


948780 


1.09 


712456 


5.17 


287544 


43 


lb 


661481 


4-o8 


948715 


1-09 


712766 


5.16 


287234 


42 


»9 


661726 


4-07 


948650 4 


1.09 


713076 


5.16 


286924 


41 


20 


661970 


4.07 


948584 


1.09 


713386 


5.16 


286614 


40 


21 


9.662214 


4-07 


9.948519 


1-09 


9.713696 


5.16 


io.2863o4 


3^ 


22 


662439 


4.07 


948454 


1-09 


714005 


5.16 


283995 


23 


662703 


4-o6 


948388 


1.09 


714314 


5.i5 


285686 


ll 


24 


662946 


4-o6 


948323 


1-09 


714624 


5.i5 


285376 
285067 
284758 


25 


663190 


4-o6 


948257 


1.09 


714933 


5.i5 


35 


26 


663433 


4-o5 


948192 


1-09 


715242 


5.10 


34 


27 


663677 


4o5 


948126 


1-09 


7i555i 


5.14 


284449 


33 


28 


663920 


4-o5 


948060 


1.09 


7 1 5860 


5.14 


284140 


32 


?9 


664163 


4-o5 


947995 


1. 10 


716168 


5.14 


283832 


3i 


3o 


664406 


4-04 


947929 


I-IO 


716477 


5.14 


283523 


3o 


3i 


9.664648 


4- 04 


9.947863 


I -10 


9.716785 


5.14 


10-283215 


It 


32 


664H91 


4-04 


947797 
9477^1 


I'lO 


717093 


5.i3 


282907 


33 


665 1 33 


4-o3 


I. 10 


717401 


5.i3 


282399 


ll 


34 


^665375 


4-o3 


947665 


1.10 


717709 
718017 
718325 


5.i3 


282291 


35 


665617 


4-o3 


947600 


I-lO 


5.i3 


281983 
281670 


25 


36 


665839 


4*02 


947533 


I. 10 


5.i3 


24 


ll 


666100 


4-02 


947467 


l.IO 


718633 


5.12 


281367 


23 


666342 


4-02 


947401 


I-IO 


718940 


5.12 


281060 


22 


39 


666583 


4-02 


947335 


l.IO 


719248 


5.12 


280752 


21 


40 


666824 


4*01 


947269 


l-IO 


719555 


5.12 


280445 


20 


41 


9.667065 


4-01 


9.947203 


• I-IO 


9.719862 


5.12 


io-28oi38 


\l 


42 


667305 


4-01 


947136 


I-II 


720160 
720476 


5. II 


279831 


43 


667346 


4-01 


947070 


I. II 


5. II 


279524 


\l 


44 


667786 


4-00 


947004 


I-II 


720783 


5. II 


n?^;] 


45 


668027 


4-00 


946937 


I'll 


721089 


5. II 


ID 


46 


668267 


4-00 


946871 


I. II 


721396 


5. II 


278604- 


14 


47 


668306 


3.99 


946804 


I'll 


721702 


5.10 


278298 


i3 


48 


668746 


X'99 


946738 


l-II 


]ll^ 


5.10 


l]X 


12 


49 


668986 


3.99 


946671 


I-II 


5.10 


II 


5o 


669223 


3.99 


946604 


in 


722621 


5.10 


277379 


10 


5i 


9.669464 


3.98 


9-946538 


I. II 


9.722927 


5.10 


10.277073 


I 


57 


669703 


3.98 


946471 


I. II 


723232 


5.09 


276768 


53 


669942 


3-98 


946404 


I'll 


723538 


5.09 


276462 


I 


54 


670181 


1'91 


946337 


I'll 


723844 


5.09. 


276156 


55 


670419 


3-97 


946270 


l.|2 


724149 


5.09 


273831 


5 


56 


670638 


i'91 


946203 


1*12 


724454 


5.0Q 


275546 


4 


57 


670806 


■ly, 


946136 


1.12 


724709 
723063 


5.08 


275241 


3 


58 


671134 


946069 


l.|2 


'5.o3 


274935 

274631 


3 


59 


671372 


3.96 


946002 


1.12 


725369 


5.o3 


I 


6o 


671609 


3.96 


945935 


1-12 


725674 


5.08 


274326 





L_ 


Cosine 


D. 


Sine 


D. 


Cotan^. 


D. 


TanR. 


M. 



(62 DEGREES.) 



iQ 



(28 DEGRKES.) A TABLE OP LOGAKITHMIC 



M. 




Sine 


D. 


Cosiue 


D. 


Tang. 


D. 


Cotiing. 




9-671609 


3.96 


9.945935 


1*12 


9-725674 


5.08 


10274326 


60 


I 


671H47 


3 


95 


945.%8 


112 


725979 


5 


08 


274021 


i? 


2 


b72oS4 


3 


95 


945800 


1-12 


726284 


5 


07 


273716 


3 


672321 


3 


95 


945733 


I '12 


726588 


5 


07 


273412 


u 


4 


672558 


3 


95 


945666 


I'la 


726892 


5 


07 


273108 


5 


672795 


3 


94 


im 


1-12 


727197 


5 


07 


272803 


55 


t 


673032 


3 


94 


IM2 


727D01 


5 


07 


272499 


54 


I 


673268 


3 


94 


945464 


Il3 


727805 


5 


06 


272195 


53 


673505 


3 


94 


945396 


l.l3 


728109 


5 


06 


271891 


52 


9 


673741 


3 


93 


945328 


i.i3 


728412 


5 


06 


271588 


5i 


10 


673977 


3 


93 


945261 


|.i3 


728716 


5 


06 


271284 


5o 


II 


9 674213 


3 


93 


9.945193 


i-i3 


9-729020 


5 


06' 


10-270980 


1? 


12 


674448 


3 


92 


945125 


1-13 


729323 


5 


o5 


270677 


i3 


674684 


3 


92 


945o58 


i.i3 


729626 


5 


o5 


270374 


% 


14 


674919 


3 


92 


944990 


i.i3 


729920 
730233 


5 


o5 


270071 


ID 


675155 


3 


92 


944922 


i.i3 


5 


o5 


269767 


45 


i6 


675390 


3 


9» 


944H54 


|.i3 


73o535 


5 


o5 


269465 


44 


\l 


673624 


3 


9« 


944786 


ii3 


73o838 


5 


04 


269162 


43 


675859 


3 


91 


944718 


|.i3 


731141 


5 


04 


268859 
268556 


42 


19 


676094 


3 


9» 


944650 


|.i3^ 


731444 


5- 


04 


41 


20 


676328 


3 


90 


944582 


1.14 


731746 


5 


04 


268254 


40 


31 


9.676562 


3 


90 


9-944514 


I-I4 


9-732048 


5 


04 


10-267952 


^ 


22 


676706 
6770J0 


3 


90 


944446 


1-14 


732351 


5 


o3 


267649 


23 


3 


?9 


9^4377 


1-14 


732653 


5 


o3 


267347 


U 


24 


677264 


3 


944309 


1.14 


732955 


5 


o3 


267045 


25 


677498 
6777 J I 


3 


89 


944241 


1.14 


733257 


5 


o3 


• 266743 


35 


36 


3 


89 


944172 


1. 14 


733558 


5 


o3 


266442 


34 


U 


677964 
678197 
678430 


3 


88 


944104 


1. 14 


733860 


5 


02 


266140 


33 


3 


88 


944o36 


1-14 


734162 


5 


02 


265838 


32 


29 


3 


88 


943967 


1. 14 


734463 


5 


02 


265537 


3i 


30 


678663 


3 


88 


943899 


1.14 


734764 


5 


02 


265236 


3o 


3i 


9.678895 


3 


87 


9.943830 


1.14 


9-735066 


5 


02 


10.264934 


It 


32 


679128 


3 


87 


943761 


1-14 


735367 


5 


02 


264633 


33 


679360 


3 


87 


943693 


i.i5 


735668 


5 


01 


264332 


27 


34 


679592 


3 


87 


943624 


i.i5 


735969 


5 


01 


26403 1 


26 


35 


679^24 


3 


86 


943555 


115 


736269 


5 


01 


263731 


25 


36 


68oo56 


3 


86 


943486 


i.i5 


736370 


5 


01 


263 i3o 


24 


ll 


680288 


3 


86 


943417 
943348 


i-i5 


736871 


5 


01 


263129 


23 


68o5i9 


3 


85 


i.i5 


737171 


5 


00 


262829 


22 


39 


680750 


3 


85 


943279 


i.i5 


737471 


5 


00 


262529 


21 


40 


680982 


3 


85 


943210 


i.i5 


- 737771 


5 


00 


262229 


20 


41 


Q.68i2i3 


3 


85 


9-943i4i 


i.i5 


9-738071 


5 


00 


10-261929 


\t 


42 


681443 


3 


84 


943072 


ii5 


738371 


5 


00 


261629 


43 


681674 


3 


84 


943oo3 


115 


738671 


4 


99 


261329 


\l 


44 


681905 


3 


84 


942934 


1-15 


738971 


4 


99 


261029 


45 


682135 


3 


84 


942S64 


115 


739271 


4 


99 


260729 


i5 


46 


682365 


3 


83 


942795 


1.16 


• 739570 


4 


99 


260430 


14 


% 


682595 


3 


83 


942726 


1.16 


739870 


4 


99 


260 I 3o 


i3 


682825 


3 


83 


942656 


im6 


740160 
740468 


4 


99 


259831 


12 


49 


683o55 


3 


83 


942587 


1.16 


4 


9^ 


259532 


11 


5o 


683284 


3 


82 


942517 


1. 16 


740767 


4 


93 


259233 


10 


5i 


9.683514 


3 


82 


9.942448 


|.i6 


9.741066 


4 


98 


io-253o34 


I 


52 


683743 


3 


82 


942378 


1. 16 


741365 


■ 4 


98 


258635 


53 


683972 


3 


82 


9423o8 


1. 16 


741664 


4 


93 


258336 


7 


54 


684201 


3 


81 


942239 


i-i6 


741962 


4 


97 


258o38 


6 


55 


684430 


3 


81 


942169 


1. 16 


742261 


4 


97 


237739 


5 


56 


684658 


3 


81 


942099 


!-l6 


742559 


4 


97 


2 574.4 1 


4 


U 


684887 
685ii5 


3 


80 


942029 


i-i6 


742858 


4 


97 


257142 


3 


3 


80 


941959 


i-i6 


743 1 56 


4 


97 


256844 


2 


59 


685343 


3 


80 


941889 


I-I7 


743454 


4 


97 


256546 


I 


66 


685571 


3.80 


941819 


1-17 


743752 


4.96 


25624S ] 




Cosine 


D. 


Sine 


I). 


Cotancr. 


D. 


Tan?. 1 M. 



(61 DEGREES.) 



SINES AND TANGENTS, (29 DEGREES.) 



4T 



M. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 




o 


9.685571 


3.80 


9.941819 


1. 17 


9-743752 


4.96 


10-256248 


60 


I 


685799 


3-79 


941749 


1. 17 


744o5o 


4 


96 


255950 


u 


2 


686027 


3.79 


941679 


1.17 


744343 


4 


96 


255652 


3 


686254 


3.79 


941609 


117 


744645 


4 


96 


255355 


U 


4 


686482 


3.79 
3.78 


941539 


1. 17 


744943 


4 


96 


255o57 


5 


686709 
686936 


941469 
941398 


1.17 


745240 


4 


96 


254760 


55 


6 


3.78 


1.17 


745538 


4 


95 


254462 


54 


I 


687163 


3.78 


941328 


1.17 


745835 


4 


95 


254165 


53 


687389 


3.78 


941258 


1.17 


746i32 


4 


9? 


253863 


52 


9 


687616 


3.77 


941187 


1. 17 


746429 


4 


9? 


253571 


5i 


, 10 


687843 


3.77 


94UI7 


»-i7 


746726 


4 


95 


253274 


5o 


II 


9.688069 
688295 


3.77 


9.941046 


1.18 


9.747023 


4 


94 


10.252977 
252681 


tl 


12 


t]l 


940975 


1. 18 


747319 
747616 


4 


94 


i3 


688521 


940905 
940834 


1. 18 


4 


94 


252384 


% 


14 


688747 


3.76 


1.18 


747913 
748200 
7485o5 


4 


94 


252087 


i5 


688972 


3.76 


940763 


1.18 


4 


94 


251791 


45 


i6 


689198 


3.76 


940693 


1. 18 


4 


93 


251495 


U 


\l 


689423 


3.75 


940622 


1. 18 


748801 


4 


93 


25 1 199 
25o9o3 
2 50607 


43 


689648 


3.75 


94055 I 


|.i8 


749097 


4 


93 


42 


»9 


689873 


3. .75 


940480 


1. 18 


« 


4 


93 


41 


20 


690098 


3.75 


940409 


1. 18 


4 


93 


25o3ii 


40 


21 


9.690323 


3.74 


9.940333 


1.18 


9.749985 


4 


93 


io.25ooi5 




*22 
23 


690548 
690772 


3.74 
3-74 


940261 
940190 


1.18 
1. 18 


750281 
730576 


4 
4 


92 
92 


249719 
249424 


24 


690996 


3.74 


940125 


1-I.9 


750872 
751167 


4 


92 


249128 
248833 


25 


691220 


3.73 


940054 


1.19 


4 


92 


35 


26 


691444 


3.73 


939982 


1. 19 


751462 


4 


92 


248538 


34 


11 


691668 


3-73 


939840 


1. 19 


751757 


4 


92 


248243 


33 


691892 


3.73 


1-19 


752o52 


4 


91 


247948 


32 


59 


^92113 


3.72 


939-768 


I-I9 


732347 


4 


9» 


247653 


3i 


3o 


692339 


3.72 


939697 


1. 19 


752642 


4 


91 


247358 


3o 


3i 


9.692562 


3.72 


9.939625 


1-19 


9.752937 


4 


91 


10-247063 
246769 


ll 


32 


692785 


3.71 


939554 


1. 19 


753231 


4 


91 


33 


693008 


3.71 


939482 


1-19 


753526 


4 


91 


246474 
246180 


U 


34 


693231 


3.71 


939410 


1-19 


753820 


4 


90 


35 


'693453 


3.71 


939339 


1.19 


754115 


4 


90 


245885 


25 


36 


^9^576 


3.70 


939267 


1-20 


754409 
754703 


4 


90 


245591 


24 


ll 


693898 


3.70 


939195 


1-20 


4 


90 


245297 


23 


694120 


3.70 


939123 


1-20 


754997 


4 


90 


245oo3 


22 


39 


694342 


3.70 
3.69 


939052 


1.20 


755291 


4 


?9 


244709 
24441 5 


21 


40 


694564 


938980 


1-20 


755585 


4 


aa 


41 


9-694786 


3.69 


9-938Q08 
938836 


1-20 


9.755878 


4 


^ 


10.24412a 


1? 


42 


695007 


3.69 


1-20 


756172 


4 


^9 


243828 


43 


695229 


3.69 
3.63 


938763 
938691 


1-20 


756465 


4 


S9 


243535 


]l 


44 


690450 


1-20 


756759 


4 


l^ 


243241 


45 


695671 


3.68 


938619 


1-20 


757052 


4 


§9 


242948 
242655 


i5 


46 


695892 


3.68 


933547 
938475 


1-20 


757345 


4 


88 


14 


ll 


6961 i3 


3.63 


1-20 


757633 


4 


88 


242362 


i3 


690334 


3.67 


q38402 


I-2I 


757931 
758224 


4 


8"8 


242069 
241776 


12 


P 


696554 


3.67 


938330 


1.21 


4 


88 


II 


5o 


696775 


. 3.67 


938258 


I. 21 


753517 


4 


88 


241483 


10 


5i 


9.696995 


ttl 


9.938185. 


1-21 


9-7588IO 


4 


83 


10.241190. 


t 


52 


697215 


9381 i3 


I.2I 


739102 


4 


87 


240898 


53 


697435 


3.66 


938040 


1.21 


759305 
759687 


4 


^7 


240605 


7 


54 


6976.54 


3.66 


« 


I. 21 


4 


87 


24o3i3 


6 


55 


691874 
^93994 


3.66 


.1.21 


759979 


4 


87 


240021 


5 


56 


3.65 


937822 


I. 2 1 


760272 


4 


?7 


239728 


4 


ll 


698313- 


3-65 


93774q 
937676 


I.2I 


7^o564 


4 


87 


239436 


3 


698532 


3-65 


I-2I 


760856 


4 


86 


23oi44 
238852 


2 


59 


698751 


3.65 


937604 


1-21 


761 148 


4 


86 


1 


60 


698970 


3.64 


937531 


I.2I 


761439 


4-86. 


233561 







Cosine 


D. 


I Sine 


D. 


Cotansr. 


D. 


Tan«. 


M. 



27 



(60 DEGREES.) 



48 



(30 DEGREES.) A TABLE OF LOGAMTHinO 



M. 


Sine 


D. 


Cosine I 


). 


Tang. 


D. 


Cotong. 







9.698970 
699 I S9 


3.64 


9.937531 I 


21 


9.761439 


4.B6 


10.238561 


60 


1 


3.64 


937458 I 


22 


76I73I 


4 


86 


238269 


U 


2 

3 


699407 
699626 


3.64 
3.64 


937385 I 
937312 I 


22 
22 


762023 
762314 


4 
4 


86 
86 


237686 


4 


699844 


3.63 


937238 I 


22 


762606 


4 


85 


237394 


5 


700062 


3-63 


937165 I 


22 


7631^8 


4 


85 


237103 


55 


6 


700280 


3.63 


937092 1 


22 


4 


85 


236812 


54 


I 


700498 


3.63 


937019 I 


22 


7634-?9 


4 


85 


236521 


53 


700716 


3-63 


936946 I 
936872 1 


22 


763770 


4 


85 


236230 


52 


9 


700933 


3.62 


22 


764061 


4 


85 


235939 
235648 


5i 


10 


70ii5i 


3.62 


936799 « 


22 


764352 


4 


84 


5o 


II 


9.701368 


3.62 


9.936725 I 


22 


9.764643 


4 


84 


10.235357 


tt 


12 


701585 


3.62 


936652 1 


23 


764933 


4 


84 


235067 


i3 


701802 


3.61 


936578 I 


23 


765224 


4 


84 


234776 


il 


14 


702019 
702236 


3.61 


9365o5 I 


23 


765514 


4 


84 


234486 


i5 


3.61 


936431 1 


23 


7658o5 


4 


84 


234195 


45 


i6 


702452 


3.61 


936357 I 


23 


766095 


4 


84 


233905 
2336i5 


44 


\l 


702669 
702885 


3.60 


936284 1 


23 


766385 


4 


83 


43 


3.60 


936210 1 


23 


766675 


4 


83 


233325 


42 


>9 


7o3ioi 


3.60 


936i36 I 


23 


766965 


4 


83 


233o35 


41 


ao 


703317 


3.60 


936062 I 


23 


767255 


4 


83 


232745 


40 


21 


9.703533 


3.59 


9.935988 I 


23 


9.767545 


4 


83 


10.232455 


u 


22 


703749 


3.59 


935914 I 
935840 I 


23 


767834 


4 


83 


232166 


23 


703964 


3-59 


23 


768124 


4 


82 


231876 


ll 


24 


704179 
704395 


3.59 


935766 I 


24 


768413 


4 


82 


23 1 587 


36 


25 


3.5? 


935692 I 


24 


768703 


4 


82 


231297 


35 


26 


704610 


935618 1 


24 


a 


4 


82 


23 1008 


34 


11 


704825 


3.53 


935543 I 


24 


4 


82 


230719 


33 


7o5o4o 


3.58 


935469 I 


24 


769570 


4 


82 


23o43o 


32 


29 


7o5254 


3.58 


935395 I 


24 


769860 


4 


81 


23ot4o 


3i 


3o 


705469 


3.57 


935320 1 


24 


770143 


4 


81 


22Q852 


3o 


3i 

32 


o.7o5683 
705898 


li] 


9.935246 I 
935171 I 


24 
24 


9.770437 
770726 


i 


81 
81 


10.229563 
229274 
228985 


11 


33 


706112 


l-M 


935097 I 


24 


771015 


4 


81 


11 


34 


706326 


935022 1 


24 


77i3o3 


4 


81 


228697 


35 


706539 
706753 


3.56 


934948 I 


24 


771880 


4 


81 


228408 


25 


36 


3-56 


934873 I 


24 


4 


80 


228120 


24 


11 


706967 


3.56 


934798 » 


25 


772168 


4 


80 


227832 


23 


707180 


3.55 


934723 1 


25 


772457 


4 


80 


227543 


22 


39 


707393 


3.55 


934649 » 


25 


772745 


4 


80 


227255 


21 


40 


707606 


3.55 


934574 » 


25 


773o33 


4 


80 


226967 


20 


41 


9-707819 


3.55 


9.934499 ' 


25 


9.773321 


4 


80 


10.226679 


;? 


42 


708032 


3.54 


934424 1 


25 


773608 


4 


79 


226392 


43 


708245 


3.54 


934349 ' 


25 


773806 
774184 


4 


79 


226104 


17 


44 


708458 


3.54 


934274 » 


25 


4 


79 


2258i6 


16 


45 


708670 


3.54 


934199 ' 


25 


774471 


4 


79 


225529 


i5 


46 


708882 


3.53 


934123 I 


23 


774759 
775046 


4 


79 


223241 


14 


tl 


709094 


3.53 


934048 I 


25 


4 


79 


224954 


i3 


709306- 


3.53 


933973 I 


25 


775333 


4 


]l 


224667 


12 


49 


709518 


3.53 


933^93 I 


26 


77562! 


4 


224379 


II 


5o 


709730 


3.53 


933822 1 


26 


775908 


4 


78 


224092 


10 


5i 


9-709941 


3.52 


9-933747 I 


26 


9.776195 
776482 


4 


"72 


io.2238o5 


I 


52 


7IOI53 


3.52 


933671 I 


26 


4 


78 


2235i8 


53 


7io364 


3.52 


933596 I 


26 


776769 

7770D5 


4 


7? 


223231 


I 


54 


7io5'75 
710786 


3.52 


933520 I 


26 


4 


78 


222945 


55 


3.5i 


933445 I 


26 


777342 


4 


78 


222658 


5 


56 


710997 
71 1 208 


3.5i 


933360 I 
933293 I 


26 


777628 


4 


77 


222372 
222085 


4 


U 


3.51 


26 


777915 
778201 


4 


77 


3 


711419 


3.5i 


933217 I 


26 


r 4 


77 


221799 


2 


59 


711629 


3.50 


933 i4i 1 


26 


778487 


4 


77 


22IDI2 


I 


66 


711839 


3.50 


933066 I 


26 


778774 


4.77 _ 


221226 







Cosine 


D. 


Sine T 


). 


Cotans:. 


D. 


Tang, 


M. 



(59 DEGREES.) 



SINES AND TANGENTS. (31 DEGEEES.) 






Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotan^. 




9.711839 


3-50 


9.933066 


1.26 


9-778774 
779060 
779346 


4-77 


10-221226 


60 


I 

7 


7i2o5o 
712260 


3-5o 
3.5o 


932990 
932014 
932838 


1.27 
1.27 


4 
4 


■'ll 


220940 
220654 


U 


3 


712469 


3-49 


1-27 


779632 


4 


.75 


220368 


u 


4 


712679 


3.49 


932762 
932685 


1.27 


779918 


4 


.76 


220082 


5 


712889 


3.49 


1-27 


780203 


4 


.76 


219797 
219511 
210225 
218940 


55 


6 

I 


7i33o8 
7i35i2 
713726 


3-49 

fit 


932609 
932533 
932457 


1.27 
1.27 
1-27 


781060 


4 
4 
4 


t 
t 


54 
53 

52 


9 


3-48 


932380 


1-27 


781346 


4 


75 


218654 


5i 


10 


713935 


3.48 


932304 


1.27 


781631 


4 


75 


218369 


5o 


II 


9-714144 


3.48 


9-932228 


1.27 


9-781916 


4 


75 


10-218084 


S 


12 


714352 


3.47 


932i5i 


\:ll 


782201 


4 


75 


217799 
217514 


i3 


714361 


3-47 


932075 


782486 


4 


75 


ii 

45 


14 
i5 


71476Q 


:l? 


931998 
931921 
931845 


1-28 
1-28 


& 


4 
4 


?i 


217229 
216944 


i6 


til 


1.28 


783341 


4 


75 


216659 


44 


\l 


715394 


931768 


1.28 


783626 


4 


74 


216374 


43 


7i56o2 


3-46 


931691 


1-28 


783910 


4 


74 


216090 


4a 


19 


7x5809 


3.46 


931614 


1-28 


784195 


4 


74 


2i58o5 


41 


20 


716017 


3-46 


93i537 


1.28 


784479 


4 


74 


2l552I 


40 


21 


9-716224 


3.45 


9-93i46o 


1.28 


9-784764 


4 


74 


10-2x5236 


U 


22 


716432 


3-45 


93i383 


1.28 


785048 


4 


74 


214952 
214668 


23 


716846 


3.45 


93i3o6 


1-28 


785332 


4 


73 


U 


24 


3.45 


931229 


1-29 


7856i6 


4 


73 


2X4384 


25 


717053 


3.45 


93ii52 


1-29 


785900 


4 


73 


2X4X00 


35 


26 


717250 
717466 


3.44 


931075 


1.29 


786T84, 


4 


73 


2x38x6 


34 


U 


3.44 


930998 


1.29 


786468 


4 


73 


213532 


33 


717673 


3-44 


930921 
930843 
930766 


1-29 


786752 


4 


73 


213248 


32 


It 


VM 


3-44 
3-43 


I 29 

1.29 


787036 
787319 


4 
4 


73 
72 


212964 
2 I 2681 


3i 
3o 


3i 


9-718291 


3-43 


9-930688 


1.29 


9-787603 


4 


72 


10-2x2397 


It 


32 

33 


718497 
718703 


3-43 
3-43 


93061 I 
93o533 


1-29 

1-29 


787886 
788170 
788453 


4 
4 


72 
72 


212114 
2ii83o 


34 


718909 


.3.43 


930456 


1-29 


4 


72 


21x547 


35 


719114 


3.42 


930378 


1-29 


788736 


4 


72 


211264 


25 


36 


719320 


3-42 


93o3oo 


i-3o 


789019 


4 


72 


210981 
210698 


24 


ll 


719525 


3.42 


930223 


1-30 


789302 


4 


7' 


23 


719730 


3-42 


930145 


i-3o 


789535 


4 


7' 


2io4i5 


22 


39 


719935 


3.41 


930067 


i.3o 


789868 


4 


71 


2IOl32 


21 


40 


720140 


3.41 


929989 


1-30 


790i5i 


4 


71 


209849 


20 


4i 


9-720345 


3.41 


9-92QQ1I 

929833 


1.30 


9-790433 


4 


71 


10-209567 


\t 


42 


720549 


3.41 


1-30 


790716 


4 


71 


209284 


43 

44 


720754 
720958 


3.40 
3.40 


929755 
929677 


1. 30 
1-30 


790999 
791 28 I 


4 
4 


71 
V 


200001 

208719 


\l 


45 


721162 


3-40 • 


929599 


i-3o 


791563 


4 


70 


208437 


i5 


46 


721366 


3.40 


929521 


1.30 


791846 


4 


70 


208 1 54 


14 


% 


721570 


3. 40 


929442 


i-3o 


792128 


4 


70 


207872 


i3 


721774 


i29 


929364 


1-31 


7924fo 


4 


70 


207590 


12 


P 


721978 
722181 


3.39 


' 929286 


i-3i 


792692 


4 


70 


207308 


II 


5o 


3-39 


929207 


1.31 


792974 


4 


70 


207026 


10 


5i 


9-722385 


3.39 


9-929129 


1.31 


9-793256 


4 


^9 


10-206744 


3 


52 


722588 


3.39 
3.38 


92ao5o 


1. 31 


793538 


4 


206462 


53 


722791 


928972 


1-31 


793819 


4 


69 


206181 


I 


54 


722994 


3-38 


928893 


1-31 


794101 


4 


69 


205899 


55 


723197 


3-38 


928815 


i.3i 


794383 


4 


69 


2o56i7 
205336 


5 


56 


723400 


3-38 


928736 
928657 
928578 
928499 


i-3i 


794664 


4 


69 


4 




723603 


2-?7 


i-3i 


794945 


4 


69 


2o5o55 


3 


7238o5 
724007 


3-37 


1-31 
1-31 


ffl 


4 
4 


^ 


204773 
20449a 


3 

I 


6o 


724210 


3-37 


928420 


i-3i 


795789 


4.68 


2042 I I 





Cosine 


D. 


Sine 


D. 


Cotan^. 


D. 


TanflT. 


H. 



(58 DEGREES.) 



60 



(32 DSaSSES.) A TABLE OF LOGABTTHUIC 



M. 


Sine 


D. 


Cosine I 


). 


Tang. 


D. 


Cotang. . 







9.724210 


3.37 


9.928420 I 


32 


9.795789 


4-68 


10-204211 


60 




I 


724412 


3.37 
3-36 


928342 I 


32 


796070 


4 


68 


203930 


1? 




2 


724614 


928263 I 


32 


796351 


4 


68 


203649 
203368 




3 


724816 


3-36 


928183 I 


32 


796632 


4 


68 


57 




4 


725017 


3.36 


928104 I 


32 


796913 


. 4 


68 


203087 


56 




5 


720219 


3.36 


928025 I 


32 


797194 


4 


68 


202806 


55 




6 


725420 


3.35 


927046 1 
927867 I 


32 


797475 
797755 


4 


68 


202525 


54 




I 


725622 


3.35 


32 


4 


68 


202245 


53 




725823 


3.35 


927787 I 
927708 I 
927629 I 


32 


798036 


4 


67 


201964 


52 




9 


726024 


3.35 


32 


798316 


4 


67 


201684 


5i 




to 


726225 


3.35 


32 


798596 


4 


67 


201404 


5o 




II 


9.726426 


3.34 


9.927549 I 


32 


9.798877 
799157 


4 


67 


10-201123 


t§ 




12 


726626 


3.34 


927470 I 


33 


4 


67 


200843 




i3 


726827 


3.34 


927390 I 


33 


799437 


4 


67 


200563 


'\ 




14 


727027 
727228 


3.34 


927310 I 


33 


799717 


4 


U 


200283 




i5 


3.34 


.927231 I 


33 


799997 
800277 
8005^7 
8oo836 


4 


2oooo3 


45 




i6 


727428 


3.33 


927151 I 


33 


4 


66 


199723 


44 




[I 


727628 


3.33 


927071 I 
926991 I 


33 


4 


66 


199443 


43 




721828 
728027 


3.33 


33 


4 


66 


199164 
I9S884 


42 




'9 


3.33 


926911 I 
926831 I 


33 


801 1 16 


4 


66 


41 




•20 


728227 


3.33 


33 


801396 


4 


66 


198604 


40 




21 
22 


'■]l^U 


3.32 
3-32 


9.926751 I 
926671 I 


33 
33 


9-801675 
801955 


4 

4 


66 
66 


10.198325 
198045 


It 




23 


728825 


3.32 


^^^5?; \ 


33 


802234 


4 


65 


197766 


u 




24 


729024 


3.32 


34 


8o25i3 


4 


65 


197487 




25 


729323 


3.31 


' 926431 I 


34 


802792 


4 


65 


197208 

196928 
196649 


35 




26 


729422 


3.3i 


926351 I 


34 


803072 


4 


65 


34 




11 


72962,1 


3.31 


926270 1 


34 


8o335i 


4 


65 


33 




720820 


3.3i 


926190 I 


34 


8o363o 


4 


65 


196370 


32 




29 


730018 


3.30 


926110 I 


34 


803908 


4 


65 


196092 


3i 




3o 


730216 


3.30 


926029 I 


34 


804187 


4 


65 


195813 


3o 




3i 


9-730415 


3.30 


'■11^ ; 


k 


9-804466 


4 


64 


10.195534 


ll 




32 


73o6i3 


3.30 


804745 


4 


64 


195255 




33 


730811 


3.30 


925788 I 


34 


8o5o23 


4 


64 


194977 
194698 
194420 


ll 

25 




34 
35 


731206 


3-29 
3.29 


&i \ 


34 
34 


8o53o2 
8o558o 


4 

4 


64 
64 




36 


73i4o4 


3.29 


925545 I 


35 


8o5859 


4 


64 


I94I4I 


24 




ll 


731602 


3.29 


925465 I 


35 


806137 
8064 I 5 


4 


64 


193863 


23 




731996 


3.29 
3-28 


925384 1 


35 


4 


63 


193585 


22 




39 


9253o3 I 


35 


806693 


4 


63 


193307 


21 




40 


732193 


3.28 


925222 I 


35 


806971 


4 


63 


193029 


20 




41 
42 


'tllfi 


3.28 
3.28 


9-925i4i I 
925o6o I 


35 
35 


9-807249 

807527 
807805 
808083 


4 
4 


63 
63 


10.192751 
192473 


\% 




43 


732784 


3.28 


924979 I 
924897 1 
924816 I 


35 


4 


63 


192195 


\l 




44 


732980 


3.27 


35 


4 


63 


191917 
191639 




45 


733177 
733373 


3.27 


35 


8o836i 


4 


63 


i5 




46 


3.27 


924735 I 


36 


8o8638 


4 


62 


191362 


14 




ii 


733569 
733765 


3.27 


924654 I 


36 


808916 


4 


62 


191084 


i3 




3.27 


924572 1 


36 


809193 


4 


62 


190807 


12 




49 


733961 


3.26 


924491 I 


36 


809471 


4 


62 


190529 


11 




56 


734157 


3.26 


924409 I 


36 


809748 


4 


62 


190252 


10 




5i 


9.734353 


3-26 


9.924328 I 


36 


9-810025 


4 


62 


10.189975 


i 




52 


734549 


3.26 


924246 I 


36 


8io3o2 


4 


62 


189698 




53 


734744 


3-25 


924164 I 


36 


8io58o 


4 


62 


189420 


I 




54 


734939 


3-25 


924083 I 


36 


810857 


4 


62 


189143 

188866 




55 


735i35, 


3-25 


924001 I 


36 


8iii34 


4 


61 


5 




56 


735330 


3-25 


923755 I 
923673 I 


36 


81 1410 


4 


61 


188590 


4 




U 


735525 


3-25 


36 


811687 


4 


61 


i883i3 


3 




735719 


3v24 


37 


81 I 964 


4 


6i 


i88o36 


2 




59 


735914 


3.24 


37 


81 2241 


4 


61 


187483 


I 




60 


736109 


3.24 


923591 I 


37 


8i25i7 


4-6i 







~ 


Cosine 


D. 


Sine I 


). 


Cotansr. 


D. 


TanjBT. 


M. 
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M. 


Sine 1 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 







'•& 


3.24 


9.923591 


1.37 


9-812517 


4.61 


10-187482 


60 


1 


3.24 


923509 


"l^ 


812794 


4-61 


187206 


^ 


a 


736498 


3.24 


923427 
923345 


1.37 


813070 


4.61 


186^53 


3 


736692 
736886 


3.23 


1.37 


813347 
8i362i 


4-6o 


U 


4 


3.23 


923263 


1.37 


4.60 


186377 


5 


737080 


3-23 


923181 


1.37 


813890 
814175 
8144^2 


4.60 


186101 


55 


6 


737467 


3.23 


, 923098 


1.37 


4'6o 


185825 


54 


I 


3.23 


923016 


1.37 


4.60 


185548 


53 


737661 


3-22 


922933 


1.37 


814728 


4.60 


185272 


52 


9 


737855 
736048 


3.22 


922851 


\ii 


8i5oo4 


4-60 


184996 


5i 


10 


3.22 


.922768 


815279 


4-6o 


184721 


5o 


II 


9-738241 


3.22 


9.922686 


1.38 


9.815555 


4.59 


10.184445 


it 


12 


738434 


3.22 


922603 


. 1-38 


8i583i 


4.59 


184160 
183893 


i3 


738627 


8.21 


922520 


1.38 


816107 


4-59 


ii 


14 


738820 


3.21 , 


922438 


1.38 


8i6382 


4.59 


i836i8 


i5 


739013 


3.21 


922355 


1.38 


8i6658 


4.59 


183342 


45 


i6 


739206 


3.21 


9222-^2 
922189 
922106 


1-38 


816933 


4.59 


183067 


44 


\l 


739398 


3.21 


1.38 


817209 


4.59 


182791 
182516 


43 


» 


3-20 


1.38 


817484 


4.59 


42 


'9 


3-20 


922023 


1-38 


l\S^ 


m 


182241 


41 


20 


739975 


3.20 


921940 


1.38 


. 181965 


40 


21 


9.740167 


3-20 


9.921857 


1.39 


9.818310 


4-58 


10.181690 


It 


22 


740359 


3-20 


921774 
921691 


1.39 


8i8585 


4-58 


181415 


23 


74o55o 


3-19 


1.39 


818860 


4-58 


181 140 


u 


24 


740742 


3-19 


921607 


1.39 


819135 


4.58 


i8o865 


25 


740934 


3-19 


921524 


1.39 


819410 


4-58 


180590 


35 


26 


74II25 


3.19 


921441 


1.39 


819684 


4. §8 


i8o3i6 


34 


27 


74i3i6 


3.IQ 


921357 


1.39 


819959 


4-58 


180041 


33 


28 


741 5o8 


921274 


1-39 


820234 


4-58 


179766 


32 


29 


741699 


3*18 


921190 


1.39 


82o5o8 


4.57 


179492 


3i 


3o 


741889 


3.18 


921 107 


1.39 


820783 


4-57 


179217 


3o 


3i 


9 -742080 


3.18 


9-921023 


1.39 


9-821057 


4.57 


10.178943 


It 


32 


742271 
742462 


3.18 


920939 


1.40 


821332 


4.57 


178668 


33 


3.17 


920856 


1.40 


821606 


4-57 


178394 


27 


34 


742652 


3.17 


920772 
920688 


1.40 


821880 


4.57 


178120 


26 


35 


742842 


3.17 


1.40 


822154 


4.57 


177846 


25 


36 


743o33 


3.17 


920604 


1.40 


822429 
822703 


4-57 


177571 


24 


37 


743223 


3.17 
3.16 


920520 


1.40 


^17 
4.56 


177297 


23 


38 


743413 


920436 


1.40 


822977 
823250 


177023 


22 


39 


743602 


3.16 


920352 


1-40 


4-56 


176750 


21 


4o 


743792 


3.16 


920268 


1.40 


823524 


4.56 


176476 


20 


4i 


9.743982 


3.16 


9-920184 


1.40 


9.823798 


4.56 


10.176202 


\t 


42 


744361 


3.16 


920099 


1.40 


824072 


4.56 


175028 


43 


3.i5 


92001D 


1.40 


824345 


4-56 


175655 


17 


44 


744550 


3.i5 


919846 


1.41 


824619 
824893 


4-56 


175381 


16 


45 


744730 
744928 


3.i5 


1.41 


4-56 


175107 


i5 


46 


3.i5 


919762 


1. 41 


825166 


4-56 


174834 


14 


% 


745117 
745306 


3.i5 


919677 
919593 


1. 41 


825439 
825713 


4.55 


174561 


i3 


3.14 


1.41 


4.55 


174287 


12 


49 


745404 


3.14 


919308 


1. 41 


825986 


4-55 


174014 


II 


56 


745683 


3.14 


919424 


1. 41 


826259 


4-55 


173741 


10 


5i 


9-745871 
746o5q 
74624B 


3.14 


9.919339 


1. 41 


9.826532 


4.55 


10.173468 


i 


52 


3-14 


919254 


1. 41 


826805 


4.55 


173195 


53 


3-i3 


919169 


1. 41 


827078 


4.55 


172922 


I 


54 


746436 


4-i3 


919083 


1.41 


827331 


4.55 


172649 
172376 


55 


746624 


3.i3 


919000 
9i8oi5 


1. 41 


827624 


4.55 


5 


56 


746812 


3.i3 


1.42 


827897 


4-54 


172103 


4 


U 


746909 
747107 


3.i3 
3.12 


9i883o 
918745 


1.42 
1.42 


82817O 
828442 


4.54 
4.54 


171830 
171558 


3 

a 


59 


747374 


3.12 


918659 


1.42 


828715 


4.54 


171285 


I 


6o 


747562 


3.12 


918574 


1.42 


828987 


4-54 


171013 



M. 




Coeine 


D. 


Sine 


D. 


Cotan}?. 


D. 


Tang. 
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M. 


Sine 


D. 


Cosine 


B. 


Tang. 


D. 


Cotang. 







9-747562 


3.12 


9.918574 
918489 


1.42 


9.828987 


4.54 


10.171013 


60 


I 


74774Q 
747936 
748123 


3.12 


1.42 


829260 


4 


54 


170740 


i? 


3 


3.12 


918404 


1.42 


829532 


4 


54 


17046a 


3 


3. II 


9i83i8 


1.42 


829805 


4 


54 


170195 


s 


4 


748310 


3. II 


918233 


1.42 


830077 


4 


54 


169923 


5 


T,'M 


3. II 


918147 


1.42 


83o349 


4 


53 


169651 


55 


6 


3. II 


918062 


1.42 


83o62i 


4 


53 


169379 


54" 


I 


748870 
749056 


3. II 
3.10 


917076 
917891 


1.43 
1.43 


830893 
83ii65 


4 
4 


53 
53 


I 691 07 53 
168835 52 


9 


749243 


3.10 


917865 


1.43 


831437 


4 


53 


168563 5i 


to 


749429 


3.10 


917719 


1.43 


831709 


4 


53 


168291 , 5o 


II 


9-749615 


3.10 


9-917634 


1.43 


9.831981 


4 


53 


10-168019 


% 


12 


749801 


3io 


917548 


1.43 


832253 


4 


53 


167747 
167475 


i3 


749987 


3.09 


917462 


1.43 


832525 


4 


53 


45 


14 

i5 


750172 
75o358 


3.09 
3.09 


917376 
917290 


1.43 
1.43 


832796 
833o68 


4 
4 


53 

52 


167204 
166932 
166661 


i6 


75o543 


3.09 


917204 


1.43 


833339 


4 


52 


44 


\l 


750729 


III 


917118 


1.44 


833611 


4 


52 


166389 
166118 


43 


750914 


917032 
916946 
916859 


1.44 


833882 


4 


52 


42 


>9 


&, 


3.08 


1. 44 


8341 54 


4 


52 


165846 


41 


20 


3.08 


1-44 


834425 


4 


52 


165575 


40 


21 


9-751469 


3.08 


'■&] 


1-44 


83523d 


4 


52 


io-i653o4 ! 3q 1 


22 


75i654 


3.08 


144 


4 


52 


i65o33 


38 


23 


75202J 


3.08 


916600 


1. 44 


4 


52 


164762 


ll 


24 


3.07 


9i65i4 


1.44 


835509 


4 


52 


164491 


25 


752208 


3.07 


916427 


1. 44 


835780 


4 


5i 


164220 


35 


26 


752392 


3.07 


916341 


144 


836o5i 


4 


5i 


163949 
163678 
163407 


34 


11 


&0 


3.07 

12 


916254 
916167 


1-44 
1. 45 


836322 
836593 
836864 


4 
4 


5i 
5i 


33 

32 


29 


752944 


916081 


1.45 


4 


5i 


i63i36 


3i 


3o 


753128 


3.06 


915994 


1.45 


837134 


4 


5i 


162866 


3o 


3i 


9.753312 


3.06 


^1l1?2j 


1.45 


9.837405 


4 


5i 


10-162595 


ll 


32 


753495 


3.06 


1.45 


837675 


4 


5i 


162325 


33 


753679 


3.06 


915733 
915646 


1.45 


837946 
838216 


4 


5i 


162054 


ll 


34 


753862 


3.o5 


1.45 


4 


5i 


161784 
i6i5i3 


35 


754046 


3.o5 


915559 


1.45 


838487 


4 


5o 


25 


•36 


754229 


3.o5 


9I53J5 


1.45 


838757 


4 


5o 


161 243 


24 


ll 


754412 


3.o5 


1.45 


839027 


4 


5o 


160973 


23 


754595 


3-05 


915297 


1.45 


a 


4 


5o 


160703 


22 


39 


754778 


3.04 


915210 


1.45 


4 


5o 


160432 


21 


40 


754960 


3.04 


9i5i23 


1.46 


839838 


4 


5o 


160162 


20 


41 


9.755143 


3.04 


9-915035 


1.46 


9.840108 


4 


5o 


10-159892 


:§ 


42 


755326 


3.04 


'^%l 


1.46 


840378 


4 


5o 


159622 


43 


755508 


3.04 


1.46 


840647 


4 


5o 


159353 


17 


44 


755690 


3-04 


l\%ll 


1-46 


840917 


4 


49 


150083 16 
i588i3 i5 


45 


755872 
756o54 


3.o3 


1.46 


841187 


4 


49 


46 


3-03 


914598 


1.46 


841457 
841726 


4 


49 


158543 14 


S 


756236 


3.o3 


914510 


1.46 


4 


49 


158274 1 3 


756418 


3-o3 


914422 


1.46 


841996 


4 


49 


i58oo4 j 12 


49 


756600 


3-03 


914334 


1.46 


842266 


4 


49 


157734 II 


5o 


756782 


3.02 


914246 


1.47 


842535 


4 


49 


157465 1 10 


5i 


9.756963 


3.02 


9.914158 


1.47 


9.842805 


4 


49 


10.157195 ; 9 


52 


757144 


3.02 


914010 
9i3gd2 


1.47 


843074 


4 


49 


156926 


8 


53 


757326 


3-02 


1-47 


843343 


4 


49 


156657 


I 


54 


^5768? 


3-02 


1-47 


843612 


4 


it 


156388 


55 


3.01 


913806 


1-47 


843882 


4 


i56ii8 


5 


56 


'nt^ 


3.01 


913718 


1-47 


8441 5 I 


4 


48 


155849 j 4 


u 


3-01 


9i363o 


1-47 


844420 


4 


48 


i5558o 3 


758230 


3.01 


913541 


1-47 


844689 
844958 


4 


48 


i553ii 


3 


5? 


75841 1 


3.01 


913453 


1-47 


4 


48 


i55o42 


I 


60 


753591 


3.01 


913365 


1.47 


845227 


4-48 


154773 







Cosine 


D. 


Sine 


D. 


Cotang. 


D. 


Tang. 1 M. | 
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M. 


Sine 


D. 


Cosine I 


). 


Tang. 


D. 


Cotang. 







9.753591 


3-01 


9.913365 1 


47 


9-845227 


4.48 


10-154773 
1 54504 
154236 


60 


I 
a 


& 


3 
3 


00 
00 


913276 1 
913187 . I 


% 


845496 
845764 


4.48 
4.48 


^ 


3 


759132 


3 


00 


913099 I 


48 


846033 


4.48 


153967 

' i536o8 

153430 


U 


4 


759312 


3 


00 


913010 I 


48 


846302 


4.48 


5 


759492 


3 


00 


912922 I 


48 


846370 
846839 


4-47 


55 


6 


759672 


2 


99 


912833 I 


48 


4-47 


i53i6i 


54 


I 


75^852 


2 


99 


912744 I 
912655 1 


48 


847107 
847376 


4-47 


152893 


53 


760031 


2 


99 


48 


4-47 


152624 


52 


9 


7602 II 


2 


99 


912566 I 


48 


847644 


4-47 


152356 


5i 


10 


760390 


2 


99 


912477 I 


48 


847913 


4-47 


152087 


5o 


II 


9.760569 
760748 


2 


98 


9-912388 I 


48 


9-848181 


4-47 


io.i5i8i9 


'S 


12 


2 


98 


912299 1 


49 


848449 


4-47 


i5i55i 


i3 


760927 


2 


98 


912210 I 


49 


848717 
848986 


4-47 


i5i283 


tl 


U 


761 106 


2 


98 


912121 I 


49 


4-47 


i5ioi4 


i5 


761285 


2 


98 


9i2o3i I 


49 


849254 


4-47 


I 50746 


45 


i6 


761464 


2 


98 


91 1942 I 
911853 I 


49 


849522 


4-47 
4.46 


150478 


44 


\l 


761642 


2 


97 


49 


849790 
85oo53 


l502I0 


43 


761821 


2 


97 


911763 1 


49 


4-46 


14994a 
149675 


42 


19 


761999 


2 


97 


91 1674 I 
9ii584 I 


49 


85o325 


4.46 


41 


20 


762177 


2 


97 


49 


850393 


4-46 


149407 


40 


21 


9.762356 


2 


^ 


9-911495 I 


49 


9.850861 


4-46 


10.149139 
148871 


l^ 


22 


762534 


2 


911405 I 


49 


851129 
851396 


4.46 


23 


762889 


2 


96 


9ii3i5 I 


5o 


4.46 


148604 


ll 


24 


2 


96 


911226 1 


5o 


85i664 


4-46 


148336 


25 


763067 
763245 


2 


96 


91II36 I 


5o 


85iq3i 


4.46 


148069 


35 


26 


2 


96 


911046 I 


5o 


852199 
852466 


4-46 


147801 


34 


11 


763422 


2 


96 


010956 I 
910866 I 


5o 


4.46 


147534 


33 


763600 


2 


95 


5o 


852733 


4-45 


147267 

146999 
146732 


32 


29 


763954 


2 


95 


i:s^ ; 


5o 


853001 


4.45 


3i 


36 


2 


95 


5o 


853268 


4-45 


3o 


3i 


9.764131 


2 


95 


9-910596 I 


5o 


9-853535 


4.45 


10-146465 


ll 


32 


764308 


2 


95 


9io5o6 I 


5o 


853802 


4-45 


i46iq9 
145931 
145664 


33 


764485 


2 


94 


910415 I 


5o 


854069 
854336 


4.45 


ll 


34 


764662 


2 


94 


9io325 I 


5i 


4-45 


35 


764838 


2 


94 


910235 I 


5i 


854603 


4-45 


145307 
1451J0 


25 


•36 


765oi5 


2 


94 


910144 I 


5i 


854870 


4.45 


24 


ll 


7653^7 


2 


94 


910054 1 


5i 


855i37 


4.45 


144863 


23 


2 


94 


909963 I 


5i 


855404 


4-45 


144596 


22 


39 


765544 


2 


93 


909813 I. 
909782 I 


5i 


855671 


4-44 


144329 


21 


4o 


765720 


2 


93 


5i 


855938 


4.44 


144062 


20 


4i 


9.765896 


2 


93 


9-909691 I 


5i 


9-856204 


4.44 


10-14379^ 


;? 


42 


766072 


2 


93 


909601 I 


5i 


856471 
856737 


4-44 


143520 
143263 


43 


766247 


2 


93 


909510 I 


5i 


4-44 


\i 


44 


766423 


2 


93 


909419 I 
909328 I 


5i 


857004 


4-44 


142996 
142730 


45 


766598 


2 


92 


52 


857270 
857537 


4.44 


i5 


46 


766774 


2 


92 


909237 I 


52 


4.44 


142463 


14 


ii 


766949 


2 


92 


909146 I 


52 


857803 
838069 


4-44 


142197 
141931 


i3 


767124 


2 


92 


900055 I 


52 
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70 


IV,UI 


4 


3i 


092923 1* 5 




56 


798'M7 


2-61 


8909 II I 


70 


*4 


3i 


092664 4 




U 


798403 


2.60 


890809 1 


70 


907594 
9078D2 
9081 I I 


4 


3i 


092406 3 




798560 


2-60 


& l 


70 


4 


3i 


092143 2 




59 


798716 
798B72 


2 -60 


70 


4 


3o 


091889 I 




60 


2 -60 


890D03 I 


70 


908369 


4-3o 


091631 


1 " 
1 M 






CosiiL* 


D. 


Sine r 


). 


Cotang. 


D. 


Tang. 





(51 BEGKEES.) 



SINES AKD TAirGENTS. (39 DE6B£ES.y 



57 



M. 


Sine 


P. 


Cosine 


D. 


Tang. 


D. 


Cotang. 







9.798872 


2-60 


9.890503 


1.70 


'•» 


4-30 


10.091631 


60 


I 


799028 


2-60 


890400 


1. 71 


4 


.30 


091372 


5? 


a 


799»84 


2-60 


890^98 


1. 71 


908886 


4 


3o 


091114 


3 


799339 


2.59 


890195 


1. 71 


909144 


4 


3o 


090856 


u 


4 


2.59 


890093 


171 


909402 


4 


3o 


090398 


5 


2.59 


&8 


1. 71 


909660 


4 


•30 


090340 


55 


6 


799806 


2.59 


1. 71 


909918 


4 


.30 


090082 


54 


2 


799962 

800117 


2.59 
2.59 


889785 
889682 


1-71 
1. 71 


910177 
910435 


4 
4 


.3o 
3o 


089823 
089365 


53 
5a 


9 


800272 


2.58 


889579 


1.71 


910693 
910951 


4 


3o 


089307 


5i 


lO 


800427 


2.58 


889477 


1. 71 


4 


3o 


0B9049 


5o 


II 


9.800582 


2.58 


9.889374 


1.72 


9.911209 


4 


3o 


10.088791 
088533 


^ 


12 


800737 
800892 


2.58 


889271 


1.72 


911467 


4 


3o 


i3 


2.58 


889168 


1.72 


911724 


4 


3o 


088276 


47 


14 


801047 


2.58 


889064 


1.72 


911982 


4 


3o 


088018 


46 


i5 


801 201 


2.58 


888061 


1.72 


912240 


4 


3o 


087760 


45 


i6 


8oi356 


2.57 


888o58 


1.72 


& 


4 


3o 


087302 


44 


17 


8oi5ii 


2.57 


888755 


1-72 


4 


3o 


087244 
086986 


43 


lb 


8oi665 


2.57 


88865! 


1.72 


9i3oi4 


4 


29 


43 


>9 


801819 
801973 


2.5i 


888548 


1.7a 


913271 


4 


29 


086729 


41 


20 


2.57 


888444 


1.73 


913529 


4 


29 


086471 


40 


21 


9.802128 


III 


9-888341 


1.73 


9-913787 


4 


29 


io.o862i3 


ll 


22 


802282 


888237 


1.73 


914044 


4 


29 


085956 


23 


802436 


2.56 


888134 


1.73 


914302 


4 


29 


085698 


ll 


24 


802589 
802743 


2-56 


888o3o 


1.73 


914560 


4 


29 


085440 


25 


2.56 


887926 
887822 


1.73 


914817 
915075 


4 


29 


o85i83 


35 


26 


802897 
8o3o5o 


2-56 


1.73 


4 


29 


084925 


34 


?2 


2-56 


887718 
887614 


1.73 


915332 


4 


29 


084668 


33 


8o3^o4 


2.56 


1.73 


915590 


4 


29 


084410 


32 


?9 


803357 


2.55 


887510 


.1.73 


915847 


4 


29 


084153 


3i 


3o 


8o35u 


2.55 


887406 


1-74 


916104 


4 


29 


083896 


3o 


I' 


9.803664 


2.55 


9.887302 


1-74 


9-916362 


4 


29 


10.083638 


ll 


32 


803817 


2.55 


887198 


1-74 


916619 


4 


29 


o8338i 


33 
?4 


803970 
804123 


2.55 

2.55 


887093 
886^8? 


1.74 
1-74 


916877 
9171^4 


4 
4 


29 
29 


o83i23 
082866 


U 


35 


804276 


2.54 


1-74 


917391 


4 


29 


082609 


25 


36 


804428 


2.54 


886780 
886676 


1-74 


917648 


4 


29 


082352 


24 


ll 


804581 


2.54 


1-74 


917905 


4 


29 
28 


082095 
081837 


23 


804734 


2.54 


886571 


1-74 


918163 


4 


22 


h 


804886 


2.54 


886466 


1-74 


918420 


4 


23 


o8r58o 


ai 


46 


• 8o5o39 


2.54 


88636a 


..75 


918677 


4 


28 


o8i323 


20 


4i 


Q.805191 


2.54 


g. 886257 


1.75 


9-918934 


4 


28 


io.o8io66 


\t 


42 


805343 


2.53 


^ 886152 


1.75 


919191 


4 


28 


080809 


43 


805495 


2.53 


886047 


1.75 


919448 


4 


28 


o8o552 


\l 


44 


8o5647 


2.53 


883942 
885837 


1.75 


919705 


4 


28 


080295 
o8oo38 


45 


805799 


2.53 


1.75 


919962 


4 


28 


i5 


46 


805931 


2.53 


885732 
885627 


1.75 


920219 

920470 
920733 


4 


28 


079781 
079324 


14 


S 


8o6io3 


2.53 


1-75 


4 


28 


i3 


806254 


2.53 


885522 


1.75 


4 


28 


079267 


la 


49 


806406 


2-52 


885416 


1.75 


920990 


4 


28 


079010 
078753 


II 


56 


806557 


2.52 


8853U 


1.76 


921247 


4 


28 


10 


5i 


'■» 


2.52 


9-885205 


1.76 


9.921503 


4 


28 


10-078497 


t 


52 


2.52 


885100 


1.76 


921760 


4 


28 


078240 


53 


80701 1 


2.52 


884094 
884889 
884783 


1.76 


922017 


4 


28 


077983 


I 


54 


807163 


2-52 


1.76 


922274 
922530 


4 


28 


077726 


55 


807314 


2-52 


1.76 


4 


28 


077470 


5 


56 


807465 


2.5i 


884677 


1.76 


922787 


4 


28 


077213 
076956 


4 


U 


807615 


2.5l 


884572 
884466 


1.76 


923044 


4 


as 


3 


807766 


2.5i 


1.76 


923300 


4 


28 


076700 


a 


^ 


&? 


2.5l 
2.5l 


884360 
884254 


1.76 
1-77 


9238i3 


4 
4 


27 
27 


076443 
076187 







Cosine 


D. 


Sine 


D. 


Cotan^. 


""d. 


Tang. 



(50 DEGREES.) 



68 



(40 DEGREES.) A TABLE Ot" LOGARITHMIO 



M. 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 







^*8o82r? 


2.5l 


9.884254 


1-77 


9-923di3 


4-27 


10.076187 


60 


I 


2.5i 


884148 


1-77 


924070 


4 


•27 


075930 


U 


3 


8o8368 


2.5i 


884042 


1.77 


924327 
92 4583 


4 


27 


070673 


3 


808519 


2.5o 


883936. 
883829 
883723 
883617 


1.77 


4 


27 


075417 


u 


4 


808669 


2-5o 


1.77 


924840 


4 


27 


07D160 


5 


808819 


2.5o 


1.77 


925006 
925352 


4 


27 


074904 55 


6 


808969 


2.5o 


1.77 


4 


27 


074648 54 


I 


8091 19 


2.5o 


883510 


1.77 


925609 
925865 


4 


27 


074301 1 53 
074135 52 


809269 


2.5o 


883404 


m 


4 


27 


9 


809419 


2.49 


883297 


926122 


4 


27 


073878 


5l 


10 


809569 


2.49 


883191 


1.78 


926378 


4 


27 


073622 


5o 


II 


9.809718 
809868 


2.49 


9.883084 


1.78 


9.926634 


4 


27 


10-073366 


49 


12 


2.49 


882077 
882871 
882764 


1.78 


926890 


4 


27 


073110 


48 


i3 


810017 


2-49 


1.78 


927147 


4 


27 


072853 


ii 


14 


810167 


2.40 
2.48 


1.78 


927403 


4 


27 


072597 


i5 


8io3i6 


882657 


1.78 


927659 


4 


27 


072341 


45 


i6 


810465 


2.48 


882550 


1.78 


927913 
928171 


4 


27 


072085 


44 


\l 


810614 


2.48 


882443 


1.78 


4 


27 


071820 
071573 


43 


810763 


2.48 


882336 


1.79 


928427 
928683 


4 


27 


42 


19 


810912 


2.48 


882229 


1.79 


4 


27 


071317 


41 


20 


811061 


2-48 


882121 


1.79 


928940 


4 


27 


071060 


40 


21 


9.811210 


2.48 


9.882014 


1.79 


9.929106 
929452 


4 


27 


10.070804 


It 


22 


8ii358 


2-47 


881907 


1.79 


4 


27 


070548 


23 


8ii5o7 
8ii655 


2-47 


881799 


1.79 


929708 


4 


ll 


070252 
0700J6 


ll 


24 


2-47 


881692 


1.79 


929964 


4- 


25 


81 1804 


2-47 


88i584 


1-79 


930220 


4 


26 


069780 
069525 


35 


26 


811952 


2-47 


881477 


1.79 


930475 


4 


26 


34 


11 


812100 


2.47 


881369 


\^ 


930731 


4 


26 


069269 


33 


812248 


2.47 
2-46 


881261 


930987 


4 


26 


068757 


32 


29 


812396 


88ii53 


1.80 


931243 


4 


26 


3i 


3o 


812544 


2.46 


881046 


1.80 


931499 


4 


26 


3o 


3i 


9-812692 


2.46 


9.880938 
88o83o 


1.80 


9^931755 


4 


26 


10.068245 


It 


32 


812840 


2.46 


I -80 


932010 


4 


26 


067900 
0677M 


33 


812988 


2.46 


880722 
880613 


1.80 


932266 


4 


^6 


^2 


34 


8i3i35 


2.46 


1-80 


932522 


4 


26 


067478 


26 


35 


8i3283 


2.46 


88o5o5 


1.80 


932778 


4 


26 


067222 


25 


36 


8i343o 


2.45 


880397 
880289 


1.80 


933o33 


4 


26 


066967 


24 


ll 


813578 


2.45 


1. 81 


933289 
933545 


4 


26 


066711 


28 


813725 
813872 


2.45 


880180 


1. 81 


4- 


26 


066455 


22 


39 


2.45 


880072 
879963 


1.81 


933800 


4 


26 


066200 


21 


40 


814019 


2.45 


1. 81 


934056 


4 


26 


065944 ' 


20 


41 


9.814166 


2.45 


9.879855 


1. 81 


9.934311 


4 


26 


10-065689 
065433 


\l 


42 


8i43i3 


2.45 


IX 


1. 81 


934567 


4 


26 


43 


814460 


2-44 


1. 81 


934823 


4 


26 


o65i77 


\l 


44 


814607 


2-44 


879529 


1-81 


935078 


4- 


26 


064022 
064667 


45 


814753 


2-44 


879420 


1.81 


935333 


4 


26 


i5 


46 


814900 


2-44 


879311 


1. 81 


935589 


4- 


26 


06441 1 


14 


% 


81 5046 


2-44 


879202 


1.82 


935844 


4 


26 


0641 56 


i3 


815193 
815339 


2-44 


m 
878984 

878^75 


1-82 


936100 


4 


26 


063900 


12 


49 


2-44 


1.82 


536355 


4 


26 


063645 


II 


5o 


81 5485 


243 


1.82 


936610 


4 


26 


063390 


10 


5i 


9.8i563i 


2.43 


9.878766 


1.82 


9.936866 


4 


25 


io.o63i34 


1 


52 


815778 


2.43 


878656 


1.82 


937121 


4 


25 


062879 


53 


815924 


2.43 


878547 
878438 
878328 
878219 


1.82 


937376 


4 


25 


062624 


2 


54 
55 
5t 


816069 
816215 
8i636i 


2.43 
2.43 
2.43 


1.82 
1.82 
1.83 


937632 
937887 
93S142 


4 

4 
4 


25 
25 
25 


062868 
062 1 13 

061 858 


6 
5 


U 


8 I 6507 


2.42 


878109 


1.83 


933398 
938653 


4 


25 


06160a 


3 


8i6652 


2.42 


877999 
877800 
877780 


1-83 


4 


25 


061847 


2 


59 


816798 


2.42 


1-83 


938908 


4 


25 


061092 
060887 


I 


60 


816943 


2.42 


1.83 


939163 


4-25 







Cosine 


D. 


Sine 


D. 


Cotanf?. 


D. 


Tang, i M. | 



(49 DEGREES.) 



SINES AND TANGEJJTS. (41 DEGREES.) 



59 



M. 


Siiio 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 




o 


9.816943 


2.42 


9.877780 


1.83 


9.939163 


4-25 


10.060837 


60 


I 


817088 


2-42 


ivx 


1.83 


939418 


4 


23 


o6o582 


^9 


2 


817233 


2.42 


1-83 


939673 


4 


25 


060327 


58 


3 


817379 


2.42 


877450 


1-83 


939928 


4 


25 


060072 


U 


4 


817524 


2.41 


877340 


1.83 


940183 


4 


25 


059817 


5 


817668 


2.41 


877230' 


1.84 


940433 


4 


25 


059562 


55 


6 


817813 


2.41 


877120 


1.84 


940694 


4 


25 


059306 


54 


I 


817958 


241 


877010 


1.84 


940949 


4 


25 


059051 
058796 
058542 


53 


8i8io3 


2. 41 


876899 


1.84 


941204 


4 


25 


52 


9 


818247 


241 


876789 


1.84 


941453 


4 


23 


5i 


10 


818392 


2-41 


1.84 


9417U 


4 


25 


058286 


5o 


II 


o.8i8536 


2-40 


9.876568 


1.84 


9.941968 


4 


25 


io.o58o32 


t 


12 


818681 


2.40 


876457 


1.84 


942223 


4 


25 


057622 


i3 


818825 


2.40 


876347 

876236 


1.84 


942478 


4 


25 


ii 


i4 


818969 
819113 


2-40 


1.85 


942733 


4 


25 


037267 


154 


2.40 


876125 


1.85 


942988 


4 


25 


057012 
036757 
o565o2 


45 


i6 


819237 


2.40 


876014 


1.85 


943243 


4 


25 


44 


19 


819401 


2.40 


875904 


1.85 


lilt 

944007 


4 


25 


43 


819545 
819689 


2.39 

2-39 


w 


1.85 
1.85 


4 
4 


25 
25 


056248 
o557?8 


42 
41 


20 


819832 


2.35 


875571 


1.85 


944262 


4 


25 


40 


21 


9-819976 


2-39 


'•» 


1.85 


9-944517 


4 


25 


10-055483 


i 


22 


820120 


2.39 


1.85 


94^771 


4 


24 


055229 


23 


820263 


2-39 


875237 
875126 


1.85 


945026 


4 


24 


054974 


ll 


24 


820406 


2-39 
2-38 


1.86 


945281 


4 


24 


054719 
054463 


25 


82o55o 


875014 


1.86 


945535 


4 


24 


35 


26 


820693 


2.38 


874903 


1.86 


945790 


4 


24 


054210 


34 


11 


820836 


2.38 


874791 
874680 


1.86 


946045 


4 


24 


053955 


33 


820979 


2-38 


1.86 


» 


4 


24 


053701 


32 


29 


821122 


2.38 


874563 


1.86 


4 


24 


053446 


3i 


30 


821265 


2.38 


874456 


1.86 


946808 


4 


24 


053192 


3o 


3i 


9.821407 


2.38 


9-874344 


1.86 


9.947063 


4 


24 


10-052937 
052682 


ll 


32 


^ 82i55o 


2.38 


874232 


1.87 


■947318 


4 


24 


33 


821693 
821835 


2.37 


874121 


1.87 


947572 


4 


24 


052428 


ll 


34 


2.37 


874009 
873896 


1.87 


' 947826 
948081 


4 


24 


052174 


35 


821977 


2.37 


1.87 


4 


24 


051919 
a5i664 


25 


36 


822120 


2.37 


873672 
873560 


1.87 


948336 


4 


24 


24 


ll 


822262 


2.37 


1.87 


948590 


4 


24 


o5i4io 


23 


822404 


2.37 


1.87 


948844 


4 


24 


o5ii56 


22 


39 


822546 


2.37 
2.36 


873448 


1.87 


l^ 


4 


24 


050901 
o5o647 


21 


40 


822688 


873335 


1.87 


4 


24 


20 


41 

42 


9.822830 
822972 


2.36 
2.36 


9.873223 
873110 


\il 


9.949607 
949B62 


4 

4 


24 
24 


10-050303 
o5oi38 


;s 


43 


823114 


2.36 


872998 


1.88 


9501 16 


4 


24 


049884 


\i 


44 


823255 


2.36 


872885 


1.88 


950370 


4 


24 


049630 


45 


823397 
823539 
8236S0 


2.36 


872D47 


1.88 


950625 


4 


24 


049375 


i5 


46 


2-36 
2.35 


1.88 
1.88 


& 


4 
4 


24 

24 


049121 
048867 


14 
i3 


823821 


2.35 


872434 


1.83 


95 I 388 


4 


24 


048612 


12 


49 


823963 


2.35 


872321 


1.88 


951642 


4 


24 


■ 043353 


" 


56 


824104 


2.35 


872208 


1.83 


951896 


4 


24 


048104 


10 


5i 


9.824245 


2.35 


9.872005 
871981 
871868 


1.89 


9.952150 


4 


24 


10-047830 


I 


52 


^ 824336 


2.35 


1.89 


952405 


4 


24 


647395 


53 


824527 - 
824668 


2.35 


1.89 


952659 
952913 


4 


24 


047341 


I 


54 


2.34 


871755 


1.89 


4 


24 


047087 
046833 


55 


824808 


2.34 


871641 


. 1-89 


953167 


4 


23 


5 


56 


824949 


2.34 


871528 


1.89 


953421 


4 


23 


046579 


4 


U 


825090 

823230 


2.34 


871414 


1.89 


953675 


4 


23 


046323 


3 


2.3i 


871301 


1.89 


,1^?^? 


4 


23 


046071 


2 


59 


825371 


2.34 


871073 
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